Class Field Theory 

J.S. Milne 




Version 4.02 
March 23, 2013 



Class field theory describes the abelian extensions of a local or global field in terms of the 
arithmetic of the field itself. These notes contain an exposition of abeUan class field theory 
using the algebraic/cohomological approach of Chevalley and Artin and Tate. The explicit 
approach of Lubin and Tate in the local case and the analytic approach in the global case 
are also explained. The original version of the notes was distributed during the teaching of 
an advanced graduate course. 



BibTeX information 
@nii s c {mi IneCFT , 

author={J.S. Milne}, 

title={Class Field Theory (v4.02)}, 

year={2013>, 

note={Available at www.jmilne.org/math/}, 
pages={281+viii} 



v2.01 (August 14, 1996). First version on the web. 

v3.10 (May 6, 1997). Substantially revised and expanded; 222 pages. 

v4.00 (March 2, 2008). Corrected, revised, and expanded; 287 pages. 

v4.01 (May 30, 2011). Many minor fixes; 287 pages. 

v4.02 (March 23, 2013). Minor fixes and improvements; 289 pages. 

Available at www.jmilne.org/math/ 

Please send comments and corrections to me at the address on my web page. 



The photograph is of Mt Christina from the McKellar Saddle, New Zealand. 



Copyright ©1996, 1997, 2008, 2011, 2013, J.S. Milne. 

Single paper copies for noncommercial personal use may be made without explicit permis- 
sion from the copyright holder. 



Contents 



Introduction 1 

I Local Class Field Theory: Lubin-Tate Theory 19 

1 Statements of the Main Theorems 19 

2 Lubin-Tate Formal Group Laws 27 

3 Construction of the extension K^^ of K 35 

4 The Local &onecker- Weber Theorem 43 

A Appendix: Infinite Galois Theory and Inverse Limits 50 

II The Cohomology of Groups 55 

1 Cohomology 55 

2 Homology 72 

3 The Tate groups 75 

4 The Cohomology of Profinite Groups 83 

A Appendix: Some Homological Algebra 86 

III Local Class Field Theory: Cohomology 95 

1 The Cohomology of Unramified Extensions 95 

2 The Cohomology of Ramified Extensions 101 

3 The Local Artin Map 105 

4 The Hilbert symbol 108 

5 The Existence Theorem 113 

IV Brauer Groups 117 

1 Simple Algebras; Semisimple Modules 117 

2 Definition of the Brauer Group 123 

3 The Brauer Group and Cohomology 129 

4 The Brauer Groups of Special Fields 136 

5 Complements 139 

V Global Class Field Theory: Statements 143 

1 Ray Class Groups 143 

2 L-series 150 

3 The Main Theorems in Terms of Ideals 152 

4 Ideles 164 

5 The Main Theorms in Terms of Ideles 172 

VI L -Series and the Density of Primes 179 

ill 



1 Dirichlet series and Euler products 179 

2 Convergence Results 181 

3 Density of the Prime Ideals Splitting in an Extension 187 

4 Density of the Prime Ideals in an Arithmetic Progression 189 

VII Global Class Field Theory: Proofs 197 

1 Outhne 197 

2 The Cohomology of the Ideles 199 

3 The Cohomology of the Units 203 

4 Cohomology of the Idele Classes I: the First InequaUty 206 

5 Cohomology of the Idele Classes II: The Second Inequality 208 

6 The Algebraic Proof of the Second Inequality 210 

7 Application to the Brauer Group 215 

8 Completion of the Proof of the Reciprocity Law 217 

9 The Existence Theorem 220 

A Appendix: Kummer theory 222 

VIII Complements 225 

1 When are local nth powers global «th powers? 225 

2 The Grunwald-Wang Theorem 227 

3 The local-global principle for norms and quadratic forms 230 

4 The Fundamental Exact Sequence and the Fundamental Class 235 

5 Higher Reciprocity Laws 239 

6 The Classification of Quadratic Forms over a Number Field 246 

7 Density Theorems 255 

8 Function Fields 257 

9 Cohomology of Number Fields 257 

10 More on L-series 257 

A Exercises 261 

B Solutions to Exercises 265 

C Sources for the history of class field theory 273 

Bibliography 275 

Index 279 



iv 



Notations. 



We use the standard (Bourbaki) notations: 

N = {0,1,2,...}, 

Z = ring of integers, 

Q = field of rational numbers, 

M = field of real numbers, 

C = field of complex numbers, 

= Z/ pT, = field with p elements, p a prime number. 

For integers m and n,m\n means that m divides n, i.e., n e mZ. Throughout the notes, p 

is a prime number, i.e., /? = 2, 3, 5, 

Given an equivalence relation, [*] denotes the equivalence class containing *. The 

empty set is denoted by 0. The cardinality of a set S is denoted by |5| (so 15*1 is the number 
of elements in S when 5* is finite). Let / and A be sets; a family of elements of A indexed 
by /, denoted {ai)iei, is a function i 'r^ ai: I ^ A. 

X <ZY Z is a subset of Y (not necessarily proper); 

def 

X = Y X is defined to be F, or equals Y by definition; 
X ^Y X is isomorphic to Y; 

X ~ F X and Y are canonically isomorphic (or there is a given or unique isomorphism); 
denotes an injective map; 
denotes a surjective map. 
It is standard to use Gothic (fraktur) letters for ideals: 

abcmnpqABCMNPQ 

Prerequisites 

The algebra usually covered in first-year graduate courses and a course in algebraic number 
theory, for example, my course notes fisted below. 
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/ have been reading Chevalley 's new book on class field theory; I am not really 
doing research, just trying to cultivate myself. 
Grothendieck, 1956. 
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Dramatis Persons 

Fermat (1601-1665). Stated his last "theorem", and proved it for m = 4. He also posed 
the problem of finding integer solutions to the equation, 

X^-AY^ = l, AeZ. (1) 

which is essentially the problem' of finding the units in Z[vC4]. The English mathemati- 
cians found an algorithm for solving the problem, but neglected to prove that the algorithm 
always works. 

EULER (1707-1783). He introduced analysis into the study of the prime numbers, and he 
discovered an early version of the quadratic reciprocity law.^ 

Lagrange (1736-1813). He found the complete form of the quadratic reciprocity law: 
(^l^ l^i^ = (_l)(/'-i)(<7-i)/4^ p,^ Odd primes, 

and he proved that the algorithm for solving (1) always leads to a solution, 

Legendre (1752-1833). He introduced the "Legendre symbol" (^j^, and gave an incom- 
plete proof of the quadratic reciprocity law. He proved the following local-global principle 
for quadratic forms in three variables over Q: a quadratic form Q(X, Y, Z) has a nontrivial 
zero in Q if and only if it has one in M and the congruence Q = mod has a nontrivial 
solution for all p and n. 

Gauss (1777-1855). He found the first complete proofs of the quadratic reciprocity law. 
He studied the Gaussian integers in order to find a quartic reciprocity law. He studied 
the classification of binary quadratic forms over Z, which is closely related to the problem 
of finding the class numbers of quadratic fields. 

DiRlCHLET (1805-1859). He introduced L-series, and used them to prove an analytic for- 
mula for the class number and a density theorem for the primes in an arithmetic progression. 
He proved the following "unit theorem": let a be a root of a monic irreducible polynomial 
f{X) with integer coefficients; suppose that f{X) has r real roots and 2s complex roots; 
then Z[a]^ is a finitely generated group of rank r + s — \. 

KUMMER (1810-1893). He made a deep study of the arithmetic of cyclotomic fields, mo- 
tivated by a search for higher reciprocity laws, and showed that unique factorization could 
be recovered by the introduction of "ideal numbers". He proved that Fermat's last theorem 
holds for regular primes. 

Hermite (1822-1901). He made important contributions to quadratic forms, and he showed 
that the roots of a polynomial of degree 5 can be expressed in terms of elliptic functions. 
ElSENSTEiN (1823-1852). He published the first complete proofs for the cubic and quartic 
reciprocity laws. 

Kronecker (1823-1891). He developed an alternative to Dedekind's ideals. He also had 
one of the most beautiful ideas in mathematics for generating abelian extensions of number 
fields (the Kronecker liebster Jugendtraum). 

'The Indian mathematician Bhaskara (12th century) Icnew general rules for finding solutions to the equa- 
tion. 

^Euler discovered [the quadratic reciprocity law] and, apparently, it is possible to construct a proof of the 
theorem using different fragments that can be found in Euler's Opera omnia or his Nachless. It was Gauss who 
gave the first complete proof (Michael Berg, MR2I31680). 
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RiEMANN (1826-1866). Studied the Riemann zeta function, and made the Riemann hy- 
pothesis. 

Dedekind (1831-1916). He laid the modem foundations of algebraic number theory by 
finding the correct definition of the ring of integers in a number field, by proving that ideals 
factor uniquely into products of prime ideals in such rings, and by showing that, modulo 
principal ideals, they fall into finitely many classes. Defined the zeta function of a number 
field. 

Weber (1842-1913). He found the correct generalization of "class group" to allow for 
ramification. Made important progress in class field theory and the Kronecker Jugendtraum. 

Hensel (1861-1941). He defined the field of p-adic numbers (as the set of infinite sums 
J2T=-k ^nP", a„€{0,l,...,p-l})m the 1890s.3 

HiLBERT (1862-1943). He wrote a very influential book on algebraic number theory in 
1897, which gave the first systematic account of the theory. Some of his famous problems 
were on number theory, and have also been influential. 

Takagi (1875-1960). He proved the fundamental theorems of abelian class field theory, 
as conjectured by Weber and Hilbert. 

NOETHER (1882-1935). Together with Artin, she laid the foundations of modern algebra 
in which axioms and conceptual arguments are emphasized, and she contributed to the 
classification of central simple algebras over number fields. 

Hecke (1887-1947). Introduced Hecke L-series generalizing both Dirichlet's L-series and 
Dedekind's zeta functions. 

Artin (1898-1962). He found the "Artin reciprocity law", which is the main theorem of 
class field theory (improvement of Takagi's results). Introduced the Artin L-series. 

Hasse (1898-1979). He gave the first proof of local class field theory, proved the Hasse 
(local-global) principle for all quadratic forms over number fields, and contributed to the 
classification of central simple algebras over number fields. 

Brauer (1901-1977). Defined the Brauer group, and contributed to the classification of 
central simple algebras over number fields. 

Weil (1906-1998). Defined the Weil group, which enabled him to give a common gener- 
alization of Artin L-series and Hecke L-series. 

Chevalley (1909-84). The main statements of class field theory are purely algebraic, 
but all the earlier proofs used analysis; Chevalley gave a purely algebraic proof. With his 
introduction of ideles he was able to give a natural formulation of class field theory for 
infinite abelian extensions. 

IWASAWA (1917-1998). He introduced an important new approach into algebraic number 
theory which was suggested by the theory of curves over finite fields. 

Tate (1925- ). He proved new results in group cohomology, which allowed him to give 
an elegant reformulation of class field theory. With Lubin he found an explicit way of 
generating abelian extensions of local fields. 

Langlands (1936- ). The Langlands program*^ is a vast series of conjectures that, among 
other things, contains a nonabelian class field theory. 



The theory of valuations was founded by the Hungarian mathematician Kiirschak in 1912. 
^Not to be confused with its geometric analogue, sometimes referred to as the geometric Langlands pro- 
gram, which appears to lack arithmetic significance. 
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Introduction 



L'objet de la theorie du corps de classes est de 
montrer comment les extensions abeliennes d'un 
corps de nombres algebriques K peuvent etre 
determinees par des elements tires de la connais- 
sance de K lui-meme; ou, si Von veut presenter 
les choses en termes dialectiques, comment un 
corps possede en soi les elements de son propre 
depassement. 
Chevalley 1940.^ 

The goal of class field theory is to describe the Galois extensions of a local or global 
field in terms of the arithmetic of the field itself. For abelian extensions, the theory was 
developed between roughly 1850 and 1930 by Kronecker, Weber, Hilbert, Takagi, Artin, 
Hasse, and others. For nonabelian extensions, the first indication of the shape the theory 
should take is in a letter from Langlands to Weil in 1967. In recent years there has been 
much progress in the nonabelian local and function field cases^, but less in the number field 
case. Beginning about 1980, abelian class field theory has been succesfuUy extended to 
higher dimensional fields. 

Apart from a few remarks about the more general cases, these notes will concentrate on 
the case of abelian extensions of local and number fields, which is the basic case. 

In the remainder of the introduction, I give a brief outline of abelian class field theory. 
Throughout, by an extension L of a number field K, I mean an extension field contained 
in some fixed algebraically closed field containing K. For example, if ^ is a number field 
contained in C, then we can consider the extensions of K contained in C. 

Classification of extensions by the prime ideals that split 

Recall (ANT 3.34) that a prime ideal p of Ok factors (decomposes) in an extension L of 

pOz. =*Pi'---*P? (2) 

where . . . are the prime ideals of Oi^ such that *P/ fl Ok = P and e, > 1; 
moreover, 

n = eifi + --- + egfg (3) 

^The object of class field theory is to show how the abelian extensions of an algebraic number field K can 
be determined by objects drawn from our knowledge of K itself; or, if one prefers to present things in dialectic 
terms, how a field contains within itself the elements of its own transcending. (I thank Jamie Tappenden for 
help with this translation.) 

^Drinfeld, Laumon, Rapoport, Stuhler, and others in the characteristic p local case; Harris, Henniart, 
Taylor, and others in the characteristic local case; Drinfeld, Lafforgue, and others in the function field case. 
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where n is the degree of L over K and fi is the degree of the residue field extension 
^ ^k/P- When a > 1 for some i, the prime p is said to ramify in L. When 
ei = I = fi for all i, so that p = *Pi • • the prime p is said to split in L (or, for 
emphasis, split completely). Choose a primitive element a for L/ K with a e Ol. Then 

L = K[a] ~ K[X]/(f{X)), if monic irreducible), 

and the primes that ramify divide the discriminant of / (so there can only be finitely many 
of them).^ Moreover, a prime ideal not dividing the discriminant of / splits in L if and only 
if / splits completely modulo p. For example, if (p) ramifies 

then p divides 4m, and a prime ideal (p) not dividing 4m splits in Q[A/m] if and only if m 
becomes a square modulo p. 

When L/ K is Galois, the e,- 's are equal (to e say) and the fi 's are equal (to / say), and 
so these equations simplify to 

POl = n = efg. (4) 

Let Spl(L / K) be the set of primes of K splitting in L. Towards the end of the nineteenth 
century, Frobenius proved the following statement: 

(*) when L/K is Galois, the set Spl(L/^) has density 1/[L : K] in the set 
of all primes. 

From this it follows that the set Spl(L/ K) determines L: if the same primes split in L and 
L', then it follows that 

Spl(L/K) = SpliLL'/K) = Sp\(L'/K) 
(ANT, proof of 8.38), and so 

[L:K] = [LL':K] = [L':K]. 

Thus the Galois extensions of K are classified by the sets Spl(L/^). Two fundamental 
questions remain: 

0. 1 Determine the sets Spl(L/ K) as L runs over the finite Galois extensions of K. 
0.2 Describe the extension L/K corresponding to one of the sets in (0. 1). 

We shall see that (0.1) has a precise answer when L runs over the abelian extensions 
of K. In this case, the sets Spl(L/A') are characterized by certain congruence conditions. 
However, for nonabelian Galois extensions, the sets are not characterized by congruence 
conditions, and the best one can hope for is some analytic description. 

Regarding (0.2), note that the density of Spl(L//r) determines the degree of L/ K. We 
would like to be able to determine the full Galois group of L/ K. Moreover, we would like 

^We have 

disc(/) = disc(Ojf[«]/Ojf) = {OL:OK[a]f-disciOL/OK) 

(see ANT 2.25). Therefore, if a prime is ramified in L, then it divides disc(/), but there may be primes dividing 
disc(/) that are not ramified in L. For example, let L be the the quadratic field generated by a square root of 
m. If m is congruent to 1 mod 4, then 2 divides the discriminant of / but is not ramified in L. 
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to determine how each prime of K decomposes in L from Spl(L/A'). For example, we 
would like to determine the set of prime ideals that ramify in L, and for those that don't 
ramify we would like to determine the residue class degree / (p) of the primes dividing p. 
Again, for abelian extensions we shall be able to do this. 

Before continuing I make one observation: in the above discussion, we may ignore a 
finite number of primes of K. For example, if 5 is a fixed finite set of primes, then all of 
the above statements continue to hold with Spl(L/^) replaced by the set Spl5(L//r) of 
prime ideals of K not in S that split in L. 

Notes For any Galois extension L/ K of number fields, Frobenius attached a conjugacy class 
{p,L/ K) of elements in G = G&\{L/ K) to each prime ideal p of ^ unramified in L, and he con- 
jectured that the density of the primes giving a fixed conjugacy class C is |C |/|G|. By construction, 
the elements \n{p,L/ K) have order / (p) in G, and so this statement applied to the trivial conjugacy 
class gives (*). Frobenius was only able to prove a weaker statement than his conjecture (sufficient 
for (*)), in which certain conjugacy classes are grouped together**, and the full conjecture was proved 
by Chebotarev only in 1926. 

Quadratic extensions of Q 

For quadratic extensions of Q, the answer to (0. 1) is provided by the quadratic reciprocity 
law. For example, let p be an odd prime number, and let />* = (—1)'^ p, so that p* = \ 
mod 4. Then Q[V]?*^]/Q is ramified only at p. A prime number q ^ p splits in Q[V^] 
if and only if p* is a square modulo q, i.e., = 1- But if q is odd, then the quadratic 

reciprocity law says that (^'^^ = (§)> ^'^^ ^ splits in if and only if ^ is a 

square modulo p. Let H C (Z/ pl)^ be the set of squares. Then Spl(Qv'^*]/Q) consists 
of the primes q such q mod p lies in H . Recall that (Z/ /'Z)^ is cyclic of even order p — \, 
and so H is the unique subgroup of (Z/ pT)^ of index 2. 

More generally, let 5 be a finite set of prime numbers. Let m be a positive integer 
divisible only by primes in S and assume that m is either odd or divisible by 4. For a 
subgroup // of (Z/ m'E)^ of index 2, let 

p{H) = {(/)) I p a prime number, p ^ S , p mod m lies in H}. 

Then the sets Spl^CL/Q) for L running over the quadratic extensions of Q unramified 
outside S are exactly the sets p(H) (for varying m). In particular, we see that each such set 
Spl5(L/Q) is determined by a congruence condition modulo m for some m. 

Notes In elementary number theory courses, the quadratic reciprocity often appears as a curiosity, 
no more profound than many other curiosities. In fact, as the above discussion illustrates, it should be 
considered the first result in class field theory, which helps explain why Euler, Lagrange, Legendre, 
and Gauss devoted so much attention to it. 

Unramified abelian extensions 

Let / be the group of fractional ideals of K, i.e., the free abelian group generated by the 
prime ideals, and let /: I he the map sending a e to the principal ideal (a). 

^Frobenius, G., 1896, Die Beziehungen Zwischen den Primidealen eines Algebraischen Korpers und den 
Substitutionen einer Gruppe, Berlin Akad.-Ber.; for a statement of Frobenius's theorem, see Exercise A-10, 
p. 264. 
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The class group C of K is I / i{K^). To give a subgroup // of C is the same as to give a 
subgroup H of I containing i(K^). 

By a "prime" of K, I mean an equivalence class of nontrivial valuations on K. Thus 
there is exactly one prime for each nonzero prime ideal in Ok, for each embedding K 
and for each conjugate pair of nonreal embeddings K C The corresponding primes are 
called finite, real, and complex respectively. An element of K is said to be positive at the 
real prime corresponding to an embedding A' M if it maps to a positive element of M. 
A real prime of K is said to split in an extension L/ K if every prime lying over it is real; 
otherwise it is said to ramify in L. For example, Q[a/^] is ramified over Q exactly at the 
primes (2), (5), and oo. 

Let H he a subgroup of the class group C of K. A finite unramified abelian extension 
L of ^ is said to be a class field for H if the prime ideals of K splitting in L are exactly 
those in H. The next theorem provides an answer to both (0.1) and (0.2) for the unramified 
abelian extensions of K. 

Theorem 0.3 A class field exists for each subgroup of C ; it is unique, and every finite 
unramified abelian extension of K arises as the class group of some subgroup ofC. If L is 
the class field of H , thenGal(L/K) C / H , and for every prime ideal p ofK, f(p)isthe 
order of the image of p in the group C /H . 

The subgroup H of C corresponding to a finite unramified abelian extension L of ^ is 
that generated by the primes that split in L. 

The class field of the trivial subgroup of C is called the Hilbert class field of K. It is 
the largest abelian extension L of K unramified at all primes of K (including the infinite 
primes). The prime ideals that split in it are exactly the principal ones, and Gal(L / K) C. 
For example, the class number of ^ = Q[a/^] is 2, and its Hilbert class field is ^^[V^] 
(ANT 4.11). 

Notes Theorem 0.3 was conjectured by Hilbert in 1897, and proved by his student Furtwangler in 
1907. 

Ramified abelian extensions 

To generalize Theorem 0.3 to ramified extensions, we need to generalize our notion of an 
ideal class group. To see how to do this, we should look first at the abelian extensions 
we understand, namely, the cyclotomic extensions of Q. Let m be a positive integer that 
is either odd or divisible by 4, and let be a primitive mth root of 1. Recall (ANT, 
Chapter 6) that is an extension of Q whose Galois group is (Z/ mZ)^ with [n] acting 

as ^ ^m- Moreover, with our condition on m, the primes ramifying in Q[^ot] are 
exactly the ideals (p) such that p\m and oo. How can we realize (Z/mZ)^ as an ideal 
class group? We can try mapping an ideal (p) to the class of [p] in (Ij/mlj)^, but this is 
only possible if (p, m) = 1. Thus, let S be the set of prime ideals (p) such that p\m, and 
let he the group of fractional ideals of Q generated by the prime ideals not in S. Each 
element of can be represented as (^) with r and s positive integers relatively prime to 
m, and we map (^) to [r][5]~^ in (Z/ml)^. This gives us a surjective homomorphism 
/"^ — > {'L/m'E)^, and the kernel can be described as follows: by the Chinese remainder 

theorem, Z/mZ ~ Wp\m'^/ P°^'^"^'^^ and so (Z/mZ)'' ~ Hpim (z/ p°"^p^'"^y ; an ideal 
(^) with (r, m) — I = (s, m) maps to 1 if and only if r and s have the same sign and r and 
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s map to the same element in for all p dividing m. Note that the condition 

at oo is that ^ > and the condition at p is that ordp(^ — 1) > ordp(m). 

To generalize this, define a modulus of a number field K to be the (formal) product m = 
nvQiT^oo of an integral ideal mo with the product nicxD of certain of the real primes. Define 
jS(m) the group of fractional ideals generated the prime ideals of K not dividing 

mo- Let Cm be the quotient of /"^(""^ by the subgroup of principal ideals lying in and 
generated by an element a such that a > at all real primes dividing nicxD and ordp (a — 1) > 
ordp(mo) for all prime ideals p dividing mo (here ordp (mo) is the exponent of p in mo). 

For example, if m = 1 , then Cm = C , and if m is the product of the real primes of 
K (so mo = 1), then Cm is the quotient of / by the principal ideals generated by totally 
positive elements of K,'^ and so Cm is the narrow-class'" group. If ^ = Q and m = (m)oo, 
then Cm — (Z/ mlj)^, as in the first paragraph. 

Let H be a. subgroup of Cm for some modulus m, and let H be its inverse image in 
y^5(m) abelian extension L of AT is said to be a class field for H if the prime ideals of 
K not dividing mo that split in L are exactly those in H. The following theorem extends 
Theorem 0.3 to all abelian extensions of K. 

Theorem 0.4 A class field exists for each subgroup of a class group Cm,' it is unique, and 
every finite abelian extension of K arises as the class field of some subgroup of a class 
group. If L is the class field of H C Cm, then Ga\(L/K) ^ Cm/H and the prime ideals 
p of K not dividing m are unramified in L and have residue class degree f (p) equal to the 
order of the image of p in the group Cm/H. 

For any finite set S of finite primes of K, Theorem 0.4 completely solves the problem 
of determining the sets Spl s(L/ K) for abelian Galois extensions L/K ramified only at 
primes in S. 

The theorem can be made more precise. If m'|m, then the inclusion /■^("^^ /5'(m ) 
defines a surjective homomorphism Cm ^ Cm'; if H C Cm is the inverse image of a 
subgroup H' of Cm', then every class field for H' will also be a class field for H. If L is a 
class field for H C Cm and H does not arise in this way from a modulus properly dividing 
m, then S(m) consists exactly of the prime ideals ramifying in L. 

Let L be an abelian extension of K, and let S be the set of primes that ramify in L. 
Then, for every sufficiently large modulus m divisible only by the primes ramifying in L, L 
will be a class field for the subgroup H of Cm generated by the classes of primes splitting 
in L. 

For ^ = Q, the theorem follows from the results proved in ANT, Chapter 6, except for 
the assertion that every abelian extension of Q arises as a class field, which is essentially 
the Kronecker- Weber theorem: every abelian extension of Q is contained in a cyclotomic 
extension. 

Example 0.5 The field Q[a/6] has class number 1, and so equals its Hilbert class field. 
However, its narrow-class group has order 2, and indeed Q[\/6] does possess a quadratic 
extension, namely, Q[\/^, a/— 3], that is unramified over Q[\/6] at all finite primes (but is 
ramified at both infinite primes). 

^An element a of is totally positive if a(a) > for every real embedding a: K ^ M. of K. 
'"l write this with a hyphen to emphasize that it is the classes that are narrow, not the group. 
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When Takagi proved Theorem 0.4, he showed only that the groups Cm/ H and Gal(L / K) 
are isomorphic — he didn't construct a specific isomorphism. There is an obvious map 
jS(.m) _^ Gal(L/ K), namely, that send a prime ideal p in S{m) to the corresponding 
Frobenius element in Gal(L/ K). The theorem of Frobenius shows that this is surjective, 
and the problem is to show that it factors through (for some m), i.e., that the map has a 
modulus. Artin conjectured this is 1923, and succeeded in proving it in 1927. 

Example 0.6 Let d = p\ ■ ■ ■ p* where the pi are distinct odd primes and p* = (— 1) , 
as before. The field K = Q[\/^] is ramified exactly at the prime ideals {pi) , . . . ,{pt). 
Consider K[^fp^\. It contains p* ■ ■ ■ p*_iP*_^i ■ ■ ■ p*], which is unramified over (/>,), 

and so (pi) can't be totally ramified in K[^/pf]. As pi ramifies in K/Q, it follows that 
the prime above (/>,) in K doesn't ramify in ^[y'^]. No other prime ramifies, and so 
^[^/pf] is unramified over K. From Kummer theory (FT 5.29), we find that 

has degree 2'~^ over K, and Ga\(L/ K) ^ (Z/2Z)'~^. Let Coo be the narrow class group 
of K. The above construction shows that (Coo: C^) > 2'~^. In fact, with only a little more 
effort, one can prove the following: 

Let A' be a quadratic extension of Q in which t finite primes ramify. Then 

(Coo: C^) = 2^-1 (Koch 1992, Theorem 2.114). 
This result was known to Gauss (by different methods, and in a different language). In 
particular, we see that by using class field theory, it is easy to construct quadratic extensions 
of Q such that (C: C^) is very large. By contrast, as of 1991, no quadratic field was known 
with (C: C^) > 3^. All methods of constructing elements of order 3 in the class groups of 
quadratic number fields seem to involve elliptic curves. 

Notes The class groups Cm, which are usually called ray class groups, were introduced by Weber 
in 1897. Theorem 0.4 was conjectured by Hilbert and Weber, and proved by Takagi in a series 
of papers published between 1915 and 1922 — see especially his talk" at the 1920 International 
Congress, where he states his results almost exactly as we have. 

Density theorems 

Let m be an integer > 2. Let a be an integer prime to m, and consider the sequence 

. . . ,a — m,a, a + m, a + 2m, a + 3m, . . . ,a + km, . . . . (5) 

def 

This sequence depends only on a mod m, and so there are (p(m) = |(Z/77iZ)^| distinct 
sequences. Dirichlet showed that the prime numbers are equidistributed among these se- 
quences, i.e., the set of prime numbers in each sequence has density \/(p{m) in the set of 
all prime numbers. 

We want to interpret this in terms of Galois groups. Let L/ K he a. finite extension of 
number fields with Galois group G. Recall (ANT, Chapter 8) that for every prime ideal *p 
in Ol, there exists an element a of G such that 

o a*p = q3, and 



Available in his collected works. 
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o for all a e Ol, oa = where q is the number of elements in the residue class field 

Oj^/p, p = ^ n Oj^. 

Moreover, a is uniquely determined by these conditions when *P is unramified over p — it 
is then denoted Lj K). Yi"^' second prime ideal of Oz, dividing p, then *p' = t*P for 
some T 6 G, and 

i^',LIK) = (t^},L/K) = r(^,L/K)r-\ 
Therefore, for every prime ideal p of K unramified in L, 

{i^,L/K)minOK = p} 

is a full conjugacy class in G — we denote it (p, L/ K). When G is commutative, the con- 
jugacy classes consist of a single element, and so (p, L/ K) can be regarded as an element 
of G. 

Now consider Q[^ot]/Q where m is either an odd integer > 1 or a positive integer 
divisible by 4. Recall that Gal(Q[^„]/Q) ~ (Z/mZ)^ with [n] acting as ^ A prime 

(p) not dividing m is unramified in Q[^ot], and (p, Q[^m]/Q) = [p] (as one would expect). 
Now let T = [a] e Gal(Q[^^]/Q). Then (p, Q[U]/Q) = r if and only if p ties in the 
sequence (5), and so Dirichlet's theorem says that 

{p I (p,Q[U]/Q) = 

has density l/(p(m) in the set of all prime numbers. As we mentioned above, Frobenius 
conjectured that, in the general case, for every conjugacy class C in G, the density of the 
set 

{p\(p,L/K) = C} 

is |C|/|G|, but was only able to prove a weaker statement. 

Let L/iT be an abelian extension with Galois group G, and let 5 be a finite set of prime 
ideals of K containing those that ramify in L. Because is the free group on the prime 
ideals not in S, the map p (p, L/K) sending a prime ideal to its Frobenius element 
extends uniquely to a homomorphism Gal{L/K). The Frobenius density theorem 

implies that this homomorphism is surjective. 

L-SERIES 

In order to prove his theorem on primes in arithmetic progressions, Dirichlet introduced 
what are now called Dirichlet L-series. Let (Z/ mZ)^ ^ be a character of (Z/ mZ)^ 
(i.e., a homomorphism). Then the Dirichlet L-series attached to x is 

«^'^)= n T3^= E ^<")"-'- 

{p,m)=l, p prime {n,m) = l,n>0 

When X is the trivial (principal) character, this becomes the Riemann zeta function except 
that finitely many factors are missing. Dedekind extended the notion of a zeta function to 
every number field, 

= n YzL^ = E N'^"^' = (^^^ 
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and Weber extended the notion of an L-series to a character x of any ray class group Cm, 

{p,m)=OK ^^^^ ^ (a,m) = l 

When L is an abelian extension of K, and hence the class field of some subgroup H of an 
ray class group Cm, then 

= Y\ ^(^^ X) = ^Kis) ■ Y\ Li'^'X) (up to finitely many factors) 
xeiCrn/ar x¥=xo 

where (— )^ denotes the group of characters and Xo is the principal (i.e., trivial) character. 
Weber showed that L(s, /) can be analytically continued to the whole complex plane, and 
is even holomorphic when x 7^ Xo- Since ^l(s) and ^k(s) have the same poles, this implies 
that ^l(s)/^k(s) is holomorphic on the entire complex plane. 

The L-series discussed so far are all attached to characters of abelian groups. In order 
to understand these L-series, and the relations among them more fully, Artin was led to 
introduce L-series attached to representations of nonabelian groups. 

Let L/ AT be a finite Galois extension with Galois group G, and let 5 be a finite set 
of finite prime ideals including those that ramify in L. From each prime ideal not in 5*, 
we obtain a conjugacy class (p,L/Q) of Frobenius elements of G. One group whose 
conjugacy classes we understand is GL„(C) — this is the theory of Jordan canonical 
forms — and so it is natural to choose a homomorphism p.G—^ GL„(C). Then p maps 
(p, L/Q) into a conjugacy class 0p(p) in GL„(C). The elements of 0p(p) are diagonaliz- 
able (Maschke's theorem, GT 7.5), and 'J'p(p) is determined by the common characteristic 
polynomial det(/ — 0p{p)T) of its elements. Set 

^-<-'')=n,et(/-^,(p)(Nrt-)- 

This product converges to a holomorphic function in some right half plane in C. Note that 
a 1 -dimensional representation of G is just a character x^ and that 

An elementary lemma on Dirichlet series implies that the factors det(/-^^ 
uniquely determined by the analytic function Lsis, p). If p is injective, 

Spl5(L/^) = {p I 0p(p) = {/}}, 

and so the function Ls{s, p) determines Spl^ {L/ K). For nonabelian extensions, it is natu- 
ral to study the Artin L-function Lsis, p) rather than Spl^ (L / Q) directly, since the former 
incorporates the latter. 



Notes For a historical introduction to L-series, especially Artin L-series, see Noah Snyder, Artin's 
L-functions: a historical approach, 2002, math.berkeley.edu/~nsnyder/tliesismain.pdf. 
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The Artin map 

Recall that, for a cyclotomic extension Q[^m] of Q, there is an isomorphism 

(Z/mZ)^ ^ Gal(Q[U]/Q). 

sending [p] to Q[t7Ji]/Q)- A character x of Gal(Q[^m]/Q) defines by composition a 
character of (Ij/mlj)^. Since 

/(i^) = /((;^,Q[U]/Q)), 

we have 

Thus, in this case, the Artin L-series on the right is a Dirichlet L-series. 

Could this be true more generally? More precisely, is the Artin L-series defined by a 
character of an abelian extension a Weber L-series? Recall that for every abelian extension 
L/ K with Galois group G, and finite set S of prime ideals containing those that ramify, we 
have a surjective homomorphism 

^ Gal{L/K) (6) 

sending p to (p, L/ K). If there exists a modulus m with 5(m) C S such that this homo- 
morphism factors through Cm, then a character x of Gal(L/^) will define a character x' 
of Cm by composition, and 

Lsis,x') = Ls(s,x)- 

— the Artin L-series Ls(s, x) is a Weber L-series. 

Artin, of course, conjectured that there does exist such a modulus, but he was unable 
to prove it until he had seen Chebotarev's proof of his density theorem, at which time 
he obtained the following more complete theorem. Before stating it, we need some more 
notation. For a modulus m, let Pm be the kernel of /■^('"^ Cm, so that Pm consists of the 
principal ideals defined by elements satisfying certain positivity and congruence conditions 
depending on m. For an extension L of K, let S'(m) denote the prime ideals of L lying over 
the prime ideals in S{xn). Then there is a norm map Nm: ^"^^ jS(.rn) (^jsj^p^ p gg) 
such that Nm(*P) = where p = *p fl Ok and / is the residue class degree. Note that 

(Nm(q3),L//:) = {pf ,L/K) = {p,L/Ky = 1, 
and so Nm(/'^ '^'"^) is contained in the kernel of /"^("^^ Cm- 

Theorem 0.7 (Artin 1927) Let L be an abelian extension of K, and let S be the set of 
prime ideals that ramify in L. Then, for some modulus m with S(m) — S, the homomor- 
phism 

p ^ (p, L/K): Gal{L/K) 
factors through Cm = /"^^"^V ^m. ^nd defines an isomorphism 

j5(m)/p^ • NmC/^'^"")) ^ Ga\{L/K). 
In particular, the prime ideals splitting in L are exactly those in the subgroup 

ofl^. 
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The homomorphism ^l/k- Cm Gal(L/K) in the theorem is called the Artin map 
(or reciprocity) map. As Artin noted, the theorem includes all known reciprocity laws (see 
Chapter VIII), and should be seen as the correct generalization of these laws to a field K 
without roots of 1 . 

Note that if the Artin map were not surjective, then there would be a proper extension 
of K in which every prime of K outside S splits. As we noted above, it is easy to see 
analytically that no such extension exists, but it is much harder to prove algebraically (see 
Chapter VII). 

Since, in the abelian case, Artin L-series are Weber L-series, they can be extended to 
meromorphic functions on the entire complex plane. Artin conjectured that every character 
of a finite group is a Z-linear combination of characters that are close to being abelian, and 
showed that this conjecture implies that all Artin L-series extend to meromorphic functions 
on the entire complex plane. At the same time, he remarked that it will require entirely 
new methods to show that the L-series are entire functions (except for those attached to 
the trivial representation). This statement is now known as the Artin Conjecture. Artin's 
conjecture on representations was proved by Brauer in 1946. Recently, there has been some 
progress on the Artin Conjecture. 

Local class field theory and infinite extensions 

An abelian extension L of K defines an abelian extension / of the completion Ky 
of A' at a prime v. Conversely, every finite extension of comes from an extension of 
the same degree of K (ANT 7.62). Thus, it should not be surprising that the classification 
of the abelian extensions of a number field contains within it a classification of the abelian 
extensions of a local field. Hasse (1930)^^ made this explicit. 

Theorem 0.8 Let K be a finite extension of Qp. For every finite abelian extension L of 
K, Nm(L^) is a subgroup of finite index in K^, and ttie map L i-^ Nm(L^) is an order- 
reversing bijection from ttie set of finite abelian extensions of K to the set of subgroups of 
of finite index. 

Thus, by 1930, the abelian extensions of both number fields and local fields had been 
classified. However, there were (at least) three aspects of the theory that were considered 
unsatisfactory: 

o As local fields are simpler than global fields, one expects to prove first a statement 
locally and then deduce it globally, not the reverse. At the very least, there should be 
a purely local proof of local class field theory. 

o The statements of class field theory are algebraic, so they should admit a purely 
algebraic proof. 

o Theorem 0.7 classifies the abelian extensions of a number field K whose conductor 
divides a fixed modulus. To include other abelian extensions, one will have to keep 
enlarging the conductor. So this raises the question of giving a uniform description 
of all abelian extensions simultaneously or, in other words, a class field theory for 
infinite abelian extensions. 



H. Hasse, Die Normenresttheorie relative-Abelscher Zahlkorper als Klassenkoqser im Kleinen, J. fiir 
Mathematik (Crelle) 162 (1930), 145-154. 
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With his new notion of an idele, Chevalley was able to solve all three problems. Let K^^ 
denote the composite of all finite abelian extensions of K. The full statement of local class 
field theory is that, for every p-adic field K, there exists a well-defined homomorphism 
(p: Gal(K'^^/ K) (now called the local Artin map) that induces an isomorphism 

i:^/Nm(L^) Gal{L/K) 

for every finite abelian extension Lof K; moreover, all (open) subgroups of finite index are 
norm groups. This suggests that it might be possible to define a global Artin map whose 
components are the local Artin maps, in the sense that the following diagram commutes for 
all primes v of K: 



??0?? 



One problem with this is that is not locally compact. Recall that a product of com- 

pact groups is compact, but that the similar statement is false for locally compact groups, 
and the groups are only locally compact. In fact Y[y is too big for there exist a 0. 
Chevalley solved this problem by defining the group Ik of ideles of K to be the subgroup 
of Ylv consisting of families (ay) such that Oy e for almost all nonarchimedean 
primes. When endowed with the topology for which Huloo ^ Ylv finite open 
subgroup, Ix becomes a locally compact group. Embed in Ij^ as the diagonal subgroup. 

In the Chevalley approach to class field theory, one first proves local class field theory 
directly. Then one defines a global Artin map <px- Ik Gal{K^^/ K) whose components 
are the local Artin maps, and shows that is contained in the kernel of (pK and that the 
homomorphism 

Ik/K"" GaliK^'^/K) 

induced by is surjective with kernel equal to the identity connected component of the 
group Ik/ K^^)- other words, the homomorphism cpK fits into a commutative diagram 



4>v 



^ Ga\{Kf/Ky) 



Gal(^^7i^) 



for all primes v of K, and (pK induces an isomorphism 



def - 



CkIC\ GaUK-VK), Ck = Ik/K^. 

This statement relates to Theorem 0.8 in the following way: there is a canonical iso- 
morphism C/C° ~ lim Cm, and for every finite abelian extension Lof K and sufficiently 
large modulus m, there is a commutative diagram 



<t>K 



c„ 



» Gal(K''^/K) 

t\-^t\L 

Ga\{L/K). 
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By 1950 the local Artin map could be characterized locally, or it could be described as 
the local component of the global Artin map, but it was not until 1965 that Lubin and Tate 
found an explicit local description of it. 

Central simple algebras 

A central algebra over a field K is an algebra A whose centre is K and has finite dimension 
over K; the algebra is simple if it has no nonzero proper two-sided ideals. For example, the 
matrix algebra M„ (K) is a central simple algebra over K. The first interesting example of 
a central simple algebra, namely, the quaternion algebra over M, was found by Hamilton in 
1843. It is spanned by 1, /, j, ij over K, and its multiplication is determined by 

2-2 = -1, ;2 = -1, ij = 

Let A' be a field. In 1906, Dickson showed how to attach a central simple algebra 
(L / K, a, a) over K to & cyclic extension'^' L/K of K, a. generator a for Gal(L / K), and 
a nonzero element a of K. As an L -vector space, the algebra is spanned by elements 
I,a!,...,Q!"~^ where n = [L: K], and its multiplication is determined by 

a" = a, ac = {ac)a for c e L. 

Thus, (L/K, a, a) is a central simple algebra containing L as a maximal subfield in which 
the action of a on L is induced by an inner automorphism. 

Brauer and Noether showed how to describe central simple algebras by factor systems, 
which, once group cohomology had been defined, were recognized to be 2-cocycles. 

In 1907, Wedderburn showed that every central simple algebra over k is isomorphic to 
a matrix algebra over a central division algebra. Brauer defined two central simple algebras 
over K to be similar if they were isomorphic to matrix algebras over the same division 
algebra, and he showed that the similarity classes form a group under tensor product (now 
called the Brauer group of K). Thus, the problem of classifying the central simple algebras 
over a field K became that of determining the Brauer group Bt(K) of the field. 

Results of Frobenius determine the Brauer group of M, and Hasse determined the Brauer 
group of a nonarchimedean local field. In 1932 Albert, Brauer, Hasse, and Noether showed 
that every division algebra over a number field is cyclic, and determined the Brauer group 
of such a field. This is a fundamental theorem of the same depth as the main theorems of 
class field theory, and, in these notes, will be proved simultaneously with them. 

Brauer groups have many applications, for example, to the representation theory of 
finite groups, which is what interested Brauer, and to the classification of semisimple alge- 
braic groups over number fields. 

Notes The story of the determination of the Brauer group of a number field is well told in Fenster 
and Schwermer 2005 and Roquette 2005. I quote from the MR review of the first of these: 

In February, 1931, Hasse began a joint effort with Richard Brauer and Emmy Noether 
to classify all division algebras over algebraic number fields. They achieved this in 
a paper that was published in early 1932. The young A. A. Albert was also working 
on the problem at the same time. He had been in correspondence with Hasse during 
1930-1931 and he had come close to resolving the problem. Some of his remarks to 
Hasse had been helpful in the Brauer-Hasse-Noether solution. Within weeks of that 
event, Albert found an alternate proof, which utilized a suggestion from Hasse. 



■'That is, a Galois extension with cyclic Galois group. 
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COHOMOLOGY 

For a group G and a G -module M, there are homology groups Hr(G, M), r > 0, and 
cohomology groups W {G, M), r > 0. Short exact sequences of G-moduIes give long 
exact sequences of homology and cohomology groups. Tate showed that, when G is finite, 
these long exact sequences can be spliced together to give a very long sequence. More 
precisely, the groups 



//f(G,M) = 



//'"(G,M) r>0 

M^/Nm(M) r = 

Ker(Nm)//GM r = -1 

H-r-i{G,M) r<-l, 



defined for all r e Z, have this property. In particular. 



Hj^{G, Z) = Hi (G, Z) ~ G'"^ (largest abeUan quotient of G). 

Let C be a G-module such that H^(H, C) is cyclic of order \H\ for all subgroups H 
of G. If H^(G,C) = 0, then Tate showed that the choice of a generator for H-^(G,C) 
determines a family of isomorphisms 

H^{G,M) ^ H^+^(G,M <SiC), all r e Z. 

For a Galois extension L/K of local fields with Galois group G, the calculation of the 
Brauer group of K shows that H^(G, L^) is cyclic of order |G| and that it has a canonical 
generator. Since Hilbert's Theorem 90 shows that // ^ (G, ) = 0, Tate's theorem provides 
us with canonical isomorphisms 

i/f (G,Z) H^+^(G.L'') 

for all r 6 Z. When r = —2, this becomes an isomorphism 

^ab ^ /:x/Nm(L^) 

whose inverse is the local Artin map. A similar argument applies for global fields with the 
group of ideles modulo principal ideles playing the role of the multiplicative group of the 
field. 

Notes I quote from Mac Lane 1978, pl7: 

Mac Lane recalls that Artin (about 1948) pointed out in conversations that the co- 
homology of groups should have use in class field theory. Hochschild (1950) and 
Hochschild and Nakayama (1952) showed how the Brauer group arguments of class 
field theory could be replaced by cohomological arguments. In 1952, Tate proved that 
the homology and cohomology groups for a finite group G could be suitably com- 
bined in a single long exact sequence. He used this sequence, together with properties 
of transfer and restriction, to give an elegant reformulation of class field theory. 
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Explicit construction of class fields (Hilbert's 12th problem) 

The Kronecker- Weber theorem shows that every abelian extension of Q is contained in the 
field generated by a special value ^ = e2jr(/m ^j^g exponential function. A later theorem 
(the Kronecker Jugentraum) shows that every abelian extension of a quadratic imaginary 
number field is contained in the field generated by certain special values of the elliptic 
modular functions. In the 12th of his famous problems, Hilbert asked if the abelian exten- 
sions of other number fields can be generated by the special values of explicit holomorphic 
functions. 

The functions that generalize elliptic modular functions are well understood, as are the 
arithmetic properties of their special values — this is the theory of complex multiplication 
and of Shimura varieties — but they are useful only for constructing abelian extension of 
CM fields, and even for these fields they only give the abelian extensions that (roughly 
speaking) don't come from an abelian extension of the totally real subfield (except Q). On 
the other hand, conjectures of Stark provide candidates for generators of abelian extensions 
of totally real fields. 

Explicit class field theory 

The proofs of the theorems in class field theory are elegant but abstract. For example, the 
original local proofs of local class field theory show only that there exists a unique Artin 
map </>: Gal(K^^ / K) with certain properties, but leave open the question of an 

explicit description of the map and of K^^. Fortunately, in this case the theory of Lubin and 
Tate, which we explain in Chapter I, gives an elegant answer to this question. 

Much work has been devoted to finding explicit descriptions of the other maps and 
objects of class field theory. This topic is largely ignored in the current version of the notes. 

Computational class field theory. 

Beyond finding explicit descriptions of the maps and objects of class field theory, one can 
ask for algorithms to compute them. For this topic, I can only refer the reader to Cohen 
2000. 

NONABELIAN CLASS FIELD THEORY 

In the same talk at the ICM 1920 in which he announced his proof of the main theorems of 
abelian class field theory to the world, Takagi raised the question of a nonabelian class field 
theory: 

En m'arretant ici, je me permets d'attirer voire attention sur un probleme im- 
portant de la theorie des nombres algebriques: a savoir, rechercher s'il est pos- 
sible de definir la classe d'ideaux d'un corps algebrique de telle maniere que 
les corps superieur relativement normal mais non abelian puisse etre caracterise 
par le groupe correspondant de classes d'ideaux du corps de fond.^"* 

'^In stopping here, I allow myself to draw your attention to an important problem in the theory of algebraic 
numbers, namely, whether it is possible to define the ideal classes of an algebraic number field in such a way 
that the nonabelian normal extension fields can be characterized by the corresponding group of ideal classes of 
the base field. 
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The norm limitation theorem shows that the subgroups of the (ray) class groups do not 
distinguish between an extension field and its largest abelian subextension. 

For several decades it was unclear what form a nonabelian class field theory should take, 
or even whether it existed. In 1946, Artin speculated that finding the correct statements was 
the only problem: once we knew what they were, it would be possible to deduce them from 
abelian class field theory (A Century of Mathematics in America, Part II, (Peter Duren, ed.), 
1989, p312). Weil relates that, a year later, Artin said that he had lost faith in the existence 
of a nonabelian class field theory (Weil, A., (Euvres, Vol. Ill, p457.) 

Instead of studying the set Spls(L/ K), we should study the Artin L -series L(s, p) of 
a representation p of Gal(L/K). The problem of describing the sets Spl_5(L/Q) then be- 
comes that of describing the set of analytic functions that arise in this fashion. Langlands 
has constructed a class of L-series, called automorphic L-series, and conjectures'^ that 
each Ls(s, p) is automorphic, and specifies which automorphic L-series arise in this fash- 
ion. Thus, the conjecture answers the original question for all finite Galois extensions of Q. 
For « = 1 (so G is abelian) and all K, Artin proved all Artin L-series are automorphic — 
this was his motivation for proving Theorem 0.7. For n = 2, Langlands (and Tunnell) have 
proved the conjecture in some cases. 

In 1967 Langlands stated his conjectural'^ functoriality principle, which includes a non- 
abelian class field theory as a special case. For a local field K, this can be stated as follows. 
The Weil group Wk of K is defined to be the subgroup of Gal(K^^/ K) consisting of the el- 
ements that act on the residue field as an integer power of the Frobenius element. The local 
Artin map in abelian local class field theory can be regarded as an isomorphism (pK from 

onto the largest abelian quotient W'^ of Wk- Langlands conjectures that the homo- 
morphisms from Wk into GL„(C) correspond to certain representations of Ghn{K). For 
n — I, the representations of Ghi{K) = are just characters, and the correspondence 
is given by composition with (pK- For « > 1 the representations of Ghn{K) are typically 
infinite dimensional. 

On the automorphic side, let An{K) be the set of equivalence classes of irreducible 
representations of GL„ {K) on complex vector spaces for which the stabilizer of each vector 
is open. On the Galois side, let Qn {K) be the set of equivalence classes of pairs (r, A'^) where 
r is a semisimple representation of Wk on an n-dimensional complex vector space V , trivial 
on an open subgroup, and A'^ is a nilpotent endomorphism of V such that conjugating 
by r{a) (a e Wk) multiplies it by the absolute value of (p'^^(a). The local Langlands 
conjecture for K asserts that there is a family of bijections {a„)„>i, 

such that 

(a) the determinant of an(^), viewed as a character of Wk, corresponds under cpK to the 
central character of n ; 

(b) the map a„ preserves L-factors and e-factors of pairs of :;r's (as defined by Jacquet, 
Piatetskii-Shapiro, and Shalika on the automorphic side, and by Langlands and Deligne 
on the Galois side); 

'^Note the similarity to the Taniyama conjecture — in fact, both are special cases of a much more general 
conjecture. 

'*In a letter to Weil, and later (to the rest of us) in Problems in the theory of automorphic forms (1970). For 
an engaging introduction to these works, see Casselman 2001 . TgXed versions of Langlands's works, including 
the above two, can be found at http : / /publications . ias . edu/rpl/. 
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(c) for X e AiiK), Onin (8> (/ o det)) = ct„(:t) (8> ai(/); 

(d) On commutes with passage to the contragredient, n ^ . 

For each K, Henniart showed there exists at most one such family. The conjecture itself 
was proved by Harris and Taylor (2001). Several months later, Henniart (2000) found a 
simpler proof. 

A FINAL REMARK 

Recall the following theorem of Dedekind (ANT 3.41). 

Theorem 0.9 Let A he a Dedekind domain with field of fractions K, and let B be the 
integral closure of A in a finite separable extension L of K. Let L = K[a] with a e B, and 
let f (X) be the minimum polynomial of a over K. The following conditions on a prime 
ideal p of A are equivalent: 

(a) p does not divide disc(/ (X)); 

(b) p does not ramify in B and Ap [a] is the integral closure of Ap in L (here Ap = {a/b \ 
b ^ p}); 

(c) there is a factorization 

f(X)^ MX)---fg(X) modp 

with the fj distinct, monic, and irreducible modulo p. 
When these conditions hold, the factorization of p into prime ideals in L is 

pB = ip,Ma))---(p,fg(a)). 

Thus class field theory is really about polynomials in one variable with coefficients in 
a number field and their roots: abelian extensions of K correspond to monic irreducible 
polynomials f(X) 6 K[X] such that the permutations of the roots of f(X) giving field 
automorphisms commute; Dedekind 's theorem shows that the factorization of all but finitely 
many prime ideals of K in an abelian extension L corresponds to the factorization of a 
polynomial over a finite field. 

The approach taken in these notes 

In these notes we prove the main theorems of local and global class field theory following 
the algebraic/cohomological approach of Chevalley (1940, 1954), Artin and Tate (1961), 
and Tate (1952, 1967). The cohomological approach makes plain the relation between the 
fundamental theorems of class field theory and the calculation of the Brauer group. With 
hindsight, one can see that cohomological calculations have been implicit in class field 
theory since at least the papers of Takagi. 

However, there are other approaches to class field theory, and when it sheds additional 
light I have not hesitated to include more than one proof. For example, I explain how the 
use of analysis can be used to simplify some steps of the proof of the fundamental theorem 
in the global case. Moreover, I explain how (following Lubin and Tate) the theory of formal 
group laws can be used to make the results of local class field theory more explicit and 
satisfactory. 
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Although it is possible to prove the main theorems in class field theory using neither 
analysis nor cohomology, there are major theorems that can not even be stated without 
using one or the other, for example, theorems on densities of primes, or theorems about 
the cohomology groups associated with number fields. In recent years, the cohomological 
results have been crucial in many of the applications of class field theory.'^ 

The heart of the course is the odd numbered chapters. Chapter II, which is on the 
cohomology of groups, is basic for the rest of the course, but Chapters IV, VI, and VIII 
are not essential for reading Chapters III, V, and VII. Except for its first section. Chapter I 
can be skipped by those wishing to get to the main theorems of global class field theory as 
rapidly as possible. 

Exercise 0.10 Complete the proof that the quadratic reciprocity law allows one to de- 
scribe the sets Spls(L/Q) with L/Q quadratic. 

Exercise 0. 1 1 Prove that Q[V^, V^] is the Hilbert class field of Q[v^]. 

Exercise 0.12 Prove that the map ^ (Z/mZ)^ defined on p4 has the kernel de- 
scribed and hence induces an isomorphism Cm ^ (Z/ m'E)^ . 

Exercise 0. 13 Prove the statements in Example 0.5. 

ExerciseO.14 LetL = Q[v^, V^]. Then Gal(L/Q) = {\,a,x,ax} ~ Z/2Z x 
Z/2Z, where a fixes Q[V^], r fixes Q[V^], and ax fixes Q[V5]. 

(a) Show that only 2, 5, oo ramify in L. 

(b) Compute {p, L/Q) for all p^2,5. 

(c) Let m = (20)oo. Show that p {p,L/Q) defines an isomorphism Cm/H 
Gal(L/Q) for some H C C^, and find H. 

Hint: Show L C where ^ is a primitive 20th root of 1. 



For example, according to Google Scholar, my hook Arithmetic Duality Theorems has been cited by 519 
research articles (since they started counting). 



INTRODUCTION 



I will tell you a story about the Reciprocity Law. After my thesis, I had the 
idea to define L-series for non-abelian extensions. But for them to agree with 
the L-series for abelian extensions, a certain isomorphism had to be true. I 
could show it implied all the standard reciprocity laws. So I called it the Gen- 
eral Reciprocity Law and tried to prove it but couldn't, even after many tries. 
Then I showed it to the other number theorists, but they all laughed at it, and 
I remember Hasse in particular telling me it couldn't possibly be true. Still, I 
kept at it, but nothing I tried worked. Not a week went by — for three years 
! — that I did not try to prove the Reciprocity Law. It was discouraging, and 
meanwhile I turned to other things. Then one afternoon I had nothing special 
to do, so I said, "Well, I try to prove the Reciprocity Law again." So I went out 
and sat down in the garden. You see, from the very beginning I had the idea to 
use the cyclotomic fields, but they never worked, and now I suddenly saw that 
all this time I had been using them in the wrong way — and in half an hour I 
had it. 

Emil Artin, as recalled by Mattuck (in Recountings: Conversations with 
MIT Mathematicians 2009). 



Chapter I 



Local Class Field Theory: 
Lubin-Tate Theory 

Local class field theory classifies the abelian extensions of a local field. From a different 
perspective, it describes the local components of the global Artin map. 

By a local field, I mean a field K that is locally compact with respect to a nontrivial 
valuation. Thus it is 

(a) a finite extension of Qp for some p; 

(b) a finite extension of the field of Laurent series ¥ p{{T)) over the field with p ele- 
ments; or 

(c) M or C (archimedean case). 

When K is nonarchimedean, the ring of integers (alias, valuation ring) in K is denoted 
by Ok (or A), its maximal ideal by xxvk (or just m), and its group of units by or Uk- 
A generator of m is called a prime element of K (rather than the more customary local 
uniformizing parameter). If tt is a prime element of K, then every element of can be 

def 

written uniquely in the form a = utz'^ with u e and m = ordxia). The residue field 
k of K has q elements, and its characteristic is p. The normalized valuation on K is defined 
by |a| = q-o^<iK(.a) 

We fix a separable algebraic closure K^^ of K. Throughout the chapter "extension of 
K" will mean "subfield of K'^^ containing K". Both ordj^: and | • | have unique extensions 
to (the extension of ordj^ takes values in Q). 

1 Statements of the Main Theorems 

The composite of two finite abelian extensions of K is again a finite abelian extension of 
K (FT 3.20). Therefore the union K^^ of all finite abelian extensions of K (in K^^) is an 
infinite abelian extension whose Galois group is the quotient of Gal(K^^/ K) by the closure 
of its commutator subgroup. (See FT, Chapter 7, and the appendix to this chapter for the 
Galois theory of infinite extensions.) 

Let L be a finite unramified extension of K. Then L is Galois over K, and the action of 
Gdl{L/ K) on Ol defines an isomorphism Gai{L/ K) ~ Gal(/ / k) where / is the residue 
field of L. Therefore Gal{L/K) is a cyclic group, generated by the unique element a 
such that a a = a* mod for all a € Oi^. This ct is called the Frobenius element of 
Gal(L/A:), and is denoted Frob^/A:. See ANT, 7.54. 
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Theorem 1.1 (Local Reciprocity Law) ForeverynonarchimedianlocalGeldK, there 
exists a unique homomorphism 

(t>K: K"" GaliK'-'^/K) 

with the following properties: 

(a) for every prime element 7t of K and every finite unramified extension L of K, (pxi^) 
acts on L as Frob/^/i^; 

(b) for every finite abeUan extension L of K, NmLfK(L^) is contained in the kernel of 
a ^A-(a)|L, and^K induces an isomorphism 

4>l/k: K^'/NmL/KiL'') ^ GaliL/K). 

In particular, 

iK'':-NmL/KiL'')) = [L:K]. 

Denote Nm/^/j5^(L^) by Nm(L^). Statement (b) says that, for every finite abelian 
extension L of K, the map (pK factors as follows: 



quotient map 



rH>-r\L 



is:^/Nm(L^) — GaliL/K). 

I call 4>K and (pL/K the local Artin maps for K and L/ K. They are often also called the 
local reciprocity maps and denoted by rec^: and lec^ /x, and (pL /K is often called the norm 
residue map or symbol and denoted a (a, L/K). 

The subgroups of of the form Nm(L^) for some finite abelian extension L of K 
are called the norm groups in . 

Corollary 1 .2 Let K be a nonarchimedean local held, and assume that there exists a 
homomorphism <p: GaI(A'^^/ K) satisfying conditions (a) and (b) of the theorem. 

(a) The map L Nm(L'^) is a bijection from the set of finite abelian extensions of K 
onto the set of norm groups in . 

(b) L C L' Nm(L^) D Nm(L'^). 

(c) Nm((L • LY) = Nm(L^) n Nm(L'^). 

(d) Nm((L n L)"") = Nm(L'') ■ NmiV). 

(e) Every subgroup of containing a norm group is itself a norm group. 
Proof. Note that the transitivity of norms, 

shows that L C L' =^ Nm(L^) D Nm(L"^). Hence, 

Nm((L • LY) C Nm(L'') D Nm(L'''). 
Conversely, if a € Nm(L'') n Nm(L'''), then 

(t>L/K(a) = 1 = 4>L'lK{a). 
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But, 4>LL'IK{a)\L = (j)LiKia) imd(j)i^,i^iK{a)\L' = (pL'/xia)- As the map 

a {a\L,a\L') : Gal(LL'/K) Gal(L/K) x Gal(L7^) 

is injective (FT 3.20), this shows that ^ll'/k(^} = !> hence that a e Nm((L ■ L')^). 
This proves (c), and we now complete the proof of (b). When Nm(L^) D Nm(L'^), 
statement (c) becomes 

NmCCLL')"") = Nm(L'^). 

Since the index of a norm group is the degree of the abelian extension defining it and 
LL' D L', this implies that LL' = L' . Hence L' D L. 

We now prove (a). By definition, the map L Nm(L^) is surjective, and it follows 
from (b) that it is injective. 

We next prove (e). Let A' be a norm group, say, A'^ = Nm(L^), and let / ^ N . Let M 
be the fixed field of ^l/k(I)^ so that <Pl/k niaps I /N isomorphically onto Gal(L/M). 
Consider the commutative diagram: 

GaliL/K) 



K"" Gal(M/K). 

The kernel of (pM/K is Nm(M^). On the other hand, the kernel of 

K"" Ga\(L/K) Ga\{M/K) 

is (f>J^^{Ga\{L/ M)), which equals / (by Galois theory). 

Finally, we prove (d). We have an order inverting bijection between the two sets in (a). 
As L n L' is the largest extension of K contained in both L and L' , and Nm(L^) ■Nm(L'^) 
is the smallest subgroup containing Nm(L^) and Nm(L'^) (and it is a norm group by (e)), 
the two must correspond. □ 



In order to classify the abelian extensions of K, it remains to determine the norm groups. 
The next lemma shows that (assuming Theorem 1.1), they are open. 

Lemma 1.3 Let L he an extension of K. If Nm(L^) is of finite index in K^, then it is 
open. 



Proof. The group Ul of units in L is compact, and so Nm(J7/^) is closed in K^. By 
looking at ords, one sees that 

Nm(L^) nUK = Nm((7L), 

and so Uk/ ^t^(Ul) A'^/Nm(L^). Therefore, Nm(t//,) is closed of finite index in 
Uk, and hence is open in Uk, which itself is open in K^. Therefore the group Nm(L^) 
contains an open subgroup of K^, and so is itself open. □ 



Theorem 1.4 (Local Existence Theorem) The norm groups in are exactly tfie 
open subgroups of finite index. 
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Corollary 1.5 Corollary 1.2 holds with "norm group" replaced by "open subgroup of 
finite index". 

Before outlining the proofs of Theorems 1.1 and 1.4, I give some complements to the 
theorems. 

1.6 Corollary 1.5 holds also for archimedean local fields. The abelian extensions of M are 
M and C, and their norm subgroups are and ]R>o respectively. Let // be a subgroup of 
finite index in M^. Then H D R^"^ for some m, and M'^'" = or M>o according as m 
is odd or even (apply the intermediate value theorem). Therefore and M>o are the only 
two subgroups of of finite index. The unique isomorphism 

]R^/M>o Gal(C/M) 

is called the local Artin map in the real case. 

1.7 When K has characteristic zero, every subgroup H of of finite index is open. 
To prove this, observe that a subgroup H of finite index will contain K^^^ for some m, 
and that Newton's lemma (ANT, 7.32) applied to X'" — a shows that every a e such 
that |1 — < |mp is of the form u'" with u € 1 + m. Therefore H contains an open 
neighbourhood of 1 in K^, and, since it is a group, this implies that it is open. 

When K has characteristic p 0, not every subgroup of of finite index is open. 
Weil 1967, II 3, Proposition 10, shows that 1 + m Yin '^p (product of copies of 
indexed by N), from which it follows that has a quotient isomorphic to Y\f^ ^p- The 
subgroup 0ji^ ¥p is dense in Ylf^ "^p- Therefore, any proper subgroup of Y\fq "^p containing 

¥p will not be closed. Choose such a subgroup of finite index, and form its inverse 
image J7 in 1 + m. Then U ■ will be of finite index in but not closed (hence not 
open). Cf. FT 7.25. 

1 . 8 The composite of two finite unramified extensions of K is again unramified, and there- 
fore the union K^^^ of all finite unramified extensions of K (in K^^) is an unramified ex- 
tension of K. The residue field k of K'^^ is an algebraic closure of the residue field k of 
K. 

Every automorphism a of K^^ fixing K preserves the valuation | • | on K'^^, and hence 
induces an automorphism a of k/ k. The map a a is an isomorphism Gal(^"'^/ K) — > 
Gal(k/ k). Therefore, there is a unique element FrohK £ Gal(K'^'^ / K) inducing the map 
X on A:, and the map a Frob^: Z Gal(^™/ K) is an isomorphism of topolog- 

ical groups. Condition (a) of Theorem 1.1 can be re-stated as: for every prime element n of 
K, 4>k{^) acts as Frobj?: on K^'^. In particular, for any unit u e O^, ^k(^) and (p^i^u) 
have the same action on AT^" and therefore 0a: (m) acts as the identity map on AT"". 

1.9 The groups 

J7j5::)l+mD---Dl-Fm"D--- 

form a fundamental system of neighbourhoods of 1 in Uk- Let L be a finite abelian exten- 
sion of K. \f L/ K is unramified, then Ker(0^/j5^) D Uk by (1.8) and we say that L/ K has 
conductor 0. Otherwise, the smallest / such that Ker(0/,/j^) contains 1 -|- m-^ is called the 
conductor of L/ K. The extension L/K is unramified if and only if it has conductor 0, and 
it is tamely ramified if and only if it has conductor 1 . 
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1.10 The homomorphisms 

(pL/K- ^7 Nm(L^) ^ Gal(L/K) 

form an inverse system as L runs through the finite abelian extensions of K, ordered by 
inclusion. On passing to the limit, we obtain an isomorphism 

where is the completion of with respect to the topology for which the norm groups 
form a fundamental system of neighbourhoods of 1. This topology on is called the 
norm topology. According to Theorem 1.4, the norm groups are the open subgroups of 
finite index in K^. Choose a prime element tt, and write 

K"" = Uk ■ ^ Uk X (7) 

The subgroups 

(I + m") ■ {n'") - (1 +m") xmZ 

form a fundamental system of neighbourhoods of 1. In particular, Uk is not open in 
for the norm topology, which is therefore coarser than the usual topology on K^. When 
completed, (7) becomes 

where Z is completion of Z for the topology defined by the subgroups of finite index. More 
canonically, the identity map 

(usual topology) /^^(norm topology) 

is continuous, and induces a homomorphism on the completions — ^ K^, which fits into 
a commutative diagram 

> Uk > K"" > Z > 

— inclusion 

> Uk > > Z > 

Loosely speaking, is obtained from by replacing Z with Z. 

1.11 The choice of a prime element n determines a decomposition 

of into the product of two closed subgroups, and hence (by infinite Galois theory), a 
decomposition 

^ . ^un (g.) 

where /T^r is the subfield of K^"^ fixed by (pxi^) and K'^^ is the subfield of K'"^^ fixed by 
(Pk{Uk). Clearly, K n is the union of all finite abelian extensions L/ K (necessarily totally 
ramified) such that n e Nm(L^). For example, when we choose the prime element p in 
K = Qp, the decomposition (8) becomes 

< = (U«.''])-(U.,,).iM- 
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1.12 The composite of two totally ramified extensions need not be totally ramified. Con- 
sider, for example, the quadratic extensions Q[v'^ and Q[y/pq] of Q where p and q are 
distinct odd primes. Then p is totally ramified in both of these extensions, but it is not to- 
tally ramified in their composite QlyTp, y/^] because it is unramified in the subfield Q[,y^]. 
When q is chosen not to be a square modulo p, these statements remain true when Q is re- 
placed by Qp. 

Therefore, in contrast to the situation with abelian and unramified extensions, there is 
no "largest" totally ramified extension of K in K^^ (or K^^): there are only the maximal 
totally ramified extensions K^, depending on the choice of n. 

Outline of the proofs of the main theorems. 

We first show that the uniqueness of the local Artin map follows from the remaining state- 
ments. 

Theorem 1.13 Assume the local existence theorem (1.4). Then there exists at most one 
homomorphism (p: Gai(K^^ / K) satisfying the conditions (a) and (b) of Theorem 

1.1. 

Proof. If no (p exists, there is nothing to prove, and so we assume there does exist a 
0, and therefore that Corollary 1.2 holds with "norm group" replaced by "open subgroup 
of finite index". Let ;r be a prime element of Ok, let Kj^^n be the extension of K with 
Nm(^:^^„) = (1 -|- m") • (tt), and let K:,^ = Kj^^n- Because :7r is a norm from every 
Kn,n, <Pi^) acts as 1 on K,^. Since it acts as the Frobenius automorphism on K^^, the 
action of (pin) on Kn ■ ^""^ is completely determined. But ■ K'''' = K'-''° (cf. 1.11), 
and so this shows that (p{Tt) — (p'(n) for any two homomorphisms (p and 0' satisfying the 
conditions. As is generated by its prime elements, this proves that cp = cp' . □ 

It remains to prove existence, namely, the existence of a local Artin map and the local 
existence theorem. We shall offer three proofs of this. The first two have the advantage 
that they explicitly construct the extension ^jr,n with norm group (1 -|- m") • (tt) and the 
local Artin map AT^/ Nm(A';r^„) Gal{Kjt,n/ K). The last two have the advantage that 
they prove the cohomological results used in global class field theory. The third has the 
advantage of brevity. The reader looking for the fastest route to the main theorems of 
global class field theory need only understand the third proof and so can skip the rest of 
the chapter and go directly to Chapter II. 

First proof of existence (Lubin-Tate and Hasse-Arf; I §§2-4) 

The theory of Lubin and Tate explicitly constructs the fields ^jr,« for each prime, and 
hence the field K^, and it explicitly constructs a homomorphism 0^^: Uk Gal(Kji / K); 
moreover, it shows that Kj^ ■ K'^'^ and the unique extension of (/)jr to a homomorphism 
K'^ Gal{K^ ■ K'^'^/K) such that 0(7r)| = Frobj^ are independent of jz. From this 
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one gets Theorems 1.1 and 1.2 but with K'^^ replaced by Kj^ ■ K^'^} All that remains is to 
show that Kji ■ K'^^ = K^^. The most direct proof of this uses the Hasse-Arf theorem from 
algebraic number theory. 

Second proof of the main theorems (Lubin-Tate and cohomology; I §§2-3; III §§1-3) 

According to Theorems 1.1 and 1.4, there exists for each prime element n of Ok and 
integer « > 1 , an abelian extension Kji^„ of K with 

Nm(/:^,„) = (1 + m") • 7t^. 

These extensions have the following properties: 

*a [K^,n:K] = {q-l)q''-^; 

*b for all rt, :;r is a norm from K,^^n. 

Moreover, K^^ = K„ ■ K^"" where = U„>i K^,n. 

In §3 of this chapter, we shall explicitly construct, for each prime element n of Ok and 
integer n > I, a. totally ramified abelian extension iTj^^n of K satisfying *a and *b. Let 
Kj^ = [Jfi>i Kjt:^„ and, for m > 1, let be the unramified extension of K of degree m. 
We shall explicitly construct a homomorphism 

such that 

*d for all m and n, ^n{a)\ {Kn,n ■ Km) = id for a e (1 + m") • {tz""). 

Moreover, we shall prove that both Kj^ ■ K^^ and (pji are independent of the choice of n. 

In Chapter III, Theorem 3.4, we shall prove that there exists a homomorphism (p: 
Gal(K'^^/ K) satisfying conditions (a) and (b) of Theorem 1.1. 

In the remainder of this subsubsection, we explain how these two results imply Theorem 
1.4 (hence also Theorem 1.1) with the added precision that K^^ = Kj^ ■ K"'^ and (p = (pn 
for all n. 

Let K' be the subfield ■ K"^"" of K^^, and let cj,' = (j,„ — recall that both K' and ^' 
are independent of the choice of the prime element n. 

1.14 For alia e K'',(p(a)\K' = 0'(a). 

'Need to add a proof of this to the notes. Let K^^ = K,^ ■ A^"". A key point is that, if L is a finite extension 
of K, then 

'^^ > Gal(LLT/L) 

K"" > Ga.\{K^T/K) 

commutes (Iwasawa 1986, Theorem 6.9, p89). This shows that, for any abelian extension L of contained in 
K^^, (pf^ defines a surjective homomorphism 

0L/Jf : Nm(LX) ^ Gal(L/ii:). 

Next one shows that this is injective (ibid.. Corollary, p90). This proves the local reciprocity law (with K^^ for 
K'^^), and the local existence theorem follows easily. 
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Proof. For every prime element 7t of K, (pin) acts trivially on K:rt,n because tt is a norm 
from Kji^n, and 4>'i^) acts trivially on Kn,n because of condition *c with m = \ (we may 
assume that the prime element used in the definition of cp' is n). Since (p{n) and (p'iji) 
both act as Frobj^ on K^^, they must agree on K' = Ky^^n • K ™. But the prime 
elements of K generate as a. multiplicative group {a e can be written a — un^ , 
and u = {un)n~^), and so this proves the claim. □ 

1.15 (LOCAL Kronecker-Weber THEOREM) For every prime element n, 

Proof. Let 
and 

U„,m = (l+m")-{;r'">. 

We are given that (j)n{ci)\Kn,m = 1 for all a e Un,m- Hence (f){a)\Km,n — 1 for all 
a e Un,m, and so Un,m C Nm(K^„j). But 

(i^":C/„,^) = (C/:l+m")({;r>:(7r'"» 
= iq-\)q"~^ -m 
= {Kn,n '■ K\[Km '■ K] 
= [Km,n ■ K], 

and we are given that </> induces an isomorphism 
Therefore, 

Now let L be a finite abelian extension of K. We are given that defines an isomor- 
phism K^fNmiL^) Gal(L/K), and so Nm(L^) is of finite index in K^. According 
to (1.3) it is also open, and so it contains Un,m for some n,m > 0. The map 

0:^^ -^Ga\{L- K„,m/K) 

is onto and, for a E K^, 

4>{a) fixes the elements of L <^=^ a e Nm(L^), 
0(a) fixes the elements of Kn^m ci e Nm(Ar^,„) = Un,m- 

Because Nm(L^) D Un,m, this implies that L C Kn,m- 

It follows that K"""^ = Kjr-K''''. ' □ 

We now know that, for every prime element n of K, K''^ = ■ K'''' and (p = ^n-To 
complete the proof of the local existence theorem (1.4), we have to show that every open 
subgroup H of of finite index is a norm group, but, as we observed above, every such 
group contains Un,m for some n and m, and Un,m = ^'^{Kn,m)- Now (1.2e) shows that 
// is a norm group. 
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Third proof of the main theorems (cohomology and Hilbert symbols; III §§1-5) 

In Chapter III, we shall use cohomology (specifically, a theorem of Tate) to construct the lo- 
cal Artin maps, and we shall make use of Hilbert symbols to prove that every open subgroup 
of of finite index is a norm group. 

Exercise 1.16 Use only results from algebraic number theory (e.g., ANT) to prove that 
a finite extension L/K of local fields is totally ramified if and only if Nm(L/A') contains 
a prime element. 

2 Lubin-Tate Formal Group Laws 

Power series 

Let ^ be a ring (always commutative with 1). A power series with coefficients in ^ is an 
infinite sequence 

/ = (flo, «2, • • •)> ai e A, j e N. 
Addition and multiplication are defined by 

(ao,ai, .. .) + (bo,bi, ...) = (ao + bo,ai +bi,...) 

(ao,ai,...)(bo,bi,...) = (aobo,..., ^ Uibj,..). 

i+j=k 

These formulas are easier to remember if we write 

The power series with coefficients in A form a commutative ring, which we denote by 
^[[r]]. Power series can be manipulated in the same way as polynomials, with a few 
cautions. For example, in general we can not substitute an element c ^ A into a power 
series f{T) e ^[[7"]], because computing / (c) = X!,>o O-iC^ requires us to sum an infinite 
number of elements of A, which, not being analysts, we can not do. For the same reason, 
we can substitute one power series g{T) into a second f{T) only if the constant term of 
g{T) is zero, in which case / {g{T)) is defined, and we denote it by / o g. 

Lemma 2.1 (a) For all power series f e A[[T]] andg,he TA[[T]], 

f o(goh) = (f o g)oh. 

(b) Let f = UiT^ e TA[[T]]. There exists age TA[[T]] such that f o g ^ T 

if and only if ai is a unit in A, in which case g is unique, and has the property that 
gof = T. 

Proof, (a) In general, (/i f2)°g = (/i ° g) if 2 o g), and so /" o g = (/ o g)" . Therefore, 
when / = T", both / o (g o h) and (/ o g) oh equal {g o h)", and when / = ^ a,- T\ 
both equal J2 (S ° h)' ■ 

(b) We seek a g = X!, >i bi T' such that 



!>1 
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i.e., such that 

aibi = 1 

oibn + polynomial in fl2> ••• ,«n, ^1 b„-i —0 



The first equation shows that, in order for g to exist, ay must be invertible. When ai is 
invertible, the equations define the bi's uniquely. Now, because bi is invertible, the same 
argument shows that there exists mh e TA[[T]] such that g oh = T. But 

f = foT = fogoh = Toh = h, 

and so g o / = r. □ 

Caution: fo{g + K)^fog + f oh'va general. 

Power series in several variables can be defined similarly. Moreover, if / (Xi , . . . , X„) e 
A[[Xi,...,Xn\] and gi, g2,---,gn e ^[[Fi, . . . , F^]], then is a well- 

defined element of A[[Y\ , . . . , F^]] provided that the constant terms of the g, are all zero. 

Remark 2 . 2 Let ^ be a complete discrete valuation ring, and let m be the maximal ideal in 
A. For every / = X!/>o € ^[[7"]] and every c e m, a/c' Od&i oo. Therefore 
the series X!,>o o-iC^ converges to an element /(c) of A, which lies in m if ao e m. 

Formal group laws 

A group is a nonempty set together with a law of composition satisfying the group axioms. 
A formal group law is a law of composition (without the set) satisfying the group axioms. 
More precisely: 

Definition 2.3 Let ^ be a commutative ring. A one-parameter commutative formal 
group law is a power series F e A\[X, F]] such that 

(a) F{X, F) = X + F + terms of degree > 2; 

(b) F{X, F{Y, Z)) = F{F{X, F), Z); 

(c) there exists a unique ip (X) e X^[[Z]] such that F{X, ip {X)) = 0; 

(d) F{X, F) = F(Y, X). 

Remark 2.4 (a) Condition (a) ensures that F(X, F) has no constant term, and so axiom 

(b) makes sense: we are comparing finite sums at each degree, 
(b) On taking F = Z = in Axioms (a) and (b), we find that 

F(X, 0) = X + terms of degree > 2, F(F(X, 0), 0) = F(X, 0). 

Denote the power series F(X, 0) by / (X). The first equality impUes that there exists a g 
such that f o g = X, and the second equality says that f o f = f . On composing the 
second equaUty with g we find that f = X. Thus F{X, 0) = X, and similarly F{0, F) = 
F. Hence 

F{X, Y) = X + Y + Y1 i<'<oo aijX'Y}. 

l<y<oo 
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To get an « -parameter group law, replace each of X and Y with sequences of n- 
variables. Axiom (d) is the commutativity condition. Since we consider no other, we shall 
refer to one-parameter commutative formal group laws simply as formal group laws. 

Let A — Ok, the ring of integers in a nonarchimedean local field K, and let F = 
YlTj ^ijX' be a formal group law over Ok- For every x,y e xnK, aijx' ^ as 
(/, j) — ^ oo, and so the series 



F{x,y) = Y^aijx'yJ 



converges to an element x +p y of vcvk- In this way, m^^ becomes a commutative group 
{vciK, +f )- Similarly, acquires a group structure for every finite extension L of K, and 
the inclusion (vciK, +f) ^ (mL,+F)isa homomorphism. 

Example 2.5 {■&)L&t F{X,Y) = X + Y . Then is the usual addition law on vn-K- 

(b) Let F{X, Y) = X + Y + XY . The map 

fli-^l-|-a:m^l-|-m 
is an isomorphism (m, -1-^?) ^ (1 -|- m, x). Check: 

{a,b) > (l+a,l + b) 

a + b + ab > I + a + b + ab. 

(c) Let E be an elliptic curve over a nonarchimedean local field K, and let 

Y^Z + aiXYZ + a^YZ^ = X^ + ajX^Z + a^XZ^ + aeZ^ 

be a minimal Weierstrass model of E. Let T = —X/Y. On expanding the group law on 
£ as a power series in Ti, 72, we obtain a formal group law Fe{T\, T2) over Ok- See 
Silverman 1986, Chapter IV. 

Definition 2.6 Let F(X, Y) and G(X, Y) be formal group laws. A homomorphism 
F ^ G is a power series h € [[7"]] such that 

h(FiX,Y)) = G(h(X),h(Y)). 

When h has an inverse, i.e., there exists a homomorphism h':G —>■ F such that 

hoh' = T = h' oh, 

then h is called an isomorphism. A homomorphism h: F ^ F is called an endomorphism 
of F. 

In the case A — Ok, a homomorphism f:F—>-G defines a homomorphism 
a f{a): (mL, +f) (mz,, +g) 

for every L D K. 
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Example 2.7 Let F = X + Y + XY = (1 + Z)(l + F)- 1. Then /(T) = (1 + 7)^-1 
is an endomorphism of F, because 

F(f(X), f(Y)) = (1 + X)P(l + Y)P-l = f(F(X, 7)). 

Note that the following diagram commutes, 

/ 

m > m 



ah-»-l+a 



1 + m > 1 + m 

i.e., when we identify (m, + p) with (1 + m, x), / becomes identified with a . 

Let G be a formal group law. For any f,g s TA\[T]], we define 

f +Gg = G{f{T),g{T)). 

Because of the Axioms 2.3a,b,c,d, this composition law makes into a commutative 

group. In particular, 

/ +G Og ° /) = 0. 

Lemma 2.8 (a) For any formal group laws F and G, the set Hom(F, G) of homomor- 
phisms from F to G becomes an abelian group with the addition f +g g- 
(b) For every formal group law F, the abelian group End(i^) of endomorphisms of F 
becomes a ring (not necessarily commutative) with the multiplication fog. 

Proof. Let / and g be homomorphisms F G, and let /j = / +g g- Then 

h{F{X, Y)) = G{f{F{X, 7)), g{F{X, 7))) 

= G{G{f{X), f{Y)),G{g{X),g{Y))). 

Symbolically (at least), we can write this last power series as 

ifiX) +G /(7)) +G {g{X) +G g(7)), (*) 

which associativity and commutativity allow us to rewrite as 

{fiX)+GgiX))+G{fiY)+Gg{Y)), (**) 

that is, as G{h{X),h{Y)). More formally, the operations that carry (*) into (**), also carry 
G(G(/(X),/(7)),G(g(Z),g(7)))intoG(/z(Z),/j(7)). This proves that /z € Hom(F, G). 
Similarly, one shows that ig ° f ^ Hom(F, G). As 6 Hom(F, G), this completes the 
proof that Hom(F, G) is a subgroup of (T'^iiT"]], +g)- 

We showed in Lemma 2.1 that /, g / o g is associative. To show that End(F) is a 
ring, it remains to observe that, for f,g,h e End(F), 

fo(g+F h) = fiF(g(T), h(T))) = F((f o g)(T), if o h){T)) = fog+pfoh, 
if +F g)°h = f oh +F g oh (similarly), 

and that End(F) has an identity element, namely, T. □ 
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Formal group laws are similar to algebraic groups. The main difference is that, because 
they are defined by power series rather than polynomials, their points must have coordinates 
"close to 1" in order for products to be defined. There is a very extensive theory of formal 
group laws — see, for example, M. Hazewinkel, Formal Groups and Applications, Academic 
Press, 1978. 

Lubin-Tate group laws 

We now let A = Ok, the ring of integers in a nonarchimedean local field K, and we choose 
a prime element tt of ^. 

Definition 2.9 Let J'^r be the set of f(X) e A[[X]] such that 

(a) / (X) = TtX + terms of degree > 2; 

(b) f ix) = Z« mod n. 

Example 2.10 (a) The polynomial / (X) = nX + X'' Ues in J^„. 
(b) Let K = <Qp and tt = p; then the polynomial 

f(x) = {i + xy-i^px + + ... + pxp-^ + xp 

hes in J^p. 

Lemma 2.11 Let f,geJ^„, and let 0i (Xi , ■ • ■ , Xn) be a linear form with coefficients in 
A. There is a unique (p e ^[[^i , . . . , ^n]] such that 



Proof. We prove by induction on r that there is a unique polynomial ^^(^i, . . . , X„) of 
degree r such that 

{(f)r{Xi, . . . ,Xn) — ^1+ terms of degree >2 
f(4>r(Xi,...,X„)) = terms of degree >r + l. 

The unique candidate for the first polynomial is (pi itself. It certainly satisfies the first 
condition, and, if we write 0i = '^aiXi, the second says that 



which is also true. 

Suppose r > 1 and we have defined (pr. Because 0^ is unique, rnust equal (pr + Q, 
where g is a homogeneous polynomial of degree r + 1 in A[Xi, . . . , Xn]. We need that 



The left hand side is 

f((pr(Xi,..., X„)) + nQ(Xi,. ..,X„) + terms of degree > r + 2, 
while the right hand side is 

(prigiXi), g(Xn)) + Q{7tXi, nXn) + terms of degree > r + 2. 



I 



. . . , X„) = (pi + terms of degree > 2 
f((PiXi,...,Xn)) = Hg(Xl),...,g(Xn)). 



niJ^aiXi) = J^aiinXi) + deg > 2, 



f((Pr + liXu...,Xn))=(Pr + ligiXi), 



. , g{Xn)) + terms of degree > r + 2. 
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As Q is homogeneous of degree r + 1, Q(jtXi, . . .) — n'''^^ Q(nXi, . . .), and so we need 
that 

in'~ + ' -7z)Q(Xi,...,Xn) = f(MXl,. . . , Xn))-MgiXi), g(Xn)) 

+ terms of degree > r + 2. 

Thus Q must be the unique polynomial such that 

fiMXi,. ■ ■ , x„)) - MgjXi), g{x„)) 

= Q + terms of degree > r + 2. 

(tt'" - IjTT 

Note that, because of the simple form that binomial theorem takes in characteristic p, 

/ o 0, - 0, o g ^ <PAXi,. . . , Xn)'' - <PAXI ...,X^)^0 mod 7T. 

Because n divides / o (pr — 4>r ° g and :7r'' — 1 is invertible in A, Q does have coefficients 
in A, and because satisfies the induction hypothesis, it does have degree r + 1. 
Having defined the 0^ for r = 1, 2, . . . and noted that 

(pr+i = (pr + terms of degree > r + 1, 

we can define to be the unique power series such that 

</) = 0r + terms of degree > r + 1 

for all r. Clearly, it has the first of the required properties, and for any r, 

f{(j){Xi,. . . , Xn)) = f(^r(Xi,..., Xn)) + terms of degree > r + 1 

— 4>r {g{Xi , . . . , Xn)) + terms of degree > r + 1 

- (p(f {Xi,..., Xn)) + terms of degree > r + 1. 

Since this holds for all r, also has the second required property. □ 

Proposition 2.12 For every f e T^, there is a unique formal group law F f with coef- 
ficients in A admitting f as an endomorphism. 

Proof. According to Lemma 2.1 1, there is a unique power series Ff(X, Y) such that 

( Ff(X,Y) = Z + 7 + terms of degree > 2 
j f(Ff(X.Y)) = Ff{f{X),f{Y)). 

It remains to check that this is a formal group law. 
Commutativity: Let G = Ff{Y,X). Then 

G(Z, Y) = X + Y + terms of degree > 2 
f{G{X, Y)) = f(Ff(Y X)) = Ff(f(Y), f(X)) = G(f(X), f(Y)). 

Since Ff(X, Y) is the unique power series with these properties, it follows that G(X, Y) — 
Ff(X,Y). 

Associativity: Let Gi(Z,F,Z) = Ff (X, Ff(Y, Z)) and G2(X,Y, Z) = Ff(Ff(X,Y),Z). 
Then, for i = 1,2, 

Gi (X, F, Z) = X + Y + Z + terms of degree > 2 
GiifiX),f(Y),f(Z)) = f(GiiX,YZ)) 

and again Lemma 2.11 shows that there is only one power series satisfying these condi- 
tions. □ 
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Example 2.13 Let K = (Qp and n = p. Then f{T) = (I + T)p - I lies in Tp, and 
F(X, Y) = X + Y + XY admits / as an endomorphism (see 2.7). Therefore, F = F j. 

The formal group laws F f defined by the proposition are the Lubin-Tate formal group 
laws. They are exactly the formal group laws admitting an endomorphism 

o that has derivative at the origin equal to a prime element of /T.and 
o reduces mod m to the Frobenius map T T'^ . 

Proposition 2.14 For f,g € Fn and a € A, let [a\gj he the unique element of A[[T]] 
such that 

![a]g^f(T) = aT + tenns of degree >2 
S°{a\g,f = [a\gjof- 
Then [a\gj is a homomorphism F f Fg. 

Proof. Let h = [a\gj — its existence is guaranteed by Lemma 2.11. We have to show 
that 

h{Ff{X,Y)) = Fg{h{X),h{Y)). 
Obviously each is equal to aX + aF+terms of degree > 2. Moreover, 

h{Ff{f{X), f{Y))) = (h o f )iFf(X, Y)) = g{h{Ff(X, 7))), 

Fg{h{f{X)),h{f{Y))) = Fg(g(h(X)),g(h(Y))) = g(Fgih(X),h(Y))), 
and we can apply the uniqueness in Lemma 2.1 1 again. □ 

Proposition 2.15 For any a, b e A, 

[a + b]gj = [a]gj [b]gj 

and 

[ab]hj = [a]h,g o [b]gj. 

Proof. In each case, the power series on the right satisfies the conditions characterizing 
the power series on the left. □ 

Corollary 2.16 For /, g e Tn, Ff ^ Fg. 

Proof. For every u s A^ , [u\ f g and [u~^]gj are inverse isomorphisms. □ 

In fact, there is a unique isomorphism h: F f —>■ Fg such that h{T) = T + ■■■ and 
g o h = h o f, namely, [l]g^,/- Thus Ff ~ Fg. 

Corollary 2.17 For each a e A, there is a unique endomorphism [a] f'.Ff^Ff such 
that [a] f = aT+ terms of degree > 2 and [a] f commutes with f . The map 

a ^-^ [a]f: A End(Ff) 

is a ring homomorphism. 
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Proof. Take [a] y = [a] jj — it is the unique power series aT + ■■■ commuting with /, 
and it is an endomorphism oi F f. That a i-^ [a]/ is a ring homomorphism follows from 
Lemma 2.15 and the obvious fact that [1]/ = 7. □ 

It follows that the abelian group (m/,, + p^ ) has a natural ^-module structure for every 
finite extension L of A'. 

Example 2.18 Let ^ = and / = (1 + 7)^ - 1 6 Fp, so that Ff = X + Y + XY . 
For every a ^2>p, define 

{\ + Tf = XI f^)^'" (a\i^a{a-l)---{a-m + \) 



m>0 



yinj \ wt ; m(m — I) ■ ■ ■ I 



When a e Ij, these definitions agree with the usual ones, and if (a;)/>i is a sequence of 
integers converging to a e Zp, then (^) — > (^) as / — > oo. Therefore (^) e Zp. I claim 
that 

[a]f = (l + Tr-L 
Certainly, (\ + T)" - I = aT -\ , and 

/ o ((1 + Tf - 1) = (1 + TyP - 1 = ((1 + rr - 1) o / 

holds when a is an integer, which (by continuity) implies that it holds for all a € Zp. 

Under the isomorphism (m, +Ff) ^ (1 + x)> the action of [a] f corresponds 

to the map sending an element of 1 + m to its ath power. 



Remark 2. 19 (a) Note that [:;r]y = /, because / satisfies the two defining conditions. 

(b) The homomorphism a i-^ [a]/: A End(Ff) is injective, because a can be recov- 
ered as the leading coefficient of [a]/. 

(c) The canonical isomorphism [1]^,/: Ff Fg commutes with the actions of A on 
Ff and Fg, because 

[a]g°[^]g,f = W]gj = [i]g,f°[a]f. 

Summary 2.20 For each / e J>, there exists a unique formal group law Ff admitting 
/ as an endomorphism. Moreover, there is a unique ^-module structure a [a] / : ^ — ^ 
End(Fy) on Ff such that 

(a) [a] f = aT+terms of degree > 2, all a e A; 

(b) [a] f commutes with /. 

We have [n]f = f.lf g e T-^, then F f Fg (by a canonical y4-isomorphism). 

Exercise 2.21 Let F{X, Y) be a power series such that F{X, 0) = X and F{Q, Y) = Y. 
Show that there is a unique power series G{X) = —X+Y^^2 ^ &uch that F{X, G{X)) = 
0. Hence Axiom (c) in Definition 2.3 is redundant. 
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3 Construction of the extension Kj^ of K. 

In this section, A = Ok where A' is a nonarchimedean local field with residue field ^/m = 
k having q (a power of p) elements. We fix a prime element n of K. 

According to the discussion in Section 1 , there should be a unique totally ramified ex- 
tension Kn of K such that K'''^ = ■ K""" and :;r is a norm from every finite subextension 
of Kj^, namely, the subfield Kj^ of K^^ fixed by ^(n). 

It is easy to construct AT""^. Let jim be the set of mth roots of 1 in K'"^^, i.e., /x^ is the set 
of roots of X"' — !. When m is not divisible by p, the discriminant of X'" — l is a unit in Ok, 
and so the field ^[/Xm] generated by the elements of i^m is unramified over K; moreover, 
the residue field of K[ijLf„] is the splitting field of X'" — 1 over k, and so has q-^ elements 
where / is the smallest positive integer such that m\p-^ — 1. Therefore Uj^j^n K[fim] is an 
unramified extension of K with residue field an algebraic closure of k, and so equals AT""^. 
The Galois group Gal(K^^ / K) ~ Z, and a e Z acts K^^ as follows: for every ^ e /x^ 
and every integer uq sufficiently close to a (depending on m), a * f = (= Frob^(^)). 

In the case K = Qp and n = p, there is a similar construction for K^^, namely, 
iQp)p = [JQpil^p"] — we shall prove later that this has the indicated properties. The 
action 

([m],0 ^ r--^/ P^^x t^P" ^ pip" 

makes /Xpn into a free Z/ /^"Z-module of rank 1. Since Z//7"Z ~ Zp/ p"Zp, we can 
regard /Xpn as a -module, isomorphic to Z^/ (/?"). The action of Zp on /x^" induces an 
isomorphism (Zp/ p"Zp)^ Gal(Qp[/Xpn]/Qp), and, on passing to Umit over all n, we 
obtain an isomorphism 

Z^ ^ Gaimp)p/Qp). 

Thus, for both the extensions K and (Qp)p/Qp , we have an explicit set of genera- 
tors for the extension, an explicit description of the Galois group, and an explicit description 
of the Galois group on the set of generators. Remarkably, the Lubin-Tate groups provide 
similar results for K^j K for every K and n. 

The valuation | ■ | on AT extends uniquely to any subfield L of A"^' of finite degree over 
AT, and hence to K^^. Let / e F^- For any a, ^ e K^^ with |q!|, < 1 and a e A, the 
series F f{a, fi) and [a]y(a) converge. Therefore, we can define yly^ to be the ^-module 
with: 

Af = {a€ K^^ I \a\ < 1} (as a set), 
a +Af P = a +Ff P = Ff(a, p), 
a * a = [a] /(a). 

We define An to be the submodule of Tly^ of elements killed by ■ If g is a second 
element of Tj^, then the canonical ^-isomorphism F f ^ Fg induces an ^-isomorphism 
Af^Ag. 

Remark 3.1 Recall that [n] f(T) = f (T), and therefore An is the set of roots of 

o/o-.-o/ (7t factors) 

in K^^ with valuation < 1. For simplicity, we let / be a polynomial nT + a2T'^ -\ \-T'^ 

rather than a more complicated power series — according to (2.16) it even suffices to take 
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f ^nT + T^? Then, 

(/ ° f)(T) = fif{T)) = ;r(7r r + ■ ■ • + r«) + ■ ■ ■ + (tt r + • • ■ + T")" 

= n^T + ■■■ + T"^, 

and 

/(")(r) = 7r"r + --- + r«". 

From the Newton polygon of f^"^ (cf. ANT 7.44), we see that the roots of f^"^ all 
have positive ordi^, hence valuation < 1, and so An is the set of all roots of f^"^ in K^^ 
endowed with the commutative group stucture 

a+Ff ^ = Ff(aJ) = a + P + - , 

and the ^-module structure, 

[a] fa = aa + ■ ■ ■ . 
Example 3.2 Take ^ = and / = (7 + 1)^ - 1 e J^; then 

A„ = {ae Q^' | (a - 1)^" = 1} ~ r" = 1} = Mp"- 

The addition +7^ on yl„ corresponds to multiplication on jXpn , and the -module structure 
is as defined before. It follows that A„ Z/ p"Ij (as a Z^^-module). 

Because ^4 is a principal ideal domain with only one prime element up to conjugates, 
every finitely generated torsion ^-module M decomposes into a direct sum of cyclic^^ mod- 
ules 

M ^ A/(n"^)®---®A/i7z"'-), «i <«2 < 
and the sequence «i , . . . , «^ is uniquely determined. 

Lemma 3.3 Let M be an A-module, and let Mn — Ker(7r" : M M). Assume: 

def 

(a) Ml has q = (A : (tz)) elements, and 

(b) jz: M ^ M is surjective. 

Then M„ ^ A/(jz"); in particular, it has q" elements. 

Proof. We use induction on n. Because A/in") has order q", condition (a) and the 
structure theorem imply that Mi ^ A/(n). Consider the sequence 

Condition (b) implies that it is exact at Mn-i, and is therefore exact. It follows that M„ has 
q^ elements. Moreover, M„ must be cyclic, because otherwise Mi would not be cyclic. 
Therefore M„ is a cyclic ^-module of order q'^ , and every such module is isomorphic to 
A/in''). a 

^Alternatively, the p-adic Weierstrass preparation theorem (Washington 1997, 7.3) implies that every / e 

Fji factors into f\ (T)u(T) where fi (T) is a polynomial jiT + \-aT^ ,a = 1 mod m, and u(T) is a unit 

in ^[[7"]]. Obviously, the roots of / are the roots of f^"\ 

^Recall that a cyclic module is a module generated by a single element. 
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Proposition 3.4 The A-module A„ is isomorphic to A/{n"-). Hence End^(yl„) ~ 
A/in'') andkniAiAn) ~ (^/(;r"))\ 

Proof. An ^-isomorphism h: F f ^ Fg of formal group laws induces an isomorphism 
of ^-modules 71 / ^ Ag, and so it does not matter which / e J> we choose. We take 
/ € J^jz to be a polynomial of the form nT + ■ ■ ■ + T'^ . This is an Eisenstein polynomial 
(ANT p. 129), and so has q distinct roots, each with valuation < 1. Let a e K^^ have 
valuation < 1 . From the Newton polygon of 

f(T)-a = T'i + --- + nT -a 

we see that its roots have valuation < 1 , and so lie in Tly^ . Thus, we have verified the 
hypotheses of the lemma for A f, and so An ~ A/in"'). It follows that the action of A on 
An induces an isomorphism A/{ti'') End^(yi„). □ 

Lemma 3.5 Let L be a finite Galois extension of a local field K, with Galois group G. For 
every F e Ok[[Xi,..., Xn]] anda\,...,an e mL, 

Fixai, . . . , Ta„) = TF(ai, . . . , all r e G. 

Proof. If F is a polynomial, this follows from the fact that t is a field isomorphism fixing 
the elements of Ok- Because the valuation on L is the unique extension of the valuation on 
K (ANT, 7.38), it is preserved by t 6 G, i.e., \Ta\ = \a\ all a e L, and so r is continuous. 
Therefore it preserves limits: 

lim am = L ^ lim ram = tL. 

Let Fm be the polynomial of degree m such that F = terms of degree > m + I. Then 
t(F(o!i, ...)) = t( lim F^(ai, ...))= lim tF^(q;i, . . .) = lim ^^(rai, . . .). 

Theorem 3.6 Let Kj^^n = ^[^n], the subfield of K^^ generated over K by the elements 
of An. 

(a) For each n, Kj^^n/ K is totally ramified of degree (q — 

(b) The action of A on An defines an isomorphism 

(A/m'^r ^ Gal(K„,n/K). 

In particular, Kj^^n I K is abelian. 

(c) For each n, n is a norm from Kj^^n ■ 

Proof. Again, we may assume that / e is a polynomial of the form nT + ■ ■ ■ + T'^ . 

(a), (b). Choose a nonzero root jzi of / (7") and (inductively) a root Jtn of f{T) — Un-i- 
Consider the sequence of fields 

K[An] D K[7T„] D K[7Tn-l] D • • • D K[7ti] K. 
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Each extension is Eisenstein (ANT 7.55) with the degree indicated. Therefore ^[7r„] is 
totally ramified over K of degree q"~^(q — 1). 

Recall that is the set of roots of f^"^ in K^^, and so -fiTfyl^] is the splitting field of 
/(">. Therefore Gal(K[An]/K) can be identified with a subgroup of the group of permuta- 
tions of the set A„, but Lemma 3.5 implies that each element of Gal(^[yi„]/ K) acts on A„ 
as an ^-module isomorphism, and so the image of Gal(K[Afi]/ K) in the automorphism 
group of A„ is contained in 

EndAiAn) = {A/(jT")r. 

Hence 

(q - l)q"-' > \Gal{K[A„]/K)\ = [K[A„] : K] > [K[n„] : K] = (q - l)q"-\ 

We must have equahties throughout, and so Gal(K[A„]/ K) ~ (A/xrf )^ and — 
K[nn]. 

(c) Let = (// r) o / o . . ■ o / (n terms), so that 

/W(7^) = ^ + ... + 7^(<?-i)<?"-\ 

Then f^"\7T„) = /["-i](jr„_i) = . . . = /(jti) = 0. Because /["^ is monic of degree 
(q — l)q"~^ = [K[nn] '■ K], it must be the minimum polynomial of jt„ over K. Therefore, 

Nm^[^„j/^;r„ = (-l)('?-i)'?""';r 

= n unless q = 2 and n = I. 

In the exceptional case, ^[^i] = K, and so n is certainly a norm. □ 

Summary 3.7 Let f(T) = nT -\ h T'?, and let A„ be the set of roots of in 

Define Kj,^„ = K[A„]. Then 

Kn = U ^^,r 

I 

i 

Kn,n = K[7In] 

\1 

Kn,2 = K[jT2] 

I 

Kn,l = K[jTi] 
\q-l 

K 

Moreover, the action 

a * X = [a]f(X), a € A, X € An, 

induces an isomorphism 

(A/m"r ^ Ga\(K„,„/K). 
On passing to the inverse limit, we obtain an isomorphism 

A"" Ga\(K^/K). 



f{Ti2) = Til mK„p_ = (^2) 
/(jTi) = m^^ 1 = im) m ^0 
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Example 3.8 Let K = Qp and f = {T + \)P - 1. For each r, choose a p''th. root l;pr of 
1 in such a way that t,p is primitive and = i^pi -i. Then jir = ^p'- — 1 and (Qp)p,n = 
Q^[;r^] = Qp[^pr]. Moreover, the isomorphism (Zp/{p"))'' Gal{Qp[^pr]/Qp) is the 
standard one. 

The local Artin map 
We define a homomorphism 

as follows. Let a e K^. Because K^^ n K'^^ = K, it suffices to describe the actions of 
(pTiici) on and A""" separately. Let a = un"^, u € U. We decree that (pnia) acts on 
^un Frob'" , and that it acts on K„ according to the rule 

(P„(a)(X) = [u-'] f(X), all A £ U 

The ~^ is inserted so that the following theorem is true. 

Theorem 3.9 Both K,^ ■ K'^^ and are independent of the choice ofn. 

Recall that K^^ is not complete (see ANT, Exercise 7-7); in fact even K^^ is not com- 
plete. We write K for its completion, and B for the valuation ring of K (the valuation 
I ■ I on ^""^ extends uniquely to IC^^, and B is the set of elements with value < 1). We write 
o for the Frobenius automorphism Frob^^: of K^'^/ K, and also for its extension to K'^"^. 
For a power series 6(T) = '^biT' e ^[[7]], we define (a6){T) to be the power series 

Proposition 3.10 Let Ff and Fg be the formal group laws defined by f e and 
g € J^rtT, where n and m = un are two prime elements of K. Then Ff and Fg become 
A-isomorphic over B. More precisely, there exists an s e B^ such that as = su, and a 
power series 9(T) e 5 [[7]] such that: 

(a) 9(T) = sT + terms of degree > 2; 

(b) aO = 00 [u]f; 

(c) e(Ff(X,Y)) = Fg(e(X),e(Y)); 

(d) 9o[a]f = [a]g o 6. 

The last two conditions say that is a homomorphism Ff ^ Fg commuting with the 
actions of A, and the first condition implies that 9 is an isomorphism (because £ is a unit). 

Lemma 3.11 The homomorphisms 

bb^ab-b:B ^ B, 
b ^ ab/b-.B"" 5^, 



are surjective with kernels A and A^ respectively. 
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Proof. Let R be the valuation ring in K^^, and let n be its maximal ideal. Then is a 
discrete valuation ring, and limi?/n" = B (see (A.7 below). We shall show by induction 
that the sequence 

> Alxn\ > R/n" ^-U R/n" > (9) 

is exact. For « = 1 , the sequence becomes 

> k > k > k > 0. 

Here k is the algebraic closure of k. This is obviously exact. Assume that the sequence is 
exact for n — 1 , and consider the diagram 

> R/n > R/n" ^ R/n"-^ > 



CT-l 



a-1 



a-1 



> R/n > R/n" > R/n"'^ > 0. 

From the snake lemma, we find that a — I: R/n" R/n" is surjective and that its kernel 
has q" elements. As A/n" is contained in the kernel and has q" elements, it must equal 
the kernel. This shows that (9) is exact, and, when we pass to the inverse limit over n, the 
sequence becomes 

> A > B ) B > 0, 

which is therefore exact (see Proposition A.8 below). 

The proofs for A^ are similar. □ 

The inverse of a power series h for composition will be denoted . Thus h o — 
T = oh. 

The proof of the Proposition 3.10 has four steps: 

Step 1. Show there exists a 6{T) 6 satisfying (a) and (b). 

Step 2. Show that the 9 in Step 1 can be chosen so that g = aO o f o 9~^. 

Step 3. Show that the power series 9{F f{9~^{X), 9~^{Y))) has the properties characteriz- 
ing Ff(X, Y), and therefore equals it. 

Step 4. Show that the power series 9 o[a]f o 9~^ has the properties characterizing [a]g, and 
therefore equals it. 

Proof (of Step 1) Choose an e e B^ such that as = su — its existence is ensured by 
Lemma 3.1 1. Starting with 9i(T) = sT, we shall construct a sequence of polynomials 9r 
such that 

9,{T) = 9r-i(T) + bT'' , some b e B, 
o9r = 9r o [u\ f + terms of degree > r + 1. 

Note, that for 9\{T) = eT, the second equation becomes 

asT = s(uT + •••) + terms of degree > 2, 

which is true because of our choice of s. Suppose that 9r has been found, and we wish to 
find 9r+i(T) = 9r(T) + bT''+K Write b = as''+\ a e B. Then the second equation 
becomes 

ia9r)(T)+(aa)(asY+'^T''+'^ = 9r([u]f(T))+ae''+\uTy+^+teTms of degree > r + 1. 
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Thus, we need 

{oa — a){su)''^^ = c 

where c is the coefficient of T''~^^ in Or °[u\f — oOy We can choose a to be any element 
of such that aa — a = c/(eM)''"'"^. □ 

Proof (of Step 2) Define 

h = oO o f o = e o[u]f o f o = 9 o f o[u]f o . 

Then, because / and [u] y have coefficients in A, 

ah = ad o f o[u\f o a9~^ = aO o f o = h. 

For the middle equality, we used that [u] f o a6~^ = which follows from 6 o [u]f o 
a6~^ = T. Because ah = h, it lies in ^[[7"]]. Moreover, 

h{T) — as ■ n ■ s~^T + ■ ■ ■ = mT + terms of degree > 2, 

and 

h{T) = aeo = aOiae-^iT'i)) = T"? mod xvik- 

Therefore, h e F^- Let 9' = [l]g^h ° ^- Then 9' obviously still satisfies condition (a) of 
the proposition, and it still satisfies (b) because [l]g^h ^ ^[[^]]- Moreover, 

„0'ofo9'-' = [l]g,hoho[l]-l^ = g. 

The proofs of Steps 3 and 4 are straightforward applications of Lemma 2.11, and so 
will be left to the reader. 

Proof (that Kj,: ■ K^'^ is independent of n) Let n and m = nuhe two prime ele- 
ments of K. From Proposition 3.10 we find that 

(a9) o [7t]f = 9 o [u]f o [n f] = 9 o [m] / = [Tu]g o 9, 

that is, that 

(a9)(f(T)) = g(9(T)). 
Therefore, for any a e K'^^ (recall that this is the separable algebraic closure of K), 

f{a) = ^ g{9{a)) = 0, 

and, similarly, 

= 0^/(0-1 (a)) = 0. 
Therefore 9 defines a bijection Afi —>■ Ag^i, and so 

k^^[Ag,^] = K^-[9(Af^,)] c = K^'''[9-HAg,i)] C 

Therefore 

K"''[Ag,i] = K--[Af^,]. 
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Now the next lemma shows that 
and so 

K--[Ag,i] = K--[Af^,]. 
The argument extends without difficuhy to show that 

K^^-[Ag,n] = K-''[AfJ 

fora\\n,andso K""^ ■ = K'''' ■ K^. □ 

Lemma 3.12 Every subfield E of K^^ containing K is closed (in the topological sense). 

Proof. Let H = Gal(K''^/E). Then H fixes every element of E and so, by continuity, 
it fixes every element in the closure of E. By Galois theory, this implies that E equals its 
closure in K^^. □ 

Proof (that 4>jt is independent of tt.) We shall show that, for any two prime ele- 
ments JT and m, 

Since n is arbitrary, this implies that for any other prime element n' of K, 

Since m is also arbitrary, and the prime elements generate the group , this implies that 

(pit = <pK'- 

On K^^, both (p^(Tu) and (p^ij^) induce the Frobenius automorphism. It remains to 
prove that they have the same effect on Kjj^ . 

Let 6 be an isomorphism F f —>■ Eg over ^™ as in Proposition 3.10. It induces an 
isomorphism A f ^ —>■ Ag^„ for all n. By definition, (f)-^{m) is the identity on Kj^, and 
since K-^j^n is generated over K by the elements 0{X) for A e yl it remains to prove that 

(l)n{m){e{X)) = 6{X), all A e yl 

Write lu = un. Then <pji(m) = <pn{u) ■ (pni^) = t^o, say, where 

_ 1 Frobi^ on K'''' - °" ^"'^ 

I id on A I on A. 

Using that the series 6 has coefficients in and (3. 10), we find that 

(j)Avj){e{X)) = Ta{B{X)) = {ae){xX) = {ae){[u-'] /(A) = 0(A). 
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Example 3.13 We describe the local Artin map 0^: Gal(L/Qp) in the case L = 

Qp[^] where ^ is a primitive «th root of 1. 

(a) Suppose n is prime to p. Then L is unramified over Q^, with degree equal to the 
degree of the residue field extension. The residue field is F^/ where p-^ is the smallest 
power of p such that n\{p-^ — 1). The map 0^ : Gal(L/Qp) sends u ■ p' to the tth 
power of the Frobenius element, and its kernel is • {p-^), 

(b) Suppose « is a power of p. In this case, L is totally ramified of degree (p — 
l)p''^^ over K, and L = (Qp)p,n (see 3.8). The map (pp-.Qp Gal(L/Qp) can be 
described as follows: let a = up' , and let mq e Z represent the class of u in (Z^/ p'''Lp)^; 
then (ppia) sends ^ to f " ' . Its kernel is {up'" \ u = \ mod me Z}. 

(c) In the general case, write n = m ■ p^ with m prime to p. Then we have 




The map Q^/ Nm(Qp[^„]'') Gal(Qp[^„]/Qp) can be described as follows: write a = 

up', u e Zp-, then a acts on Q;,[^^] by and it acts on Q^itp"] by 

where mq is an integer congruent to u mod 

4 The Local Kronecker- Weber Theorem 

The main result proved in this section is that K^^ = Kj^ ■ K^""^. Since this is not needed 
for the proofs of the main theorems of local class field theory, and is implied by them, this 
section may be skipped. 

The ramification groups of Krt,„/K. 

Let L/ K be a finite Galois extension with Galois group G. Recall (ANT, 7.57, 7.58,. . . ) 
that the z th ramification group is defined to be 

Gi — {t e G \ oTdL(Ta — a) > i + I, all a e Ol}\ 

moreover, for z > 1 , 

Gi = {t 6 Go I ordL(T/7 - /7) > / + 1} 

where 77 is a prime element for L. Here ordi is the normalized valuation ^ Z. Then 
G/ Go = Gal(/ / k), and there are inclusions: 

{n^rn/n mod /7):Go/Gi /"^ 
(77 (r/7-/7)//7' + i mod 77):G,7G, + i <^ / 
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where I D k are the residue fields of L and K. Thus {Go'- Gi)\q — 1 and (G, : G, + i)|^ for 
i > I. Moreover G/ = { 1 } for i sufficiently large. 
Let 

= = ^^ 

U^'^^l + m', i>l. 

Then we have a filtration 

U/U^"^ D U^^^/U^"^ D ■■■ D [/(")/ (7^"^ = 
on^^/(l +m") = (7/(7(">. 

Proposition 4.1 LetL = Kj^^n- Under the isomorphism /U^'^^ G of Theorem 
3.6, U^'^/U^"^ maps onto Gqi_[. 

Proof. We take f = nT + T". Certainly G = Go, and f/^o)/^^"^ maps onto Gq. Now 
take i > 1, and let u e U^^^ \ U^'~^'^\ Then m = 1 + dtt' with v e A^, and 

[u]f(nn) = [l]f(n„) + [u]/[;r']/(;r„) = :rr„ + [u]/(;r„_,) = + (unit);r„_, . 

For every / > 1, tt,- = njZj-^-i + nf_^^ = nf_^ ^ ( ^ ' + 1) = tt^^^j x unit because 

ord( ) > 0. Hence jZn-i = jt^ x unit, and 

[u]f(7Tn) - Tin = T^n ^ 

By definition, this means that [m] f 6 Ggi_i, [u] y ^ G^/. Since this is true for all i, it 
implies that U^'^ maps onto G^/.j. □ 

Hence 

Go = G 

Gij'-l = Gq-2 = ■ ■ ■ = Gi 
<J<?2_i = Gg2_2 = ■■■ = Gq 

Gqn-i ~ 1 

is a complete set of distinct ramification groups for Ky^^n / K. 
Upper numbering on ramification groups 

Let L be a finite Galois extension of K with Galois group G. We extend the definition of 
Gu to all real numbers u > — 1 , by setting 

Gu = Gi where / is the least integer > u . 

For M > 0, 

G„ = {t e Go I ordz,(r77 - H) > i + 1}. 
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Define cp: R>o ^ M to be the unique continuous piecewise linear function such that 

j m = 

I (p'(u) = (Go : Gu)~^ if M is not an integer. 
Define = Gu if v = (p(u), i.e., G^ = G^-i(y). 
Example 4.2 Let L = Kjr^„. Then 

(Go:Gi) = ^-l, Gi = G2 = ••• = G^-i. 

Thus (p'(u) = for < u < q — I, and the first segment of the graph of cp runs from 
(0,0) to iq - 1, 1); hence G^ = Gg-i. Next 

{Gq-\:Gq) = q, Gq = Gg+i = ■ ■ ■ = Gg2_i. 

Thus (p'(u) = q(^^_i-^ for q — \ < u < q'^ — \, and the second segment of the graph of 
<p runs from {q — 1, 1) to {q^ — 1,2). Thus G^ — G^2_j. Continuing in this fashion, we 
arrive at the following picture: 

q-l q 
Go D Gq-l D Gq2_i D--- D Ggn_l = 1 

G" G^ G^ G" 

Proposition 4.3 Under the isomorphism A^/U^"^ G, 

Proof. Immediate consequence of (4.1) and (4.2). □ 

The upper numbering is defined so as to be compatible with the passage to the quotient 
(whereas the lower numbering is compatible with passage to the subgroups). 

Proposition 4.4 Consider Galois extensions M D L D K, andletG = GaliM/K) and 
H = Gal(M/L) (assumed normal) so that G/H = Gdl{L/K). Then 

(G/ny = ImiG" G/H), 

i.e., (G/ny = CH/H. 

Proof. See Serre 1962, IV.3, Pptn 14. □ 

Now consider an infinite Galois extension Q / K. Using (4.4) we can define a filtration 
on G = Gsi\{Q/K): 

r eG" X € Gal(L/A:)\ all LjK finite and Galois L C ^2. 

Definition 4.5 For a finite Galois extension LjK, v is called a jump in the filtration 
if, for all e > 0, G" 7^ G''+^ 
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Theorem 4.6 (Hasse-Arf) IfL/K is abelian, then the jumps are integers, i.e., if Gi ^ 
G, + i, then (p(i) e Z. 

Proof. See Serre 1962, V.7. (The proof is fairly elementary, but complicated. It is does not 
require that residue fields be finite, but only that the residue field extension be separable.) □ 

Thus, for a finite abelian extension L/K, the filtration on Go = G*' is of the form 

G° 2 G'l 2 G'2 . . . . ij e N. 

Moreover G" = {1} for n sufficiently large, and (G'' :G'^'+') divides ^ — 1 or ^. For 
an infinite abelian extension, the same statements hold, except that the filtration need not 
terminate: we can only say that 

f]G'={l}. 

Example 4.7 Let L = Kn,n- If Gi ^ G/ + i, then i = Q), q - \, . . ., q" - \, and at those 
points (p takes the values l,2,3,...,n. Thus we have verified the Hasse-Arf theorem for 
all these extensions, and, because of (4.4), all subextensions. In particular, we have shown 
that the local Kronecker-Weber theorem implies the Hasse-Arf theorem. 

The local Kronecker-Weber theorem 

As usual, is a local nonarchimedean field, and all extensions of K will be required to be 
subfields of a fixed separable algebraic closure K^^ of K. 

Theorem 4.8 For every prime element n of K, 

Lemma 4.9 Let L be an abeUan totally ramified extension of K. If L D Kj^, then L = 

Proof. Let G = Gal(L/^) and H = Ga\{L/Kn), so that G/H = Gal(Kn/K). Con- 
sider the diagram (of abelian groups) 

1 1 1 



1 > G"+^ nH > G"+i > (G/H)"+^ > 1 

1 > G"nH > G" > (G/H)" > 1 

1 . G"r\H , _GZ . {G/H)" . 1 

^ G" + ini? G" + i (G/H)" + ^ ^ ^ 



1 



1 



1 
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The columns are obviously exact, and Proposition 4.4 shows that the top two rows are exact. 
Therefore, the third row is exact (by the snake lemma, for example) and so 

(G":G"+i) = (iG/H)":iG/H)"+^) (G" n H: G"+^ n H). 
< q = q — \ or q 

From this we deduce that G'^ Ci H = G"~^^ fl H for all n. Thus 

G"+i nH = G"nH = -- =G^nH = H, 

i.e., H c G"+i for all n. Since fj G" = 1, this shows that // = 1. □ 



Lemma 4.10 Every finite unramified extension of Kj^ is contained in Kj^ ■ K 



Proof. Let L be an unramified extension of K:,^. Then L = K,^ ■ L' for some unramified 
extension L' of ^:/r,« for some n. Now apply (ANT 7.58) to see that L' — K„^n ■ L" for 
some unramified extension L" of K. □ 



Lemma 4.11 Let L be a finite abelian extension of Kj^ of exponent m (i.e., r'" = 1 all 
X € Ga\.{L / K)), and let Km be the unramified extension of Kj^ of degree m. Then there 
exists a totally ramified abelian extension Lt of Ky^ such that 

L (Z Lt ■ Kffi = L ■ Kfn- 

Proof. For every r e GaliLK^/ K^), t"'\L = 1 = r'^lK^, and so Gal(LKm/Kjr) is 
still abelian of exponent m. Let r 6 Gal(LKm/ Kj^) be such that T\Kfn is the Frobenius 
automorphism. Then r has order m, and so 

Gal(LKm/K) = (t) X H (direct product). 

for some subgroup H . Let Lt = L^'^^; then Lt is totally ramified over K and L ■ Km = 
Lt ■ Km- □ 



Proof (of Theorem 4.8) Let L be a finite abehan extension of K; we have to show that 
L C Kjt ■ K"^^. Lemma 4.11 applied to L ■ K^i shows that there exists a totally ramified 
extension Lt of K^t and an unramified extension Lu of Kj^ such that 

L ■ Kyt C Lt ■ Lu. 

Now (4.9) impUes that Lt C K,t and (4.10) implies that Lu <Z K^ ■ K"^"^. □ 



Corollary 4.12 Every finite abelian extension of Qp is contained in a cyclotomic ex- 
tension. 



Example 4.13 A finite abelian extension L of K need not be of the form Lt ■ Lu with Lt 
totally ramified over K and L„ unramified over K. Consider: 
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»5[t5,C624] 




The field Q5[^5] is totally ramified of degree 4 over Q5 with Galois group (Z/5)^, 
which is cyclic of order 4. Note that 624 = 5^ — 1 , and so Q5 [^624] is unramified of degree 
4 over Q5, and its Galois group is also cyclic. Clearly 

Gal(Q5[t3i2o]/Q5) = {cr) x (r) 



where 



o-(C624) 
acts) 



624 



r(t624) 

r(r5) 



^624 



Let L be the fixed field of (cr^r). Then L is a cyclic Galois extension of Q5 of degree 
4. Its maximal unramified subfield 



5[t624J 



which has degree 2 over Q5. If there existed field a Lt such that L = Lt ■ Lu, then 
Gal(L/Q5) would be the product of two cyclic groups of order 2, contradicting the fact 
that it is cyclic. 



We recover the fact that K^^ ■ K^^ is independent of n without using Proposition 3.10. 
However, this proposition is still required to show that is independent of n. 

Remark 4. 14 The original Kronecker- Weber Theorem (proved by Hilbert in 1896 using 
an analysis of the ramification groups after earlier incomplete proofs by Kronecker and 
Weber) states that every finite abelian extension of Q is contained in a cyclotomic extension. 
For the same statement is called the Local Kronecker- Weber Theorem, and Theorem 
4.8 is usually referred to as the Local Kronecker- Weber Theorem for K. It is in fact possible 
to give an elementary proof of the Local Kronecker- Weber Theorem for (see Cassels 
1986, p 151). 



Remark 4.15 In Chapter III, we shall deduce the Local Kronecker- Weber Theorem from 
Theorem 1.1 without making use of the Hasse-Arf theorem — this was the original ap- 
proach of Lubin and Tate. The above proof follows Gold 1981 (apparently a similar proofs 
were found earlier by Leopoldt and by Lubin but not published). For a proof of the local 
Kronecker- Weber theorem for local fields of characteristic zero that does not make use of 
the Hasse-Arf theorem or cohomology, but which is more complicated than the above, see 
Rosen 1981. As Iwasawa points out (1986, pi 15), once Proposition 4.4 and certain prop- 
erties of the abelian extensions ^7r,« / ^ are taken for granted, then the Local Kronecker- 
Weber Theorem for K and the Hasse-Arf Theorem are essentially equivalent. 
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The global Kronecker- Weber theorem 

Since it is now so easy, we might as well prove the original Kronecker- Weber theorem. 
Theorem 4. 16 Every abelian extension of Q is contained in a cyclotomic extension. 

Lemma 4.17 Let K be a finite Galois extension of Q witti Galois group G. Then G is 
generated by the inertia groups of the prime ideals p of K that are ramified in the extension 

K/Q. 

Proof. Let H be the subgroup of G generated by the inertia groups, and let M be the 
fixed field of H. Then i^^(P) D M for all prime ideals p of K, and so p fl M is unramified 
in the extension M/Q. Therefore M is an unramified extension of Q, and so equals Q (by 
ANT 4.9). □ 

Proof (of the Kronecker- Weber Theorem) "^Let K be an abeUan extension of Q. 
Let /? be a prime number, and let p be a prime ideal of Ok lying over it. From the local 
Kronecker- Weber theorem, Kp is contained in a cyclotomic extension of Qp, say Kp — 
Qp[up, Vp] where Up is a p^^th root of 1 and Vp is a root of 1 of order prime to p. Note 
that Sp depends only on p (not p) because Gal{Kp/Qp) acts transitively on the primes lying 
over p, and hence on the set of fields Kp. 

Let L be the cyclotomic extension of Q generated by the p^p th roots of 1 for all prime 
numbers p ramified in K, and let K' = K ■ L. Then K' is again abelian over Q, and for 
every prime p' of K' , we have 

K'^, ^Qp[up,Wp] (*) 

where Wp is a root of 1 of order prime to p. Clearly it suffices to prove the theorem with K 
replaced with K' , and so we can assume K D L. 
We now have 

Q] > Q] = (pip^") (product over p ramifying in K). 
P 

Since the Galois group G of K/Q is commutative, the inertia group /(p) depends only on 
the underlying prime p, and so we denote it /(/?). From (*) we have 

(lip): 1) < cp(p'p) 

because I(p) is a quotient of the corresponding group for Qp[up, Wp]. By (4.17), G is 
generated by the groups I(p), and so there is a surjective map fl I{p) G', thus 

{G:\)<Y\{I{py.l)<Y\<p{f''). 

p 

But (G: 1) = Q] and so we have equality everywhere, and K — L. □ 
"^Following Cassels 1986, p236. 
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Remark 4.18 At this point, it is not too difficult to complete the proofs of main theorems 
of global class field theory (see the Introduction) in the case K = Q. From the fact that L 
is contained in a cyclotomic extension we deduce that the Artin map (p^ /q has a modulus. 
Now use Dirichlet's theorem on the density of primes in arithmetic progressions to show 
that (PL/Q is surjective. We know that Nm(/£) is contained in the kernel, and so the only 
thing that is lacking at this point is that 

(/|:Nm/f -/(Z:^,!)) < [L:Q]. 

This is the first inequality, which is not difficult by analytic methods (see Janusz 1996, IV, 
5.6). Once one has that, the existence theorem follows from the fact that Q[^m] has modulus 
(m)oo. 

Where did it all come from? 

We have seen that the Lubin-Tate formal group laws provide a remarkably simple solution 
to an apparently very complicated problem, that of giving explicit generators for the largest 
abelian extension of a local field and describing how the Galois group acts on them. The 
only mystery is how anyone ever thought of them. The following speculations may help. 

That such a theory might exist was suggested by the theory of complex multiplication 
of elliptic curves. Here one shows that, for a quadratic imaginary number field K, there 
exists an elliptic curve E, unique up to isogeny, having Ok as its endomorphism ring. For 
every n, the points of order dividing n on E form a cyclic O/^-module, and it is this fact 
that allows one to prove that adjoining their coordinates gives an abelian extension. 

In seeking an analogous theory for local fields, it is natural to replace the algebraic group 
E by the local analogue, namely, by a formal group law. Thus we seek a formal group law 
whose endomorphism ring is so large that its torsion points form a cyclic module. The ob- 
vious candidate for the endomorphism ring is again the ring of integers Ok in K. Initially, 
it is natural to ask only that the formal group admit an endomorphism corresponding to a 
prime element n of Ok- Considerations of the heights of formal group laws together with 
the desire for the torsion points to form a cyclic module suggest that this endomorphism 
should be given by a power series / (T) such that / (T) = mod m. Moreover, since we 
truly want the formal group to depend on the choice of ir (because the extension Kj^ we 
wish to construct does), it is natural to require that f {T) = nT + ■ ■ ■ . Thus, we are led to 
the set F„ , and once we have that, the theory follows naturally. 

Notes 

The original source for the theory of Lubin-Tate extensions is Lubin and Tate 1965. The 
theory is also treated in Sene 1967, Iwasawa 1986, and Fesenko and Vostokov 1993. 

A Appendix: Infinite Galois Theory and Inverse Limits 

We review two topics required for this chapter (see also FT, Chapter 7). 

Galois theory for infinite extensions 

Fix a field K. 
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Definition A. 1 A field ^2 D K (not necessarily of finite degree) is said to be Galois over 
Kif 

(a) it is algebraic and separable over K, i.e., every element of ^2 is a simple root of a 
polynomial with coefficients in K; 

(b) it is normal over K, i.e., every irreducible polynomial with coefficients in K having 
a root in ^2 splits in ^2[X]. 

Proposition A. 2 A Held Q is Galois over K if and only if it is a union of finite Galois 
extensions of K. 

Proof. Suppose ^2 is Galois over K. For every a € ^2, the splitting field in ^2 of the 
minimum polynomial of a over K is a. finite Galois extension of K, and ^2 is the union of 
such fields. Conversely, if ^2 is a union of finite Galois extensions of K, then it is algebraic 
and separable over K. Moreover, if f(X) e K[X] has a root in ^2, then it has a root in 
some finite Galois subextension E of Q, and therefore splits in □ 

If ^2 is a Galois extension of K, then the Galois group G&\{n / K) is defined to be the 
group of automorphisms of Q fixing the elements of K, endowed with the topology for 
which the sets 

Gal(i2/£), ^2 D E D K, [E: K] < oo 

form a fundamental system of neighbourhoods of 1. This means that two elements of 
Gal(^2/A') are close if they agree on some "large" field E, ^2 D E D K, [E: K] < oo. 

Proposition A. 3 Thegroup Gal(^2/A') is compact and Hausdorff. 

Proof. Consider the map 

a a\E:Gali^/K) ^ ]~[ Gal(£/ii:) 

where the product runs over all £ C ^2 with E finite and Galois over K. Proposition 
A.2 implies that the map is injective. When we endow each group Gal(E / K) with the 
discrete topology, and the product with the product topology, then the topology induced on 
Ga[(Q / K) is the above topology. I claim that the image is closed. The image is equal to 
the set of families (a^:)^ such that aE'\E = oe whenever E' D E. Suppose that (ge) is 
not in the image. Then there exists a pair of fields E2 D Ei such that cr^'j |£i 7^ a^j . Let 

U = Yl G&\{E/K) X {aE2} X {oe, } 

E^Ei,E2 

This is an open neighbourhood of {(yE)E, and U fl l-ni{Gal{Q / K)) = 0. □ 

The topology on Gal(f2 / K) is discrete if and only if ^2 is a finite extension of K. 

Theorem A. 4 Let Q he a (possibly infinite) Galois extension of K with Galois group 
G . Then there is a one-to-one correspondence between the subfields of Q and the closed 
subgroups of G. More precisely: 

(a) Forasubfield E ofQ, H = Gal{Q / E) is a closed subgroup of G, and E = ^2 . 
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(b) IfH is a subgroup ofG, then G&\{Q/Q^) is the closure of H in Gal{Q/K). 

Moreover, the normal closed subgroups of G correspond to the Galois extensions of K, and 
the open subgroups of G correspond to the finite extensions of K. 

Proof. Let E C ^2 he a finite extension of K. Because every ^-homomorphism E 
Q extends to Q, the map o \-> o\Q: Gai{Q / K) —>■ Hom/^(£', ^2) is surjective, and so 
induces a bijection 

Ga\{^/K)/ Gsl{Q/E) Homj^(£, ^2). 

This shows that Gal{Q / E) is of finite index [E : K] in Gal(^2/£'). Because it is open (by 
definition), it is also closed (its complement is a finite union of open cosets). 

Let £■ C ^2 be an arbitrary extension of K. Then E = [J Ei where the Ei run over 
the finite extensions of K contained in E. Correspondingly, Gal(^2/£') = f] Gal(^2/£',•), 
which is therefore closed. Moreover, if a e ^2 is not fixed by Gal(^2/£'), then it is not 
fixed by any Gali^2 /Ei), and so does not lie in E. Thus E = ^Gai(i2/£) 

Let // be a subgroup of Gal(^2/^), and let H' = Gal(^2/^2^). It follows from the 
Galois theory of finite extensions that, for every open subgroup U of Gal(^2 / K), UH — 
UH', and it follows from the theory of topological groups, the closure of H is (~]UH 
(intersection over the open subgroups U of Gal(^2/A')), and so H = f] UH = f] UH' = 
H'. 

Example A. 5 (a) Endow Z with the topology for which the subgroups of finite index 
form a fundamental system of neighbourhoods, and let Z be the completion. Then Z = 
Yli prime ^i^d Z//77Z = Z/ mlj for every m. Let F be the algebraic closure of F^. There 
is a canonical isomorphism 

Z Gal(F/Fg) 

sending 1 e Z to the automorphism x x'^ . The extension of F^ of degree m corresponds 
to the subgroup mZ of Z. Let a be the automorphism of ¥/¥g such that a(x) = x*. For 
a e Z, define a" to be the element of Gal(F/Fg) such that, for each m, a" \¥gm = a"" \¥qm 
for every a € Z sufficiently close to a (depending on m). The above isomorphism sends 
a to a". (For a detailed description of Z and the isomorphism Z —>■ Gal(F/F^), see Artin 
1951,9.2.) 

(b) Let = Qi^pr], where i,pr is a primitive p^tYi root of 1. For u e Z^, write 
u = + a\p + a2P^ + ■ ■ ■ ,0<ai < p — I, and define 

t,pr = t,pr , every s > r. 

This defines an action of Z^ on , and in fact an isomorphism of topological groups 

Z^ ^ Gal(^2^/Q). 

(c) Let Q = \J Q[fn]> where n is a primitive nth root of 1. Then 

Q = ^2- ^3- ^5--- , n = Q, p^p'- 

Just as in the case of a finite number of finite Galois extensions, this imphes that 

Gal(^2/Q) = ]~[Gal(^2p/Q) 
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(topological product of closed subgroups). Thus there is an isomorphism 

Z"" Gal(^2/Q). 
It can be described as follows: if ^ is an «th root of 1 and u e Z^, then 
_ j,m ^Qj. ^j^y m e Ij with m = u mod n . 

(d) Let = U Ql^pr], as in (b). Then 

where Ap ~ (L/ip))'^ ^ Z/{p - \) fov p ^ 2 and A2 = Z/TL, and Cp « Ip. Let 
Q'p = Qp". Then Gal(I2^/Qp) ^ Zp. Let 

(composite inside Q^'). Then Gal(^2VQ) ^WZp^^Z. 

(e) For every finite extension K of Q, K-Q' is a Galois extension of K with Galois group 
isomorphic to a subgroup of finite index in Z. But every such subgroup is again isomorphic 
to Z (because it is again the completion of a subgroup of Z of finite index). Therefore 
Gal(^ • Q' / K) fa Z. If we fix an isomorphism, and let Km be the field corresponding to 
mZ, then we see that: 

(a) Km is cyclic of degree m ; 

(b) Km is cyclotomic, i.e., contained in an extension of K obtained by adjoining roots 
of 1. 

Remark A. 6 In general, there may exist subgroups of finite index in Gal(^2/^) which 
are not open, even when A' = Q (see FT 7.25). 

Inverse limits 

A partially ordered set (/, <) is said to be directed if, for any a, ^ e /, there exists aye/ 
such that a, fi < y. For example, the set of positive integers ordered by divisibility, 

m < n <^=^ m\n, 

is directed. 

An inverse system (or projective system) of sets is a family (Sa)a€l of sets indexed by 
a directed set / together with, for each pair a < map (p^^p : Sa such that 

(a) for all a e /, 1^0,^0; is the identity map; 

(b) for dMa < fi <y inl, cp^^p o (p^y = cp^i^y. 

A set 5* together with, for each a € I , a. map (fa - S Sa such that cpa = (Pa,p ° 
is said to be the inverse limit (or projective limit) of the inverse system (Sa), i(Pa,p) if it 
satisfies the obvious universal property. 

Every inverse system of sets, groups, or rings has an inverse limit. For example, Z = 
limZ/ mZ. 

Example A. 7 The completion ^ of a discrete valuation ring R is canonically isomorphic 
to lim R/m", where m is the maximal ideal in R. 
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The profinite completion of a group G is defined to be lim G/H where H runs through 
the normal subgroups of finite index in G. 

Proposition A. 8 The inverse limit of an inverse system of exact sequences of finite 
abelian groups is again exact. 

Remark A. 9 The Galois group Gali^/K) is the projective limit of the groups Gal(E/K) 
where E runs over the subfields of ^2 that are finite and Galois over K. A topological group 
that is a projective limit of finite groups is called a profinite group. They are precisely the 
compact totally disconnected topological groups. (A topological space is totally discon- 
nected if its connected components are the one-point subsets.) See Serre 1964 or Shatz 
1972. 



Chapter II 

The Cohomology of Groups 



We take a respite from number theory and do some homological algebra. In an appendix to 
the chapter, we review the general theory of derived functors. 

1 Cohomology 

The category of G -modules 

Let G be a group. A G-module is an abelian group M together with a map 



such that, for all g,g' G G,m,m' e M, 

(a) g{m + m') = gm + gm'; 

(b) (gg')im) = g(g'm), Im = m. 

Equivalently, a G-module is an abehan group M together with a homomorphism of groups 
G Aut(M). We also say that G acts on M, and we say that the action is trivial if 
gm = m for all g e G and m e M . 

A homomorphism of G-modules (or a G -homomorphism) is a map a: M N such 

that 

(a) a(m + m') — a{m) + a{m') (i.e., a is a homomorphism of abehan groups); 

(b) a(gm) = g(a(m)) for all g e G,m e M. 

We write Hom(j(M, A'^) for the set of G-homomorphisms M ^ N . 

Remark 1.1 The group algebra 1j[G] of G is the free abelian group with basis the ele- 
ments of G and with the multiplication provided by the group law on G. Thus the elements 
of Z[G] are the finite sums 



A G-module structure on an abelian group M extends uniquely to a Z[G] -module structure, 
and a homomorphism of abelian groups is a homomorphism of G-modules if and only if 



(g, m) gm: G x M M 




and 



(j:,-iSi){j:.n'jg'j)=j:u'^^'^'^^^^'j^- 
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it is a homomorphism of Z[G]-modules. Thus the category MocIg of G-modules can be 
identified with the category of modules over the ring Z[G]. In particular, Mode; is an abelian 
category. 

If M and A' are G-modules, then the set Hom(M, A'^) of homomorphisms (p: M N 
(M and A'^ regarded only as abelian groups) becomes a G -module with the structures 

{(p + (p'){m) = (p(m) + (p'(m) 

(g(p)(m) = g((pig''^m)). (10) 

Induced modules 

For an //-module M , we define Ind^(A/) to be the set of maps (not necessarily homomor- 
phisms) (p:G M such that (p(hg) — h(p{g) for all h € H. Then Ind^(M) becomes a 
G -module with the operations 

((p + (p')ix) = (p(x) + (p'{x) 

(g(p)(x) = cp(xg). (11) 

A homomorphism a: M ^ M' of //-modules defines a homomorphism 

(fh^aocp: Ind^(M) Ind^CM') 

of G-modules. 

Lemma 1.2 (a) For every G -module M and H -module N, 

HomG(M,Ind^(A^)) ~ RomH(M,N). 



(b) The functor 



Ind^: Modjy Mode 



IS exact. 



Proof, (a) Given a G -homomorphism a: M ^ Indjj(N), we define a map M ^ N 
by the rule 

j6(m) = a(m){lG), 
where Ic; is the identity element in G. For every g e G, 

P(gm) = (a(gm))(lG) = (g(a{m)))(lG) oi(m)(g). 

Because c>;(m) € Ind^(A'^), when g e H, a{m)(g) — g(a(m)(lG)) = g(P(m)). There- 
fore, P is an //-homomorphism M ^ N . 

Conversely, given an //-homomorphism f^: M ^ N , we define a to be the map M — > 
Ind^(A'^) such that a{m)(g) = fi(gm). Then a is a G -homomorphism. 

Since the maps a <r^ fi and |6 a are inverse, both are isomorphisms. 

(b) Given an exact sequence 
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we have to prove that 



lnd% M lnd% N lnd% P ^0 



is exact. This is obvious except at the last position. Let S be a set of right coset represen- 
tatives for H in G, so that G — [J^eS V' ^ Iiid^(P). For each s e 5, choose 
an n{s) e N mapping to (p(s) in P, and define ^(hs) = h ■ n{s). Then ^ e Ind^(A^) and 
maps to ^. □ 



Let (p be the map Ind^CA'^) ^ N , q) h-)' (p{Ig)', this is an //-homomorphism, and the 
lemma shows that (Ind^(A'^), (p) has the following universal property: 

M 

for any ^-homomorphism M N from a i \ 

G-module M to A^, there exists a unique G- „ > \\ H-map 

' „ ^ G-map I a \. 

homomorphism a: M — ^ Ind^(A'^) such that | P x,^ 

ri -map 

When H = {1}, an /^-module is just an abelian group. In this case, we drop the H 
from the notation Ind^ . Thus 

Ind (Mo) = {(p:G Mq} ( maps, not necessarily homomorphisms) 
= Hom(Z[G], Mo) ( homomorphisms of abelian groups). 

A G-module is said to be induced if it isomorphic to Ind (Mq) for some abelian group 
Mo. 

Remark 1.3 Let G be a finite group. 

(a) A G-module M is induced if and only if there exists an abelian group Mo C M such 
that 

M = Ah gMo (direct sum of abelian groups), 
in which case there is an isomorphism of G -modules 

<P^J2s^ (/)(g"i): Ind^(Mo) ^ Z[G] (g)^ Mq. 

Here Z[G] (g)^ Mo is endowed with the G-structure such that 

g{z ^ m) = gz ^ m. 

(b) Let H he. n subgroup of G. An induced G -module is also induced when considered 
as an //-module: let 5 be a set of right coset representatives for H in G, so that G = 
U,65 Hs; if M = 0^gG gMo, then M = 0;,^^ hM^ with Mi = 0^^^ sMq. 

(c) Let M be a G-module, and let Mo be M regarded as an abelian group. Then 

tt: Ind^(Mo) ^ M, q> ^ S<P{g~^) 

g€G 

is a surjective homomorphism of G -modules. It corresponds to the map 

Z[G](8>Mo^M, (y~l»gg) <8> m 1-^ y^tiggm. 
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Remark 1.4 Let M and N be G-modules. Then the rule 

g(m (Sin) = gm (g) gn 

defines a G -module structure on M (8>z ^- Let Mq be M regarded as an abelian group. 
Then Z[G] (8>z M = 1\G\ (8>z as abelian groups, but their G-module structures do not 
correspond. However, one checks easily that the map 1\G\ (8>z Z[G] (8>z ^ sending 

g (8> w to g (8> gm is an isomorphism of G-modules. 

INJECTIVE G-MODULES 

A G-module / is said to be injective if every G-homomorphism from a submodule of a 
G-module extends to the whole module, or, equivalently, if Hom(;(-, /) is an exact functor. 

Proposition 1.5 The category MocIg has enough injectives, i.e., every G-module M can 
be embedded into an injective G-module, M I . 

Proof. When G = {1}, so that Mode is the category of abelian groups, this is proved in 
the Appendix (A.4). Now let M be a G-module, and let Mq be M regarded as an abelian 
group. We can embed Mq into an injective abelian group, say, Mq /. On applying 
the functor Ind , we obtain an inclusion Ind (Mq) '-^ Ind (/) of G-modules. There 
is an inclusion of G-modules M '—^ Ind (Mq) sending m to the function g gm. On 
composing these maps, we obtain an injective homomorphism M '—^ Ind (/), and so it 
remains to show that Ind (/) is an injective G-module, but the natural isomorphism 

HomModG(^'Ind^(^)) - HomAb(M,/) 
shows that HomModG (-^)) is exact. □ 

Definition of the cohomology groups 
For a G-module M , define 

M*^ = {m € M \ gm = m all g e G}. 

The functor 

M M^-.Mode Ab 

is left exact, i.e., if 

0^ M' ^ M ^ M" ^0 

is exact, then 

M'^ ^ ^ M"^ 

is exact. This can be checked directly, or by observing that (— )^ is isomorphic to the left 
exact functor HomeCZ, — ). 

Since the category of G-modules has enough injectives, we can apply the theory of 
derived functors (see the appendix to this chapter) to this situation. 

Let M be a G-module, and choose an injective resolution 



]. COHOMOLOGY 



59 



of M . The complex 

need no longer be exact, and we define the rth cohomology group of G with coefficients 
in M to be 

These groups have the following basic properties. 

1.6 The zeroth group H^(G, M) = M^, because 

is exact, and //"(G, M) = = Kei{d^). 

1.7 If / is an injective G-module, then H''(G, I) = for all r > 0, because 
is an injective resolution of I . 

1.8 Let M ^ I' and A'^ ^ /* be injective resolutions of the G-modules M and A'^. Any 
homomorphism a: M ^ N of G-modules extends to a map of complexes 

M > r 



N > /•, 

and the homomorphisms 

i/''(a'): //'"(/•) ^ //'"(/•) 

are independent of the choice of a'. On applying this statement to the identity map id: M — ^ 
M, we find that the groups H''{G, M) are well-defined up to a well-defined isomorphism. 
The statement for a general a then shows that M H^{G,M) is a functor from the 
category of G-modules to the category of abelian groups. 

1.9 A short exact sequence 

^ M' ^ M ^ M" ^ 
of G-modules gives rise to a long exact sequence 

H°(G, M')^ > H'iG, M) H'iG, M") ^ H''+\G, M')^--- 

Moreover, the association 

short exact sequence long exact sequence 

is functorial, i.e., a morphism of short exact sequences induces a morphism of long exact 
sequences (see A.ll). 

Remark 1.10 The family of functors (//'"(G, •))r>o and coboundary maps 8'' are uniquely 
determined by the properties (1.6, 1.7, 1.9). 
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Shapiro's lemma 

Let M be a G-module, and regard Z as a G-module with the trivial action: gm = m for 
all g e G, m e Z. A homomorphism a:Z ^ M is uniquely determined by a(l), and 
m e M is the image of 1 under a G -homomorphism Z ^ M if and only if it is fixed by G. 
Therefore 

HomG(Z,M) ~ M^. (12) 

Proposition 1.11 (Shapiro's Lemma) Let H be a subgroup of G. For every H- 
module N, there is a canonical isomorphism 

H^iClnd^iN)) H''(H,N) 

for all r > 0. 

Proof. For r = 0, the isomorphism is the composite 

w (12) (1.2) ^ (12) ^ ^ 

A^'^ ~ RomH(^,N) ~ HomG(Z,Ind^(A^)) ~ Ind^(A^)^. (13) 

Now choose an injective resolution A'^ I' of N . On applying the functor Ind^, we 
obtain an injective resolution Ind^(A^) Ind^(/*) of the G-module Ind^(A') because 
the functor Ind^ is exact (1.2) and preserves injectives (proof of 1.5). Hence 

H''(G, Indg(A^)) = //'"((Indg(/*))^) H^I'^) = H\H, N). □ 

Corollary 1.12 IfM is an induced G-module, thenH^{G,M) = Oforr > 0. 

Proof. If M = Ind^(Mo), then 

//'■(G,M) ~ //'"({l},Mo) = forr>0. □ 

Remark 1.13 Consider an exact sequence 

0^ M ^ J ^ N ^0 

of G-modules. If H''(G, J) = for all r > 0, then the cohomology sequence becomes the 
exact sequence 

^ ^ ^ ^ H\G,M) 
and the collection of isomorphisms 

H''(G,N) ^ H''+\G,M), r>l. 

For example, let M be a G-module, and let M* be the induced module Ind (Mq) 
where Mq is M regarded as an abelian group. As we noted in the proof of (1.5), M can be 
identified with the G-submodule of M* consisting of maps of the form g >r->- gm, m s M . 
Let M-j- = M<^/ M . On applying the above remark to the sequence 

O^M^M*^Mf^O (14) 
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we find that 

^'"(G.Mt) ~ //'■+i(G,M), allr>l. 
More generally, an exact sequence 

0^ M ^ ^ > J' ^ N ^0 

such that ^''(G, /') = for all r, ?■ > 0, defines isomorphisms 

H''(G,N) ^ H''+'(G,M), allr>l. 
To prove this, break the sequence up into short exact sequences 

0^ ^ ^ ^0 

N'-'^ ^ J' ^ N ^0 
and note that we have isomorphisms 

H''(G,N) ~ H''+\G,N'-^) ~ H''+^(G,N'-^) ~ ••• . 

Remark 1.14 Let 

be an exact sequence such that H^(G, y) = for all 5 > and all r. Then 

H''{G,M) = H^J*^). 
This remark appUes to every resolution of M by induced modules. 

Description of the cohomology groups by means of cochains 

Let Pr, r > 0, be the free Z-module with basis the (r + l)-tuples (go, • • • , gr) of elements 
of G, endowed the action of G such that 

g(gO, ...,gr) = (ggO, ggr). 

Note that Pr is also free as a Z[G]-module, with basis {(1, gi , . . . , gr) \ gi € G}. Define a 
homomorphism dr'. Pr Pr-i by the rule 

r 

drigo, ...,gr) = XI (^0, ...,gi,...,gr) 

where the symbol " means that ■ is omitted. Let P, be 

One checks easily that dr-i o dr = 0, and so this is a complex. Let e be the map Pq ^ Z 
sending each basis element to 1. 

e 

Lemma 1.15 The complex P, — > Z — > is exact. 
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Proof. Choose an element o € G, and define kr'. Pr ^ Pr+i^y 

kr(go,...,gr) = io,go,...,gr)- 

One checks easily that dr+i o kr + kr-i o dy = \. Hence, if drix) = 0, then x = 

dr + l(kr(x)). □ 

Proposition 1.16 For every G -module M , 

H''(G,M) ^ //'■(HomG(P.,M)). 

Proof. This follows from the fact that P, ^ Z is a projective resolution of Z — see 
Example A. 14. □ 

An element of Hom(P^, M) can be identified with a function (p: G''"*'^ M, and cp is 
fixed by G if and only if 

(figgO, ggr) = g{<P{gO, • • . , gr)) all g,go,...,gr ^ G. 

Thus HouiGiPr, M) can be identified with the set C'^ {G, M) of ^'s satisfying this condi- 
tion. Such (f are called homogeneous r-cochains of G with values in M . The boundary 
map J'': C"'(G, M) C'"+i(G, M) induced by dr is 

{d''(p){gQ, gr+i) = ^(-l)V(go, ...,gi,..., gr+l)- 
Proposition 1.16 says that 



Im((^'-i) 

A homogenous cochain (p:G'''^^ — ^ Mis determined by its values on the elements 
gi, gigi, ■ ■ ■ ,gi ■ ■ ■ gr)- We are therefore led to introduce the group C^iG, M) of in- 
homogeneous r-cochains of G with values in M consisting of all maps (p:G^ M . We 
set G" = {1}, so that C°(G, M) = M. Define 

d'':C''(G,M) C''+\G,M), 

by id''(p){gi,--- ,gr+l) = 
r 

gl(pig2,..-,gr+l) + ^(-ly (figu . . . , g j gj + l, . . . , gr + l) + (-l)''^^(p(gl,...,gr). 

7 = 1 

Define 

Z''{G,M) = Ker(J'^) (group of r-cocycles) 

and 

{G, M) = Im(d'^^^) (group of r-coboundaries). 
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Proposition 1.17 The sequence of maps 

C^iG,M)-^ C\G,M)^--- CiG, M) C+i (G, M) ^ • • • 

is a complex, i.e., o d^~^ = 0, and there is a canonical isomorphism 

^ ' B'-{G,M) 

Proof. For (p eC''(G, M), define 

(p'{gl,...,gr) = (Pi\,g\,glg2,---,g\---gr)- 

Then ^' is a bijection {G, M) {G, M) transforming the boundary maps in 

C'{G, M) into the boundary maps in C'{G, M). □ 

Example 1.18 (a) A map ^: G ^ M is a crossed homomorphism if 

(piax) = o(p{x) + (pia), all a, t e G. 

Notice that the condition implies that, for e the identity element of G, 

(p{e) = (p(ee) = e(p{e) + (p{e) = 2(p{e) 

and so (p{e) = 0. For every m e M, the map a i-^ cm — m is a crossed homomorphism — 
called a principal crossed homomorphism. According to the proposition 

J { crossed homomorphisms G M} 

H {G,M) = -. 

{ principal crossed homomorphisms} 

If the action of G on M is trivial, then a crossed homomorphism is a homomorphism, and 
the principal crossed homomorphisms are zero. Thus, in this case, 

H^(G, M) ~ Hom(G, M). (15) 

(b) Let M be an abelian group (with the law of composition written as multiphcation). 
An extension of G by M is an exact sequence of groups 

l^M^E^G^l. 

We set 

om = s(o) • m • s((t)~^ , aeG,meM, 

where s(a) is any element of E mapping to a. Because M is commutative, am depends 
only on a, and this defines an action of G on M. Note that 

s(a) • m = am • s(a), all a e G, me M. 

Now choose a section sion, i.e., a map (not necessarily a homomorphism) s:G E such 
that :7r o J = id. Then s(a)s(a') and s{aa') both map to aa' e G, and so they differ by an 
element (jo (a, a') e M: 

s(a)s(a') = (p{o,o') • s{aa'). 
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From 

s(a)is{a')s(a")) = (s(a)s(a'))s(a") 

we deduce that 

acpio', a") ■ (p(a, a' a") = (p(a, a') ■ (p{oa', a"), 

i.e., that cp g Z^(G, M). If s is replaced by a different section, (p is replaced by a cohomol- 
ogous cocycle, and so the class of (p in H^(G, M) is independent of the choice of s. Every 
such (p arises from an extension. In this way, H-^(G, M) classifies the isomorphism classes 
of extensions of G by M with a fixed action of G on M. 

Remark 1.19 Let G be a group, and let M be a G-module. For m e M, let i/j^: G ^ M 
be the constant map ct m. Then 

(d^(pm)((y, t) = am — m + m = am. 

In particular, (d^(pm)(^A) = tn. Therefore, every class in H-^(G, M) is represented by a 
2-cocycle (p with (p(l, 1) = 0. Such a 2-cocycle is said to be normalized. 



Example 1.20 Let ^: G ^ M be a crossed homomorphism. For every a € G, 
(p(a^) = a(p{a) + (p{a) 
(p{a^) = (p(a ■ a^) = a^(p{a) + a(p(a) + (p(a) 



(p{a^) = a-^ ^(p{a)-\ \- a(p{a) + (p{a). 

Thus, if G is a cyclic group of order / generated by a, then a crossed homomorphism (p is 
determined by its value, m say, on a, and m satisfies the equation 

a^~^m + • • • + am + m = 0. (16) 

Conversely, if m € M satisfies (16), then the formulas (p(a') = a'~^m + ■ ■ ■ + am + m 
define a crossed homomorphism (p: G ^ M , and 

(p is principal ■^=^ m = ax — x for some x e M. 

Define maps 

Nmc: M ^ M, m HaeG 
a—\:M—>-M, m\-^am — m. 

Then, for a cyclic group G of finite order, we have shown that the choice of a generator a 
for G determines an isomorphism 

, Ker(NmG) 

<p ^ <p{ay. hHg, m) ^ . ^7 . 

(a — \)M 

Remark 1.21 Let 

M ^ N P -^0 

be an exact sequence of G -modules. The boundary map 

8'':H''{G,P) H''+\G,M) 

has the following description: let y e H'^(G, P) be represented by the r-cocycle cp: G^ 
P; because A'^ maps onto P , there exists an r-cochain (p:G'' N lifting (p; because 
d(p = 0, d(p takes values in M — it is the cocycle representing ^'"y. 
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The COHOMOLOGY OF L AND 

Let L be a finite Galois extension of the field K, and let G = Gal{L/K). Then botii L 
(regarded as a group under addition) and are G -modules. 

Proposition 1.22 Let L/K be a finite Galois extension with Galois group G. Then 
H\G,L'') = 0. 

Proof. Let f.G be a crossed homomorphism. In multiplicative notation, this 

means that 

(pioi) = ocpix) ■ (p(a), a, T e G, 
and we have to find a c e such that (p(a) = acjc. For a s , let 

b = ^ (p{o) ■ aa. 

Suppose b 0. Then 

rb — ^ T^(a) ■ raa = ^ (p{x)~^(p(xa)xaa — (p(z)^^b. 

a a 

Hence 

<P(t) = b/xb = r(b-^)/b-\ 

which shows that cp is principal. 

It remains to show that there exists an a for which b 0. Recall (FT, 5. 14, Dedekind's 
theorem on the independence of characters): 

Let L be a field and H a group; then every finite set {fi} of distinct homomor- 

phisms H ^ is linearly independent over L, i.e., 

^ ai fi(a) = all a e H ^ ai = a2 = ■■■ = an = 0. 

When we apply this to the homomorphisms a: — ^ L^, a e G, we find that ip(o')a 
is not the zero map, and so there exists an a for which b ^ 0. □ 

Corollary 1.23 Let L/K be a cyclic extension, and let a generate Gal(L/K). If 
NiRj^fX o. = I, then a is of the form 

Proof. We have = H^{G, L^) = Ker(NmG)/(o- - 1)L^. □ 

Corollary 1.23 occurs as Satz 90 of Hilbert's book, Die Theorie der algebraischen 
Zahlkorper, 1894/95, and Theorem 1.22 is Emmy Noether's generalization. Both are usu- 
ally referred to as Hilbert's Theorem 90. 

Proposition 1.24 Let L/K be a finite Galois extension with Galois group G. Then 
H''(G,L) = Oforallr > 0. 

Proof. Recall (FT 5.18, Normal Basis Theorem): 

There exists m a e L such that {aa | a e G} is a basis for L as a AT-vector 
space. (A basis of this form is said to be normal.) 
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A normal basis {cra)aeG defines an isomorpliism of G-moduIes 

Y] aao ^„ aooa: K[G] L. 

But K[G] = Indfjj K, and so //'"(G, L) ~ H''({1}, K) = Oforr >0 (Sliapiro's lemma, 
1.11). □ 

The COHOMOLOGY OF PRODUCTS 

A product M = fit Mi of G-modules becomes a G-module under the diagonal action: 

a(. . . . . .) = (. . . ,ami, . . .). 

Proposition 1.25 For any G-modules Mi, 

H'-{G,UiMi)2,YliH'-iG,Mi). 

Proof. A product of exact sequences of abelian groups is again exact. From this it follows 
that a product I = Yl^i of injective G-modules is again injective, because 

Rome (-J) ^ a- Homo (•,//) 

is exact. Let M,- — > /* be an injective resolution of M,- . Then Yi^i — > PI A* injective 
resolution of ]~[ M, , and 

H'-(G,ni Mi) - H'-{(Ui - H'-(Uiii;'^)) ^ a - a n^iCMi). 

□ 

In particular, for any G-modules M, N, 

H^iG, M ®N) = H'{G, M) ® H'iG, N). 

This can be proved more directly by noting that to say that a module P is a direct sum 
of modules M and A'^ means that certain maps, and relations between the maps, exist (see 
p87). These maps and relations persist when we apply the additive functor {G, ■). 

Remark 1.26 The formation of inverse limits of arbitrary abelian groups is not exact. 
Therefore, in general, one can not expect cohomology to commute with inverse limits. 

FUNCTORIAL PROPERTIES OF THE COHOMOLOGY GROUPS 
Let M and M' respectively be G and G' modules. Homomorphisms 

ofiG'^G, p:M^M' 

are said to be compatible if 

^ia(g)m) = gmm)). 
Then {a, P) defines a homomorphism of complexes 

C'{G,M)^C'iG',M'), (p p ocpoa'', 

and hence homomorphisms 

H'iG^M) H'iG^M'). 



]. COHOMOLOGY 



67 



Example 1 .27 (a) Let H hea subgroup of G. For every //-module M, the map 

cp ^(lG):Ind^(M) M 
is compatible with the inclusion H ^ G, and the induced homomorphism 

//'■(G,Ind^(M)) H'iH^M) 

is the isomorphism in Shapiro's Lemma 1.11. 

(b) Let // be a subgroup of G. Let a be the inclusion H ^ G, and let y6 be the identity 
map on a G -module M. In this case, we obtain restriction homomorphisms 

Res: //'■(G, M) H^H, M). 

They can also be constructed as follows: let M Ind^(M) be the homomorphism send- 
ing m to the map g gm; the composite of the homomorphism this defines on cohomol- 
ogy with the isomorphism in Shapiro's Lemma, 

H'{G,M) //'"(G,Indg(M)) ^ H''(H,M) 
is the restriction map. 

(c) Let H hea normal subgroup of G, let a be the quotient map G G/H, and let P 
be the inclusion '-^ M. In this case, we obtain the inflation homomorphisms 

Inf://''(G///,M^) H''(G,M). 

(d) For every go ^ G, the homomorphisms a:G ^ G,o So^Sq^ ^ and fi: M ^ M, 
m gQ^m, are. compatible. I claim that the homomorphisms 

H''{GM) H''(G,M) 

they define are each the identity map. For r = 0, the homomorphism is 

m go^m:M'^ M^, 

which is obviously the identity. Let r > 0, and suppose the statement is known for r — 1 . 
From the sequence ( 14) 

^ M ^ M* ^ ^ 0, M* = Ind^(Mo), 

in (1.13), we obtain a diagram 

H''-^{G,M^) > //'-i(G,Mt) > H'(G,M) > 



H''-\G,M^) > H''-'^{G,M^) > H''{G,M) > 0. 

The O's at right result from the fact that M* is an induced module. The vertical maps are 
those defined by the pair (a, fi) (for the different modules). One checks easily that the 
diagram commutes. By induction, the middle vertical map is the identity, which implies 
that the third is also. 
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Remark 1 .28 (a) The method of proof in (d) is called dimension shifting. 

(b) Let // be a normal subgroup of G. For every G-module M, the recipe in (d) gives 
an action of G on H^{H, M), which the above result shows to factor through G/H. 

Example 1 .29 We shall need one more functorial map of cohomology groups. Let H be 
a subgroup of finite index of G, and let 5 be a set of left coset representatives for 7f in G, 
G = [JseS M be a G-module. For every m e , 

seS 

is independent of the choice of S, and is fixed by G. Thus TSlm.Q/fj is a homomorphism 

This can be extended to a corestriction homomorphism 

Cor: H'iH, M) H'{G, M) 

for all r as follows: for every G-module M, there is a canonical homomorphism of G- 
modules 

^ Uses ^""^H M^M; 

the map on cohomology which it defines, when composed with the isomorphism in Shapiro's 
lemma, gives Cor, 

H''(H,M) H''{G,Ind% M) H''{G,M). 

Proposition 1.30 LetH he a subgroup of G of finite index. The composite 

Cor o Res: H'iG, M) ^ H'iG, M) 
is multiplication by (G: H). 

Proof. For m e M, let (pm be the map g gm: G M. Then Cor o Res is the map on 
cohomology defined by the composite of 

M Ind^(M) M , mh^ (pm^ ^.v^^(j~^) = = (G : H)m. 

s s □ 

Corollary 1.31 If (G: 1) = m, thenmH''{G,M) = Oforr > 0. 

Proof. According to the proposition, multipUcation by m factors through ^''({1}, M) = 
0, 

H'-iG, M) ^ H\{\}, M) H\G, M). ^ 



Corollary 1.32 If G is finite and M is finitely generated as an abelian group, then 
H''(G,M) is finite. 
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Proof. From the description of (G, M) as the group of cocycles modulo coboundaries, 
it is clear that H^{G, M) is finitely generated as an abelian group, and we have just seen 
that it is killed by (G: 1). Therefore it is finite. □ 

For any abelian group A and prime p, the p-primary component A{p) of A is the 
subgroup consisting of all elements killed by a power of p. 

Corollary 1.33 Let G be a finite group, and let Gp he its Sylow p-subgroup. For every 
G-module M, the restriction map 

Res: H'iG, M) H'{Gp, M) 

is injective on the p-primary component of ff (G, M). 

Proof. The composite 

Cor o Res : H''(G,M) H''(Gp,M) H'{G,M) 

is multiplication by (G : Gp), which is not divisible by p, and so is injective on the p- 
primary component of ff^ {G, M). □ 

The inflation-restriction exact sequence 

Proposition 1.34 Let H he a normal subgroup of G, and let M he a G-module. Let r 
he an integer > 0. If H' (H, M) = for all i with < i < r, then the sequence 

^ H'iG/H, M") ^ H'iG, M) ^ H'iH, M) 

is exact. 

Proof. We first prove this for r = 1 — in this case, the hypothesis on //' {H, M) is 
vacuous. Let ^: G ^ M be a crossed homomorphism whose restriction to H is principal, 
say, (p{h) = hniQ — mo. Define (p'(g) = fig) — (gnio — mo). Then (p' represents the 
same class in H^(G, M), but now (p'(h) = for all h e H, and so cp' comes by "inflation" 
from a crossed homomorphism G/H . This shows that the sequence is exact at 

H^{G, M). The exactness at H^(G/H, M^) is even easier to prove. 

Now assume that r > 1 and that the statement is true for r — 1. Consider the exact 
sequence (14), p60, 

^ M ^ M* ^ Mf ^ 0. 

Then 

W{H, M^) ~ H' + ^(H, M), i > 0, 
and so //' {H, M-^) = for < / < r — 1. By induction, the sequence 

0^ H'-\G/H,Mf) ^ H'-\G,M^) ^ H'-\H,M^) 
is exact, and this is isomorphic to the sequence 

0^ H'~(G/H,M^)^ H''(G,M)^ H'~(H,M). ^ 
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Remark 1.35 For the experts, the Hochschild-Serre (or Lyndon) spectral sequence has 
the form 

H'iG/H, H'(H, M)) =^ H''+'(G, M); 

here G/H acts on H^(H,M) as described in (1.28b). The spectral sequence defines a 
filtration on each of the groups H'^(G, M), and expresses each quotient of the filtration in 
terms of the cohomologies of G/H and H . It implies the above proposition. Without any 
hypotheses, one can show that there is an exact sequence 

0^ H^(G/HM") ^ H^(G,M) ^ H^{H,Mfl" 

H^{G/H, M") H^(G, M)* H\G/H, H\H, M)) 
where H^(G, M)* = Ker(Res: H^{G, M) H^{H, M)). 

def 

Example 1.36 Let ^2 d L be Galois extensions of K. Then H = Gal(^2 /L) is a normal 
subgroup of G = Gal(^2/A^). According to Proposition 1.22, H^{H,Q^) = 0, and so 
there is an exact sequence 

H^{G/H, L"") H^{G, Q"") H^(H, n""). 

A direct proof (not involving dimension shifting) that this sequence is exact can be found 
in Artin 1951, 6.4. 

Cup-products 

Lemma 1.37 The exact sequence (14), p60, 

^ M ^ M* ^ Ml- ^ 0, 
is split as a sequence of abelian groups, i.e., M* ^ M © M-j- (as abelian groups). 

Proof. Recall that M* consists of the maps (p:G ^ M and that the first homomorphism 
in the sequence sends an element m of M to (pm where (Pm(g) — S^- For 9 ^ l^t 
s{(p) = (p{\q). Then 5 is a homomorphism of abelian groups such that s((pm) = tn, and so 

M* Ker(^) © Ker(l - ^) ^ M-j- © M 

as abelian groups. □ 

Let G be a group. For G-modules M and A^, we write M <Si N for M (8>z N regarded 
as a G -module with 

g(m <Sin) = gm ^ gn, g ^ G, m e M, n e N. 

Proposition 1.38 There exists one and only one family of bi-additive pairings 

(m, «) m U «: //'"(G, M) x H'(G, N) H'+'iG, M (8> A^), 

defined for all G-modules M, N and all integers r,s > 0, satisfying the following condi- 
tions: 
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(a) these maps become morphisms of functors when the two sides are regarded as co- 
variant bifunctors on (M, N); 

(b) for r = s = 0, the pairing is 

(m,n) \-^m^n: (8> A^*^ ^ (M (g) N)'^\ 

(c) if —>■ M' —>■ M M" —>■ is an exact sequence of G -modules such that 

O^M'<SiN^M<S>N^M"<S>N^O 

is exact, then 

(8m")[Jn = 8(m" Un), m" e H' (G, M"), neH'{G,N). 

Here 8 denotes the connecting homomorphism H'' (G, M") H''^^{G,M') or 
H'+'iG, M" ^N)-^ //'•+^+i(G, M' (g) A^). 

(d) ifO—^N'—^N—y N" is an exact sequence of G-modules such that 

O^M<SiN'^M<S>N^M<S>N"^0 

is exact, then 

mU8n" = (-lY8(mUn"), meH''(G,M), n"eH'(G,N"). 

Proof. The uniqueness is proved using dimension shifting, a key point being that, because 
the sequence (14) is split-exact as a sequence of abelian groups (see 1.37), it remains exact 
when tensored over Z with a G -module. For the existence, one proves that the pairing 
defined as follows has the required properties: let m e {G, M) and n e H^(G, N) be 
represented by the (inhomogeneous) cocycles (p and ^1/ ; then m U « is represented by the 
cocycle 

(gl,. . .,gr+s) ^ (p(gl,...,gr) <8> gl---grf(gr + l,--- ,gr+s)- 

It takes several pages to write out the details, but the proof is not difficult. □ 

Proposition 1.39 The following formulas hold: 

(a) (xUy)Uz = xU(yUz) (in H''+'+'iG, M N (g) P)); 

(b) xUy = {-ly'y U x ifx € H'iG, M), y € H'(G, N); 

(c) Res(x U j) = Res(x) U Res(y); 

(d) Cor(x U Res y) = Cor{x) U y. 

Proof. In each case, one verifies the formula when x, _y, . . . have degree 0, and then uses 
dimension shifting to deduce the general case. For example, the proof of (d) is written out 
in detail in Atiyah and Wall 1967, Proposition 9. □ 



A pairing 



such that 



X, y i-^ (x , y): M X N ^ P 
g{x,y) = {gx,gy), allgeG, 



(17) 
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defines a homomorphism of G -modules 

M iS> N ^ P, 

and hence maps 

The composites of the cup-product pairings with these maps, namely, the pairings 

WiG, M) X H'{G, N) W^'iG, P), 
will be referred to as the cup-product pairings defined by (17). 

2 Homology 

Definition of the homology groups 

For a G -module M, let Mg be the largest quotient of M on which G acts trivially. Thus 
Mq is the quotient of M by the subgroup generated by 

{gm — m \ g e G, me M}. 

Note that this is the dual notion to M*^, which is the largest subobject of M on which G acts 
trivially. The definition of the cohomology groups dualizes to give us homology groups. 
In detail, the functor 

M Mg: Mode Ab 

is right exact, i.e., if 

0^ M' ^ M M" -^0 

is exact, then 

Mg 

is exact. This can be checked directly, or by observing that passing from M to Mg amounts 
to tensoring M with Z[G]//g where Ig is the augmentation ideal (see below). 

An object P of an abelian category is projective if for any object A'^ and quotient object 
M, every morphism P M lifts to a morphism P N . For example, every free 
Z[G]-module is projective as a Z[G]- (equivalently, G-) module. 

Let M be a G-module. Let (m, ),e/ be a family of generators for M as a Z[G]-module, 
and let Z[G](^) be a direct sum of copies of Z[G] indexed by /. The map y/ i-> 

X) Yimi is a surjective G -homomorphism Z[G]^^^ M . This shows that every G-module 
is a quotient of a free G-module, and hence that the category MocIg has enough projectives. 

Let Af be a G-module, and choose a projective resolution 

do d\ dn 

> P2^ Pi Po^ M ^0 



of M. The complex 



(P2)g ^ (Pi)g ^ (Po)g 



need no longer be exact, and we set 

Ker(dr) 



Hr(G,M) 



These groups have the following basic properties. 
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2. 1 The zeroth group Ho{G,M) = Mq, because 

Pig Pog^Mg^O 

is exact. 

2.2 If P is a projective G-moduIe, then Hr(G, P) = for all r > 0, because 

P ^ P ^0 

is a projective resolution of P. 

2.3 Let P, M and g, —>■ N be projective resolutions of the G -modules M and A'^. 
Any homomorphism a: M N of G -modules extends to a morphism of complexes 

P. > M 

a, 

Q. > N 



and the homomorphisms 



HAa,): HAP.) ^ HriQ,) 



are independent of the choice of a,. When we apply this statement to the identity map 
id: M M, we find that the groups Hr(G,M) are well-defined up to a well-defined 
isomorphism. The statement for a general a then shows that M Hr(G, M) is a functor 
from the category of G-modules to the category of abelian groups. 

2.4 A short exact sequence 

0^ M' ^ M ^ M" ^0 
of G-modules gives rise to a long exact sequence 

> Hr(G,M)^ Hr(G,M") Hr-i(G,M') > Ho(G,M") 0. 

Moreover, the association 

short exact sequence long exact sequence 

is functorial, i.e., a morphism of short exact sequences induces a morphism of long exact 
sequences. 

Remark 2.5 The family of functors (Hr(G, ■))r>o and the boundary maps 5^ are uniquely 
determined by the properties (2.1, 2.2, 2.4). 



Just as in the case of cohomology, it is possible to give an explicit description of 
Hr(G, M) as the quotient of a group of r-cycles by a subgroup of r-boundaries — see the 
references later in this chapter. 
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The group //i(G,Z) 

Using only the properties of the homology groups listed above, we shall compute Hi (G, Z). 
The augmentation map is 

Its kernel is called the augmentation ideal Iq. Clearly Ig is a free Z-submodule of Z[G] 
with basis {g — \ \ g e G, g ^ \}, and so 

M/IgM = Mg HoiGM). 
Consider the exact (augmentation) sequence: 

^ /g ^ Z[G] ^ Z ^ 0. (18) 

The G-module Z[G] is projective (because it is a free Z[G]-module), and so Hi (G, Z[G]) = 

0. Therefore we obtain an exact sequence of homology groups 

Hi(G,Z) Ig/Ig ^[G]/Ig ^ Z ^ 0. 

The middle map is induced by the inclusion Ig ^ Z[G], and so is zero. Therefore the 
sequence shows that 

HiiG,!.)^ Ig/Ig (19) 

and 

Z[G]g ^ z 

1. e., Z is the largest quotient of Z[G] on which G acts trivially. Note that Iq = Ig ■ Ig is 
the Z-submodule of Z[G] generated by elements of the form 

(g-l)(^'-l), g.g'eG. 

Lemma 2.6 Let G'^ he the commutator subgroup ofG,so that G/ G'^ is the largest abelian 
quotient G^^ of G. Then the map g '<-^ {g — ^) + Iq induces an isomorphism 

G Ig 



Proof. Consider the map 

g^(g-l) + /^:G^/G//^. 



This is a homomorphism because 

gg'-^ = {g- W - 1) + (g - 1) + ig' - 1) 
= (g - 1) + (g' - 1) mod /2. 

Since Iq/ Iq commutative, the map factors through G^"^. To prove that it is an isomor- 
phism, we construct an inverse. Recall that Ig is freely generated as a Z-module by the 
elements g — 1- Consider the homomorphism Ig —>■ G^^ mapping g — 1 to the class of g. 
From the identity 

(g - l)(g' - 1) = (gg' - 1) - (g - 1) - (g' - 1) 

we see that (g — l)(g' — 1) maps to 1. Since Iq is generated by elements of this form, 
this shows that the map factors through Ig/ Iq- The two maps we have constructed are 
inverse. □ 
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Proposition 2.7 There is a canonical isomorptiism 

Hi(G,Z) ~ G^^. 

Proof. Combine the isomorphism (19) with the inverse of (20). □ 

Aside 2.8 For any group G, there exists a topological space BG, called the classifying space of 
G, such that G = Jti{BG) and Hr{BG,Z) = Hr{G.Z) for all r (Rosenberg 1994,5.1.16,5.1.27). 
In terms of BG, the proposition simply states that H\{BG, Z) ~ 7ri(BG)^^. 

3 The Tate groups 

Throughout this section, G is a finite group. 

For every G -module M , the norm map Nm^: M — ^ M is defined to be 

Let g' e G. As g runs through the elements of G, so also do g'g and gg', and so 
g'(NmQ(m)) = NuiQim) — NmQ(g'm). 

Hence 

Im(NmG) C M^, /gM C KerNniG . 
Therefore, we get an exact commutative diagram: 

Nmc 

M ^ M 



quotient 



inclusion 



> Ker(NmG)//GM > M/IgM > > M*^/NmG(M) — > 0. 

AsHo(G,M) = M/IgM and H^(G,M) = M^, the bottom row of this can be rewritten: 

Ker(NmG)//GM Hq{G,M) ^ H°(G,M) M^/NhigCM) 0. 
For any short exact sequence of G -modules 

0^ M' ^ M ^ M" ^0 

we get a diagram 

Hi{G,M") Ho(G,M') Ho{G,M) Ho(G,M") 



Nmc 



NniG 



NniG 



H^{G,M') H^{G,M) H^{G,M") H^iG,M') ■■ 

On applying the extended snake lemma (A.l) to the middle part of the diagram, we get a 
(very) long exact sequence 

> H^(G,M') H^(G,M) H^(G,M") H^+\G,M) ^ ■■■ (21) 
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(—00 < r < 00) where 



H''(G,M) r>0 

M^/NmG(M) r = 

Ker(NmG)/lGM r = -\ 

H-r-i(G,M) r<-l. 



Since it causes no ambiguity, we often omit the subscript T when r > 0. 
Proposition 3.1 IfMis induced, then Hj{G, M) = for all r e Z. 

Proof. For r > 0, this was proved in (1.12). 

Case r = 0. Recall (1.3) that M ~ (8>z X for some abelian group X, and so an 
element m of M can be written uniquely in the form m = (g (8> Xg) with Xg € X. If 
m is fixed by g' e G, then (g'g (g) Xg) = (g (8) x^); in particular,' g' <8> = 

Therefore, if m € M^, then Xg — Xg for all g e G, and 
OT = (j2g g) <8> -^e = NmG(e (8> Xg). 

Case r = —1. If Nmo (^X!g g (8> x^^ = 0, then J^g = 0' ^^'^ so 

^ (g ^ Xg) = ^ ((g - 1) ^ Xg) e /gM. 
g g 

Case r < — 1. Let M = Z[G] (8>z X. Write X as a. quotient Xq ^ X of a free abelian 
group Xq. The kernel of this map will also be a free abelian group,^ and so we have an 
exact sequence 

O^Xi^Xo^X^O 

with Xo and Xi free abelian groups. On tensoring this with Z[G], we obtain an exact 
sequence of Z[G]-modules 

^ Ml ^ Mo ^ M ^ 0. (22) 

Now 

H^(G,Mo) = = H^(G,Mi) 

for r < — 1 because Mq and Mi are free Z[G]-modules and for r > —1 because Mq and 
Ml are induced. The (very) long exact sequence of (22) now shows that Hj{G, M) = 
for all r. □ 



We know (14), p60, that every G-module M is a submodule of an induced module. It is 
also a quotient of an induced G-module because, on tensoring the augmentation sequence 
(18) with M, we obtain an exact sequence of G -modules 

^ M' ^ Z[G] (8)z M ^ M ^ 0. 



'Here, e is the neutral element in G. 

^We are using that every subgroup of a free abelian group is free abelian. Darij Grinberg points out that 
this fact is highly nontrivial (and nonconstructive), and that it is possible to avoid using it. 
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This allows us to prove results by dimension shifting in both directions. Using this, it is 
possible to extend to all r, most of the results we proved for the groups H'^(G, M) with 
r > 0. For example, Shapiro's lemma and its consequences are true, and the restriction 
and corestriction maps we defined in (1.27) and (1.29) extend to all the Tate cohomology 
groups. Specifically, there are canonical homomorphisms:^^ 

Res: H^{G,M) HJj.{H,M) (Ha subgroup of G); 

Cor: H^{H, M) H^(G, M) {H a subgroup of G). 
Moreover, there is a natural action of G/H on Hj{H, M) for all r e Z. 

The composite Res o Cor is still multiplication by (G: H). As Hj{{\}, M) = for all 
r, the argument in the proof of (1.30) shows that Hj{G, M) is killed by |G| for all r. 

Note that 

H^^(G,Z) = Hi(G,Z) - G/G''. 
Proposition 3.2 Let H bea subgroup of G. 

(a) The map Cor: H'^iH, Z) H'^iG, Z) corresponds to the map H/H" G/G'' 
induced by the inclusion H G. 

(b) Themap Res: Hj^{G, Z) — > Hj^{H, Z) corresponds to the Verlagerung map Gj G^ 
H/H''. 

Proof. See Weiss 1969, 3-5. [Should add proof, and explain what the Verlagerung map 
is.] □ 

There is a uniform explicit description of all the groups Hj{G, M). In fact, there is an 
explicit complex L, of G-modules (infinite in both directions) such that 

//f(G,M) = //'■(HomG(L.,M)). 

For r > this leads directly to the description we gave above of H''(G, M) in terms of 
inhomogeneous cocycles and coboundaries. 

Cup-products 

When the group G is finite, the cup-products extend in a unique way to aU the cohomology 
groups, and have the same list of properties. 

The cohomology of finite cyclic groups 

We first compute the cohomology of Q, Z, and Q/Z regarded as G-modules with the trivial 
action. 

Lemma 3.3 For every finite group G, 

(a) //f (G,Q) = Oaiir 6 Z; 

(b) H°(G,Z) = Z/(G : l)ZandH\G,Z) = 0; 

(c) there is a canonical isomorphism 

Hom(G,Q/Z) H^(G,Z). 

^However, the inflation map Inf: H!^{G/H, M^) H!^{G, M), H a normal subgroup of G, is defined 
only for r > 1 . 
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Proof, (a) The group Q is uniquely divisible, i.e., for all nonzero integers m, multi- 
plication by m:Q Q is an isomorphism. Therefore the map H^(m): H^(G,Q) — > 
H!^(G,Q), which is also multiplication by m, is an isomorphism. When we take m — 
(G: 1), we find that multiplication by m on Hj{G, Q) is both zero (see 1.30) and an iso- 
morphism, which is possible only if Hj{G, Q) = 0. 

(b) Because G acts trivially on Z, iP = Z and the norm map is multiplication by 
(G : 1). Hence H°(G,Z) = Z/(G : Moreover, H^CZ) = Hom(G,Z) (see 
1.18a), but, because Z is torsion-free, all homomorphisms G — > Z are zero. 

(c) The cohomology sequence of 

^ Z ^ Q ^ Q/Z 

is an exact sequence 

H\G,q) > //i(G,Q/Z) > H^iCZ) > H^(G,q). 



Hom(G,Q/Z) □ 

Let G be a finite cyclic group of order m, with generator a. Then, by definition, 

H^^iG,M) = ^^^^^ 
^ Im(NmG) 

Im(a — I) 

Recall that in (1.20) we showed that H^(G, M) is isomorphic to the same group as Hj^{G, M). 
In fact, the cohomology groups of a finite cyclic group are periodic with period 2. 

Proposition 3.4 Let G he a cyclic group of finite order. A choice of a generator for G 
determines isomorptiisms 

H^(G, M) ^ H^+^(G, M) 
for all G -modules M and all r e Z. 



Proof. Let a generate G. Then the sequence 

^ Z > Z[G] > Z[G] > Z^O 

is exact. Because the groups in the sequence and the kernel Ig of Z[G] ^ Z are free 
Z-modules, the sequence remains exact after it is tensored with M. Thus 

^ M ^ Z[G] (8>z M ^ Z[G] M ^ M ^ 

is an exact sequence of G-modules. Recall (1.4) that Z[G] (8>z M Z[G] (8>z Mq, where 
Mo is M regarded as abelian group, and so //-^(G,Z[G] (8>z M) = for all r by (3.1). 
Therefore (see 1.13), the sequence defines isomorphisms 

//f (G, M) ^ H!j+^{G. M) 
for all r. □ 
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Remark 3.5 Let y be the element of //^(G,Z) corresponding under the isomorphism 
H^(G, Z) ~ Hom(G, Q/Z) to the map sending the chosen generator a of G to 1/m. Then 
the map (G, M) H^'^^(G, M)isxh^ xUy. [Proof to be added.] 

Let G be a finite cyclic group, and let M be a G -module. When the cohomology groups 
H'' (G, M) are finite, we define the Herbrand quotient of M to be 



h(M) 



\H^iG,M)\ 
\H^(G,M)\ 



Proposition 3.6 LetO ^ M' ^ M ^ M" ^ be an exact sequence of G-modules. 
If any two of the Herbrand quotients h(M'), h(M), h{M") are defined, then so also is the 
third, and 

h(M) = h{M')h{M"). 

Proof. We can truncate the (very) long exact cohomology sequence as follows, 

H^(M') H^{M) H^{M") H\M') H\M) H\M") K' 

where 

K = Coker(7ff i(M) Hj^{M")) ^ Coker(//i(M) H\M")) = K' . 
The first statement is now obvious, and the second follows from the next lemma. □ 

Lemma 3.7 Let 

0^ ^0 ^ ^1 ^ ^ ^ 

he a exact sequence of finite groups. Then 

\Ao\-\A2\ 



I^l|-I^3| 



= 1. 



Proof. For a short exact sequence, that is, r = 2, this is obvious, but every exact sequence 
can be broken up into short exact sequences, 

^ ^0 ^ ^1 ^ Ci ^ 

Cr-l Ar-l Ar-^0. 

Here Q = Coker(^;_i Af) = Ker(^(+i ^;+2)- From these sequences we find 
that 

|^o|-|Cil ^ \Ao\-\A2\ ^ 

Mil Mil -1^21 "'■ □ 



Proposition 3.8 IfM is a finite module, then h{M) = 1. 
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Proof. Consider the exact sequences 

0^ ^ M M ^ Mg^O 

and 

where g is any generator of G. From the first sequence we find that and Mg have the 
same order, and then from the second that Hj^{M) and Hj (M) have the same order. □ 

Corollary 3.9 Let a: M ^ N be a homomorphism of G -modules with finite kernel 
and cokernel. If either h{M) or h{N) is defined, then so also is the other, and they are 
equal. 

Proof. Suppose h{N) is defined, and consider the exact sequences: 

Q^a{M)-^ N ^ Coker(Q!) 

Ker(a) M a{M) 0. 

From the first sequence, we find that h{aM) is defined and equals h(N), and from the 
second sequence we find that h{M) is defined and equals h(aM). □ 

Tate's Theorem 

For the remainder of this section, all cohomology groups will be the Tate groups, and so we 
drop the subscript T except in the main statements. 

Theorem 3.10 Let G be a finite group, and let M bea G -module. If 

H^{H,M) = = H^(H,M) 
for all subgroups H ofG, then H^(G, M) = for all r € Z. 

Proof. If G is cyclic, this follows from the periodicity of the cohomology. 

Assume now that G is solvable. We shall prove the theorem in this case by induction 
on the order of G. 

Because G is solvable, it contains a proper normal subgroup H such that G/H is cyclic. 
Because H has order less than that of G, and the pair (H, M) satisfies the hypotheses of 
the theorem, W {H, M) = for all r. Therefore (see 1.34), we have exact sequences 

0^ H''(G/H,M^) ^ H''(G,M) ^ H''(H,M) (*) 

forallr > 1. Because //^G, M) = = H^{G,M),H\G/H,M^) = H^{G/H,M^) = 
0, and because G/H is cyclic, this implies that H^{G/H,M^) = for all r. There- 
fore, the sequences (*) show that H''(G,M) = for all r > 0. We next show that 
H^(G,M) = 0. Let x € M^. Because H°(G/H,M") = 0, there exists ays 
such that Nm.G/H(y) = and because H*^{H, M) = 0, there exists a z e M such that 
Nm/f (z) = y. Now 

NmG(z) = (NniG/if oNmjy)(z) = x. 
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Thus, we now know that H'^{G, M) = for all r > 0. 
To proceed further, we use the exact sequence 

^ M' ^ Z[G] (8>z M ^ M ^ 

obtained by tensoring the augmentation sequence (18) with M . Recall that 

Z[G] «)z M ~ Z[G] 0z Mo ~ Ind^(Mo) 

is induced, and so H''{H, Z[G] (8>z M) = for all r and all subgroups H of G. Therefore, 

H'{H,M) - H'+^iH,]^') 

for all r and all In particular, M' satisfies the hypotheses of the theorem, and so (by 
what we have proved) {G, M') = for r > 0. In particular, 

= H^(G,M') = H~^(G,M). 

The argument, when repeated, gives that H~^{G, M) = 0, etc.. This proves the theorem 
when G is solvable. 

Now consider the case of an arbitrary finite group G. If G and M satisfy the hypothe- 
ses of the theorem, so also do Gp and M where Gp is a Sylow /^-subgroup. Therefore 

{Gp, M) = for all r and p, and so (see 1.33), the /j-primary component of {G, M) 
is zero for all r and p. This implies that //'"(G, M) = for all r. □ 

Theorem 3.1 1 (Tate's theorem) Let G be a finite group and let C be a G-module. 
Suppose that for all subgroups HofG (including H — G), 

(a) H^(H,C) = 0, and 

(b) H^(H, C) is a cyclic group of order equal to (H : 1). 
Then, for all r, there is an isomorphism 

H^{G,Z) H^+^{G,C) 
depending only on the choice of a generator for H^(G,C). 

Proof. Choose a generator y for H^{G,C). Because Cor o Res — (G : H), Res(y) 
generates H^(H, C) for any subgroup H of G. 

Let ^ be a cocycle representing y. Define C((p) to be the direct sum of C with the free 
abelian group having as basis symbols x^, one for each a e G, a ^ I, and extend the 
action of G on C to an action on C((p) by setting 

aXr = Xaz - Xa + ^(cT, t). 

The symbol "jci" is to be interpreted as ^(1, 1). This does define an action of G on C{(p) 
because 

paxz = Xpcz - Xpa + <p{pa, t), 

whereas 

P(ctxt) = p{xoz -Xo + via, r)) 

= Xpaz -Xp + (pip, ax) - (xpa - Xp + (p{p, ct)) + p(p(a, t). 
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These agree because ^ satisfies tlie cocycle condition 

Pfia, r) + (p(p, at) = ^(pa, r) + (p(p, a). 

Note that (p is the coboundary of the f-cochain a x^, and so y maps to zero in 
H^{G, C{(p)). For this reason, C{(p) is called the splitting module for y. 
We shall first show that the hypotheses imply that 

H\H,C{9)) = ^ = H^{H,C{9)) 

for all subgroups H of G. 

Recall that we have an exact sequence 

^ /g ^ Z[G] ^ Z ^ 

where Iq is the free abelian group with basis the elements a — I, a € G, a ^ 1 Because 
Z[G] is induced, //'"(//, Z[G]) = for all r, and so 

H^(H,Ig) ~ Z) ~ : 1)Z, 

H^(HJg) - HHH.Z) = 

Define a to be the additive map C{(p) Z[G] such that 

a{c) = Oforallc € C 

a(Xa) = CT — 1. 

Clearly, 

^ C ^ C((p) ^ Ig^O 
is an exact sequence of G-modules. Its cohomology sequence reads 

0^ H\H, C{(p)) ^ H^(H, Ig) H^(H, C) X H^(H, C((p)) 

The zeros at the ends use that //H^X) = and H^(H, Ig) = 0. The map H^(HX) 
H^{H,C{(p)) is zero because H^{H,C) is generated by ResCy), and this maps to the 
restriction of the image of y in H^{G, C((p)), which is zero. Therefore, H^(H, Ig) 
H^{H, C) is onto, and hence is an isomorphism (because the two groups have the same 
order). Its kernel and cokernel, namely, H^(H,C((p)) and H-^(H,C((p)), are therefore 
both zero 

We deduce from the Theorem 3.10 that H'' {H, C{(p)) = for all r. On splicing the 
two short exact sequences together, we obtain an exact sequence 

^ C ^ C{(p) Z[G] ^ Z ^ 

with the property that //'"(G, C((p)) = = H^G. Z[G]) for all r. Therefore, the double 
boundary map is an isomorphism (1.13) 

H'iG,!.) ^ W+^iGX). a 
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Remark 3.12 If M is a G-module such that Torf (M, C) = 0, for example, if either M 
or C is torsion-free as a Z-module, then one can tensor the above 4-term sequence with M 
and obtain isomorphisms 

H^iG, M) HJj+^{G, M C). 

Remark 3.13 The map is cup-product with the chosen ele- 

ment Y e H^{G, C). 

Example 3.14 Let be a local field. We shall prove that for any finite Galois extension L 
of K with Galois group G, //^(G, L^) is cyclic of order [L: K] with a canonical generator 
ul/k- Since we know that H^(G, L^) = (Hilbert's Theorem 90), Tate's theorem shows 
that cup-product with u^/k an isomorphism 

G^^ = H^^(G,Z) H^{G,V) = /sT^/NmL^. 

The inverse isomorphism / NmL^ — > G^^ is the local Artin map. The global Artin 
map can be obtained by a similar argument. 

4 The Cohomology of Profinite Groups 

Direct limits 

A partially ordered set (/, <) is said to be directed if for any two elements / and j of I, 
there exists a k such that j < k. Suppose that for every element i of a directed set (/, <) 
we have a set Ai , and for every inequality / < j we have a map aji : Ai Aj . If 

(a) an = id for all i € I , and 

(b) aif;j o aji = ajci whenever i < j < k, 

then the family (Ai , aji) is called a direct system. On the disjoint union ]J Ai of the Ai, 
introduce the equivalence relation under which at € At is related to aj e Aj if and only if 
^kii'^i) — (^kji'^j) for some k > The corresponding quotient set is called the direct 
limit of the Ai (relative to the ajt): 

A = lim Ai . 

There is for each / a canonical map 

ai'.Ai A, 

possessing the following properties: 

(a) ai = aj oa ji for j >i; 

(b) ai (oi) = aj (a j ) <^ aki {m ) = akj (a j ) for some k >i,j; 

(c) A = [J<^iiAi). 

The system (A,ai) has the following universal property: let T be a set and let (Pi), 
Pi'.Ai r, be a family of maps such that = o aji for i < j; then there exists 
a unique map ^: A ^ T such that ^i = p o ai for all / . 

If the Ai are abelian groups and the a,y are homomorphisms, then A has a unique 
structure of an abehan group for which the a, are homomorphisms. 
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Lemma 4. 1 For any direct system of exact sequences 
the sequence 

lim Ai lim Bi lim C/ 

is again exact. Therefore the formation of direct limits commutes with passage to cohomol- 
ogy in complexes. 

Proof. Exercise for the reader. □ 
Profinite groups 

Let G be a profinite group. This means that G is a compact"* topological group for which the 
open normal subgroups form a fundamental system of neighbourhoods of 1 . Note that every 
open subgroup is of finite index (because its cosets cover G). For example, a finite group 
with the discrete topology is profinite, and every discrete profinite group is finite. A Galois 
group G = Gal(L/Ar) is a profinite group — the open subgroups are exactly those fixing a 
finite extension of K contained in L — and every profinite group occurs as a Galois group. 
For a profinite group, we use the topology to modify our notion of cohomology group. 
First, we consider only those G -modules for which the map 

GxM ^ M 

is continuous when M is endowed with the discrete topology, i.e., the topology in which 
every subset is open. Equivalent conditions: 

o M = y_} , H runs through the open subgroups of G; 
o the stabilizer in G of any element of M is open. 

A module satisfying these conditions is called Si discrete G-module. 

The discrete G-modules form an abelian category with enough injectives, and so we 
can define cohomology groups //^^^.(G, M) by taking injective resolutions, just as before. 
Moreover, the groups can be calculated using continuous cocycles: let C^^^{G, M) be the 
group of continuous maps G^ M , and define d'': C[f^{G, M) C^^^^iG, M) as be- 
fore; then 

_ Z-JG,M) 

"^^^^''^''^-B^jGjr) 

where Z^JG, M) = Ker(iiO and Bl^^{G, M) = lm{d''-''). 

Let (p-.G'' ^ M be a continuous r-cochain. Then (p{G^) is compact (because G^ is 
compact) and discrete (because M is discrete), and so is finite, and hence is contained in 
M^^ for some open normal subgroup Hq of G. The inverse image (p^^{m) of each point 
m of (p{G^) is open, and so contains a translate of H(mY for some open normal subgroup 
H(m) of G. Let Hi = nm€(p(G') H(m). This is again an open subgroup of G, and cp 
factors through (G/HiY . Let H = HqCi Hi. Then (p arises by inflation from an r-cocycle 
on G/H with values in M^. In other words, the map 

limC''(G/H,M") C^JG,M) 



Following Bourbaki, I require compact spaces to be Hausdorff. 
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is surjective. It is not difficult to see that it is also injective. Because passage to the direct 
limit commutes with the formation of kernels and cokemels, and hence with the formation 
of cohomology, we obtain the following proposition: 

Proposition 4.2 The maps Inf: H%G/H, M") H^JG, M) realize H^JG, M) as 
the direct limit of the groups H''(G/H,M^) as H runs through the open normal subgroups 
H ofG: 

\unH''{G/H,M") = H^,^(G,M). 

Explicitly, the statement means that each element of H^^^(G, M) arises by inflation from 
some group H'iG/H, M^) andif a e H'' (G/H, M^) and a' e H' (G/H' , M^') map 
to the same element in H^^^{G, M), then they map to the same element in H\G/H", M^") 
for some open subgroup H" C H Ci H'. 

Corollary 4.3 For every profinite group G and discrete G-module M, H'^{G, M) is a 
torsion group for all r > 0. 

Proof. Each of the groups H^{G/H, M^), r > 0, is torsion (see 1.31). □ 

Most of the theory concerning the cohomology groups H'' {G, M) for r > continues 
to hold for the groups defined by continuous cochains. For example, if // is a closed 
subgroup of G, there are maps Inf, Res, and Cor (the last requires H to be of finite index), 
and there are cup-product maps. 

In future, all cohomology groups will be defined using continuous cochains (and 
the subscript cts will be dropped). In practice, this will mean that either G is an infinite 
profinite group, and it matters that we take continuous cochains, or G is finite, in which 
case it doesn't (and the groups are defined for all r e Z). 

Proposition 4.4 Let G be a profinite group, and let M bea discrete G-module. If M = 
\\mMi where Mi C M, then H''(G, M) = lim//'"(G, M,). 

Proof. Because G is compact and M is discrete, the image of any r-cochain f:G^—^M 

is finite. Since the M/ form a directed system of submodules of M (i.e., given M,- and Mj, 

there is an M]^ containing both of them) and M = \J Mi, every finite subset of M is 

contained in an M,- . It follows that C^CG, M) = lim C'^(G, M,), and so Lemma 4.1 shows 

that ~^ 

H'-{C'{G,M)) = \\mH'-{C'{G,Mi)). ^ 

Aside 4.5 (For the experts.) Let G be a profinite group, let M(G) be the category of all G-modules, 
and C(G) the category of discrete G-modules. Then C(G) is a full subcategory of M(G). Moreover, 
there is a functor 

M^M*= (J M^:M(G) ^ C(G). 

H open in G 

Clearly, 

HomG(M, A^*) = HomG(M, N) 

for M a discrete G-module. The inclusion functor z:C(G) — ^ M(G) is exact, but doesn't pre- 
serve injectives — hence W (G, M) ^ H''(G, iM) in general. On the other hand, M M* pre- 
serves injectives, but is only left exact — Whence C(M) has enough injectives. Again H''{G, M) 7^ 
H''{G, M*) (however, there is a spectral sequence . . .). 
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Notes In the mid-1930s, Hurewicz showed that the homology groups of an "aspherical space" X 
depend only on the fundamental group ir of the space. Thus one could think of the homology groups 
Hr(X. Z) of the space as being the homology groups Hriit, Z) of the group n. It was only in the 
mid- 1940s that Hopf, Eckmann, Eilenberg, MacLane, Freudenthal and others gave purely algebraic 
definitions of the homology and cohomology groups of a group G. It was then found that co- 
incided with the group of crossed homomorphisms modulo principal crossed homomorphisms, and 
//^ with the group of equivalence classes of "factor sets", which had been introduced much earlier 
(e.g., I. Schur, Uber die Darstellung der endlichen. . . , 1904; O. Schreier, Uber die Erweiterungen 
von Gruppen, 1926; R. Brauer, Uber Zusammenhange. . . , 1926). For more on the history, see 
Mac Lane 1978. 

Our proof of Tate's theorem follows Tate's original proof (Tate 1952). At that time, there was 
no published account of the Tate groups, and so Tate proved his theorem only for r > 0, but ended 
with an enigmatic promise to extend the result to negative r and to recover the Artin map. The con- 
struction of the Tate cohomology groups was first published in Cartan and Eilenberg 1956 following 
Tate's ideas. 

A good source for the above material is Serre 1962, Part 3. There is a somewhat abbreviated 
version of the same material in Atiyah and Wall 1967. See also lyanaga 1975, Chapter I, and Weiss 
1969. For the cohomology of profinite groups, see Serre 1964 and Shatz 1972. 

A Appendix: Some Homological Algebra 

fa me semble extremement plaisant de ficher 
comme ga beaucoup de choses, pas drdles quand 
on les prend separement, sous le grand chapeau 
des foncteurs derives. 
Grothendieck, Letter to Serre, 18.2.1955.^ 



Some exact sequences^ 

Lemma A. 1 (The Extended Snake Lemma) The exact commutative diagram in blue 
gives rise to the exact sequence in red: 




^To me it seems extremely pleasant to stick all sorts of things, which are not much fun when considered 
separately, under the big hat of derived functors 

^Based on F. Lemmermeyer, The Snake Lemma. 
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Proof. Except for the first and last terms, this is standard. A small diagram chase shows 
that Ker / C Ker(a), from which exactness at Kera follows. The proof of exactness at 
Coker c is similarly straightforward. □ 

Lemma A. 2 (Kernel-Cokernel Lemma) Every pair of homomorphisms 

f g 

of abelian groups gives rise to an exact sequence 

f 

Ker / Ker g o f Ker g Coker / Coker g o f Coker g ^ 0. 
Proof. Apply the extended snake lemma to 



» B > Coker/ > 



g°f 



> C C > 



The language of category theory 

A category C consists of a nonempty class ob(C) of objects, a set Hom(^, B) for each pair 
of objects A, B (called the set of morphisms from A to B), and a map 

(a, Poa: Hom(^, B) x Hom(B, C) Hom(^, C) 

for each triple of objects A, B,C, satisfying the following conditions: 

(a) composition of morphisms is associative; 

(b) for each object A, Hom(^, A) has an element id^ that is a left and right identity for 
composition. 

It is to be understood that the sets Hom(^, B) are disjoint, so that a morphism determines 
its source and target. 

A covariant functor F: C ^ D is a "map" that attaches to each object ^ of C an object 
F{A) of D and to each morphism a: A ^ B a morphism F(a): F(A) F(B) such that 
F(a op) = F{a) o F(^) and F(id^) = idpiA)- 

A functor F:C — > D is left adjoint to the functor G: D C if there is a natural 
isomorphism 

HomD(F(^), B) ~ Homc(^, G{B)). 

If the sets Hom(yl, B) are endowed with the structures of abelian groups in such a way 
that the composition maps are bi-additive, and every finite collection of objects in C has a 
direct sum, then C (together with the structures) is called an additive category. To say that A 
and B admit a direct sum means that there is an object ^ © S in C and maps (a- A A®B, 
Ib: B ^ A ® B, PA. A ® B ^ A, pB- A ® B ^ B such that: 



PA ° I A 
PA o IB 



idA 





PB ° IB — ids 
PB oiA = 
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lAPA + isPB = l^eB- 
Let C be an additive category. A sequence 

0^ A^ B ^ C 
is exact if the sequence of abelian groups 

Hom(r, A) Hom(r, B) Rom(T, C) 
is exact for all objects T. A sequence 

p 

y4 -> S ^ C ^ 

is exact if the sequence of abeUan groups 

Hom(C, T) Hom(S, T) Rom{A, T) 

is exact for all objects T . When the first sequence is exact, A is called the kernel of a, and 
when the second is exact, C is called the cokemel of ^. 

A morphism ^ ^ B is said to be injective (or a monomorphism) if ^ ^ ^ B is 
exact. Similarly, it is surjective (or an epimorphism) if ^4 ^ S ^ is exact. 

Let C be an additive category in which every morphism has both a kernel and a cokernel. 
Let a: A — > S be morphism. The kernel of the cokemel S — ^ C of a is called the image 
of a, and the cokemel of the kemel of a is called the coimage of a. There is a canonical 
map from the coimage of a to the image of a, and if this is always an isomorphism, then C 
is called an abelian category. 

Functors between additive categories will be assumed to be additive, i.e., such that the 
maps Hom(^, B) Hom(F(^), F(B)) are homomorphisms of abelian groups. Such a 
functor is said to be exact if it maps exact sequences to exact sequences. 

For example, for every ring R, the category of ^-modules is an abelian category, and, 
for every topological space X, the category of sheaves of abehan groups on X is an abelian 
category. 

In the remainder of this section, C will be an abelian category. The reader will lose little 
(so far as this course is concerned) by taking C to be the category of modules over a ring, 
for example, the category of modules over a group ring Z[G]. 

Injective objects 

Let C be an abelian category. An object / of C is injective if Hom(-, /) is an exact functor, 
i.e., if 

0^ A^ B ^ C ^0 

exact in C implies that 

Hom(C, /) Hom(B, 7) Rom(A, 1)^0 

is exact. The last sequence is automatically exact except at ^ ' ^ 
IIom(^, /), and so to say that I is injective means that, when- 
ever ^ is a subobject of B, every homomorphism A ^ I extends 
to B. J 

An abelian category C is said to have enough injectives if every object admits an injec- 
tive homomorphism into an injective object. 



A. APPENDIX: SOME HOMOLOGICAL ALGEBRA 



89 



Proposition A. 3 A module M over a principal ideal domain R is injective if and only if 
it is divisible, i.e., the map x \-> rx is surjective for all r e R, r 0. 

Proof, injective =^ divisible: Let m e M and let r be a nonzero element of R. The map 
X rx: i? — ^ i? is injective, and every extension of x xm: R ^ M to R will send 1 to 
an element m' such that rm' = m. 

divisible =^ injective: Suppose that M is divisible, and consider a homomorphism 
a: A ^ M where ^ is a submodule of B. On applying Zom's lemma to the set of pairs 
{A' ,a') where A' is a submodule of B containing A and a' extends a to A', we obtain a 
maximal such pair {Ai,ai). If Ai ^ B, then there exists a b € B \ Ai, and we define 
I = {r e R \ rh € Ai}. Because M is divisible, the map r i-^ ai(rb): I ^ M extends^ 
to R, but this implies that ai extends to Ai + Rb, which contradicts the maximality of 
(Ai,ai). □ 

Therefore, when 7? is a principal ideal domain, every quotient of an injective module is 
injective, for example, K/R where K is the field of fractions of R. In particular, Q/Z is an 
injective abelian group. 

Proposition A. 4 The category of modules over a principal ideal domain R has enough 
injectives. 

Proof. Write M as a quotient M F/N of a free 7?-module F, and consider the exact 
commutative diagram: 

> N > F > M > 

> N > F^rK > (F K)/N > 

Because F F <Sir K is an injective map and F (Sir K is an injective object, the map 
M {F Sir K) / N is an injective homomorphism of M into an injective /^-module. □ 

For abelian groups, the proposition can also be proved as follows: for an abelian group 
M, let = Hom(M, Q/Z); choose a free abelian group F mapping onto , F -» 
M^; then M M"^^ ^ F^ , and F^ is injective. 

Proposition A. 5 A functor that admits an exact left adjoint preserves injectives. 

Proof. Let F' be an exact left adjoint to the functor F: C ^ D . For every injective object 
/ in C, the functor HomoC-, F{I)) is isomorphic to the functor Homc(i^'(-), f ), which is 
exact because it is the composite of two exact functors, namely, F' and Homc(-, /). □ 



For the moment, this is left as an exercise for the reader. 
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Right derived functors 

Let C be an abelian category with enough injectives, and let F: C D be a left exact 
functor from C to a second abelian category. Thus, a short exact sequence 

^ M' ^ M ^ ^ 

in C gives rise to an exact sequence 

F{M') F(M) F(M") 

in D. The theory of derived functors provides a natural extension of this last sequence to a 
long exact sequence. 

Let M be an object of C. A resolution of M is a long exact sequence 

^ M ^ ^ /I ^ ... ^ r ^ r+i ^ ... . 

If the /'"'s are injective objects of C, then it is called an injective resolution. We sometimes 
denote this complex by M I*. 

Lemma A. 6 An injective resolution M I* of M exists, and if M J* is a second 
injective resolution, then there exists a homomorphism from M ^ I* to M ^ J* , i.e., 
there exists a commutative diagram: 

> M > > /I > ... 



> M > r > - 

Proof. By assumption, there exists an injective morphism 

^ M ^ 7° 



with injective. Let be the cokemel of the map. Again, there exists an injective 
morphism 

^ ^ /I 

with I ^ injective. Now 

0^ M ^ 7° ^ 7^ 

is exact. Let = Coker(B^ 7^), and continue in this fashion. 

Similarly, a morphism of resolutions can be constructed step by step, using the defini- 
tion of an injective object. □ 

On applying a left exact functor F to an injective resolution M 7* of a object M, 
we obtain a complex 

F(ry.F(i^) F(i^) — > FiF) ^^-X F{r^^) ■■■ 

which may no longer be exact, and so the cohomology groups 



lm{F{d'-^)) 
may be nonzero. 
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Remark A. 7 Because F is left exact, the sequence 



is exact. Therefore, 



F{M) F(/°) F{I^) 
H°iF(r)) = Ker(d^) = F(M). 



Proposition A. 8 Let M I' and N ^ J' be injective resolutions of objects M and 
NofC. Every morphism a: M N extends to a map of complexes 



M 



N 



For every left exact functor F , the morphism 

H'iF{a')y. H\F{n) ^ H\F{J')) 
is independent of the choice of a". 

We discuss the proof below. 

The proposition, applied to the identity morphism M M , implies that the objects 
H''(F(I*)) are well-defined up to a well-defined isomorphism: given two injective resolu- 
tions M ^ I' and M ^ /* of M , there exists a morphism a': I' J' extending the 
identity map on M , and the maps H''(F(I')) H'' (F( J')) it defines are isomorphisms 
independent of the choice of a'. Now, for each object M of C, we choose an injective 
resolution M ^ I', and we define 

(R''F)(M) = H^'iFil*)). 

A morphism a: M N gives rise to a well-defined morphism {R'' F)(M) (R'' F)(N), 
and these maps make R"^ F into a functor. They are called the right derived functors of F. 
The next two lemmas prove something a little more precise than the proposition. 

Lemma A. 9 Let M ^ I' and N ^ J' be resolutions of objects M and N of C. If 
N J' is an injective resolution, then every morphism a: M ^ N extends to a morphism 



M 



N 



of complexes. 



Proof. Bucur and Deleanu 1968, 7.5. 



Two morphisms a*, fi*: I* J' of complexes are said to be homotopic if there exists 
a family of morphisms k'': U J''^^ (a homotopy) such that 

a' -^^ = d'-^ ok' +k''+^ od' 
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for all r. 

def 

Note that, for every x e Z''(I*) = Ker(<i''), 

a'ix) - ^'{x) = d'-\k'{x)) € lm{d'-^) = B'iJ'). 

Therefore a'^(x) and {x) have the same image in H''( J'), and so homotopic morphisms 
define the same morphism on cohomology. 

Lemma A. 10 Let M I' he a resolution of M , and let N ^ J* be an injective resolu- 
tion N . Any two extensions a' and fi' of morphisms M N to I' ^ J' are homotopic. 

Proof. Bucur and Deleanu 1968, 7.5. □ 

This implies the second statement of Proposition A.8, because the family {F{k^)) is a 
homotopy from F{a*) to F{(^'). 

Proposition A. 1 1 A short exact sequence 

0^ B ^ C ^0 

in C gives rise to a long exact sequence 

FiA) F{B) F(C) R^F(A) ^ ■•■ 

> R'FiA) R'FiB) R'FiC) ^ ■ ■ ■ 

and the association of the long exact sequence to the short exact sequence is functorial. 

The second condition means that a commutative diagram 

> A > B > C > 







-> A' 



-y B' 



-y C 



-> 



gives rise to a commutative diagram 
••• > R'-^FiC) > R'FiA) 



-y R'FiB) 



-y R'FiC) 



■■■ > R'-^FiC) > R'FiA') > R'FiB') > R' F{C') > ■■■ 

For the proof of the proposition, see Bucur and Deleanu 1968, 7.6. 

Remark A. 12 The right derived functors of F are uniquely characterized (up to a unique 
isomorphism of functors) by the following three properties: 

(a) R^F = F; 

(b) R^ F{1) = for r > when / is injective; 

(c) the property in (A. 11). 
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Variants 

By reversing the directions of some of the arrows, one obtains variants of some of the above 
definitions, for example, projective objects, left derived functors, etc. 

The Ext groups 

Let C be an abelian category. 

Let ^ e C. If C has enough injectives, then we can define the right derived functors 
of the left exact functor Hom(^, •). Denote the rth right derived functor by Ext'' (A, ■). To 
compute Ext'^(^, B), we choose an injective resolution B ^ I' of B, and set 

Ext''(^, S) = H'' (Komi A, I')). 

Let 5 e C. If C has enough projectives, then we can define the right derived functors 
of the left exact contravariant functor Hom(-, B). Denote the rth right derived functor by 
Ext'^(-, B). To compute Ext'^(^, B), we choose a projective resolution P, ^ ^ of A, and 
we set 

Ext'"(y4, B) = //'■(Hom(P., B)). 

Proposition A. 13 IfC has enough injectives and enough projectives, then the two defi- 
nitions of Ext'^ (A, B) coincide. 

Proof. We define the Ext'^ using projectives, and prove that they have the properties char- 
acterizing the right derived functors of Hom(A, ■). 
First, certainly Ext°(A, B) = Hom(A, B). 

To say that / is injective means that Hom(-, /) is exact. Therefore Hom(P,, /) is exact, 
and so 

Ext'" (A, /) = //'"(Hom(P., /)) = 0. 

Finally, if 

0^ B' ^ B ^ B" ^0 

is exact, then because P, — ^ A is a resolution of A by projectives, the sequence of com- 
plexes 

Hom(P., B') Hom(P., B) Hom(P., B") 

is exact. By a standard procedure, we get out of this a long exact sequence 

> //'■(Hom(P., B')) //'■(Hom(P., B)) //'"(Hom(P., B")) ^ • • • . □ 

Example A. 14 Let G be a group. Then Mode has both enough injectives and enough 
projectives. For every G-module M , HomG(Z, M) = , and so the functors Hom(Z, ■) 
and H^(G, ■) agree. Hence, so also do their right derived functors: 

Ext^(Z,M) ~ H''(G,M). 

The last proposition allows us to compute these groups by choosing a projective resolution 
P, ^ Z of Z and setting 

H'iG, M) = H^iRouiGiP., M)). (23) 

Remark A. 15 It would shorten the exposition in this chapter a little by adopting the for- 
mula (23) as the definition of H'^(G, M). This is the approach taken by Atiyah and Wall 
(1967), but it is not the natural definition. 
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For the general notion of derived functors, see Chapter 7 of Bucur and Deleanu 1968. 



Chapter III 

Local Class Field Theory: 
Cohomology 

In this chapter, we develop the cohomological approach to local class field theory. We first 
prove that there exists a local Artin map (Theorem 3.4). Together with the theorems of 
Chapter I, §§1-3, this suffices to complete the proofs of the main theorems of local class 
field theory. For those who skipped the Lubin-Tate theory, we then give a proof of the main 
theorems that is independent of Chapter I (except for §1). 

Throughout this chapter, "local field" will mean "nonarchimedean local field". As be- 
fore, K^"^ denotes an algebraic closure of K (or separable algebraic closure in the case that 
K has characteristic p ^ 0), and "extension of K" means "subfield of K^^ containing K". 
All cohomology groups will computed using continuous cochains (see II §4). For a Galois 
extension of fields L/ K (possibly infinite), set 

H^{L/K) = H^{Gal(L/K),L''). 

For the moment, H^{L/ K) is just a cohomology group, but in the next chapter we shall 
see that it has an explicit interpretation as the relative Brauer group of L/ K. 

1 The Cohomology of Unramified Extensions 

The cohomology of the units 

Proposition 1 . 1 Let L/ K be a finite unramified extension witti Galois group G, and let 
Ul be the group of units in L. Then 

H^{G,Ul) = 0, allr. 

Proof. If tt is a prime element of L, then every element of can be written uniquely in 
the form a = un'", u € Ul, m e Z; thus 

L"" = Ul ■ Ul y< 

Since L is unramified over K, we can choose n e K. Then ra = t(u7z"') = (tu)jt'" 
for T 6 Gal(L/ K), and so the above decomposition is a decomposition of G-modules (G 
acting trivially on ~ Z). Therefore, {G, Ul) is a direct summand of H'^(G, L^) 
(see II 1.25). Since H^{G,L'') = by Hilbert's theorem 90 (II 1.22), this shows that 
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H^{G, Ul) = 0. Because G is cyclic, to complete the proof of the theorem, it suffices (by 
II 3.4) to show that H^(G, Ul) = 0. This is accomplished by the next proposition. □ 

Proposition 1 . 2 For every finite unramified extension L/ K,the norm map Nm/, /k'-Ul ~ 
Uk is surjective. 

We first need some lemmas. Let / and k be the residue fields of L and K. Recall that 
the action of G on Ol defines an isomorphism G ~ Gal(/ / k). 

Lemma 1.3 Form > 0, let = 1 + m^. Then 



as G -modules. 



Proof. Let :;r be a prime element of K. It remains prime in L, and 



The maps 



u u mod vcxL'- Ul 
1 + an'^ a mod m^: uj^^ I 

induce the required isomorphisms. □ 

Lemma 1 . 4 For all r , Hj (G,l^) = 0. In particular, the norm map ^ k^ is surjective. 

Proof. By Hilbert's Theorem 90 (II 1.22), H^{G,l'') = 0, and because is finite, its 
Herbrand quotient h(l^) = 1 (see II 3.8). Therefore H^(G, /^) = 0, and this implies that 
all the groups are zero (by II 3.4). □ 

Lemma 1.5 The group Hj{G, /) = for all r. In particular, the trace map I —^kis 
surjective. 

Proof. In (II 1.24) this is proved for r > 0, which imphes it for all r (by II 3.4). □ 

Proof (of Proposition 1.2) There are commutative diagrams (m > 0) 

Ul > Uj;"^ > I 



Nm 



Nm 



Nm 



Uk > up > k 

Consider u e Uk- Because the norm map ^ /c^ is surjective, there exists a fo e 
Ul such that Nm(uo) and u have the same image in k^ , i.e., such that M/Nm(t;o) ^ 



Tr 
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. Because the trace map I k is surjective, there exists a vi e Uf^ such that 

(2) 

Nm(j;i) = M/Nm(i;o) mod . Continuing in this fashion, we obtain a sequence of 
elements uo, ui, ^2, t's, w/ e J7^'\ such that m/ Nm(i;o ••• i'/) ^ U^~^^\ Let u — 
lim^^oo n7=i Vj- Then u/Nm(v) ef]U^^^ = {l}. □ 

Corollary 1 .6 Let L/ K bean infinite unramified extension with Galois group G . Then 
H'' (G, Ul) = for r > (continuous cochains). 

Proof. The field L is a union of finite extensions K' of K, and so (see II 4.2), 
WiGaliL/K), Ul) ^ Hm H' (Gal(K' / K), Uk') = 0. 



The invariant map 

Let L be an unramified extension of K (possibly infinite), and let G = Gsi\{L/ K). 

As H^{G, Ul) = = H^{G, Ul), the cohomology sequence of the short exact se- 
quence 

^ C/l ^ ^ Z ^ 0, 

gives an isomorphism 

//2(G,L^)°-^ H^iG,!.). 

The groups (G, Q) are torsion for r > (see II 4.3) and uniquely divisible (because 
Q is), and hence zero. Therefore the cohomology sequence of the short exact sequence 

^ Z ^ Q ^ Q/Z 

(trivial G -actions) gives an isomorphism 

//^(G,Q/Z) -i H^(G,Z). 

Recall that 

H\G,Q/Z) ~ Homets(G,Q/Z) 

and that G has a canonical topological generator, namely, the Frobenius element a — 
FiohL/K- The composite of 

H^(L/K) H^(G,Z) <^ //HG,Q/Z) ~ Hornets (G,Q/Z) ^^■^''"\ 

ordi S 

is called the invariant map 

inYL/K- H^(L/K) ^ Q/Z. 
Consider a tower of field extensions 



E D K 
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with both E and L unramified (hence Galois) over K. Then 



H\L/K) 

Inf 

inv F / K 

H^(E/K) 



commutes, because all the maps in the definition of inv are compatible with Inf. 
Theorem 1.7 There exists a unique isomorpiusm 

with the property that, for every L C of finite degree n over K, myic induces the 
isomorphism 

inYL/K:H\L/K)^ ^^Z/Z. 

Proof. This is an immediate consequence of the above discussion. □ 

Proposition 1.8 Let L be a finite extension of K of degree n, and let ic'™ and L""^ be 
the largest unramified extensions of K and L. Then the following diagram commutes: 



H^(K"''/K) 



Res 



H^(L""/L) 



(24) 



/Z 



IZ. 



Proof. The largest unramified extension of a local field is obtained by adjoining all mth 
roots of 1 for m not divisible by the residue characteristic. Therefore, L™^ = L ■ iT"", and 
so the map 

T ^ t|/:"^: Gal(L"''/L) ^ Gal(/:™//:) 

is injective. The map denoted Res in (24) is that defined by the compatible homomor- 
phisms: 

Gal(^""/^) ^ Gal(L"'^/L) 

j^nnx ^ ^unx 

(II 1.27b). 

Let Fk = Gal(i:^"/i<:) and Fl = GaKL^'^/L), and consider the diagram: 



H^{K"''/K) H^irK,Z.) ^ — H^Fk, Q/Z) > 



Res 



e Res 



e Res 



fe 
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Here e is the ramification index for L/ K and / is the residue class degree. The first square 
is obtained from the commutative square 



ordjf 



ord/ 



^ z. 



The second square expresses the fact that the restriction map commutes with the boundary 
map. Apart from the factor "e", the third square is 



Hom(rL,Q/Z) 



/ 



Q/Z. 



The Frobenius elements ax and aL are determined by the fact that they induce x x"^ 

/• /■ 
and X x^ respectively on the residue fields, where q = \k\ and q-' = \l\, and so 

ctlIK = CT^. It is now clear that the square commutes, and since n = ef, this proves the 

proposition. □ 



The local Artin map 

Let L be a finite unramified extension of K with Galois group G, and let n = [L : K]. 
The local fundamental class uj^jx is the element of H^{L/ K) mapped to the generator 

\UK] [L/K] ^/'^ ^'^ invariant map invj^/x- H'^(L/ K) — > ^-^^Z/Z. The pair 
(G, L^) satisfies the hypotheses of Tate's theorem (II 3.11), and so cup-product with the 
fundamental class uj^/x defines an isomorphism 

H^(G,Z) //f+2(G,L^) 

for all r 6 Z. For r = —2, this becomes 

H-^{G,Z) ^ H^iG^L"") 

1 1 (II 2.7) II 

G /:^/Nm(L^). 

We now compute this map explicitly. 

A prime element jr of is also a prime element of L, and defines a decomposition 

L"" = Ul-7t^ - UlxZ 

of G -modules. Thus 

H'iG, L^) ~ H'iG, Ul) e H'{G, tt^). 



Choose a generator a of G (e.g., the Frobenius generator), and let 
/ e H\G,(Q/Z) ~ Hom(G,Q/Z) 
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be the element such that /(c' ) = ^ mod Z for all i . It generates H ^ (G, Q/Z). 
From the exact sequence 

and the fact that {G, Q) = for all r, we obtain an isomorphism 

&:H^{G,q/Z) H^(G,Z). 

According to the description of 8 in (II 1.21), to construct 8f, we first choose a lifting 
of / to 1-cochain f:G—>-Q. We take / to be the map ci' where < / < m — I. 

Then 



8f{a\aJ) = a'fiaJ)- f(o'+^) + f(a') 



if /+;■<«- 1 

1 if i + j > n — I. 



When we identify Z with the subgroup Jt^ of L^, we find that the fundamental class 
ULfK ^ H^{G, L^) is represented by the cocycle: 



From the exact sequences 



1 if i + j <n-\ 
n if / + y > n — 1 



^ / ^ Z[G] ^ Z ^ 

0^ ^ L^((p) ^ / ^0 
(see the proof of II 3. 1 1) we obtain boundary maps 

//"2(G,Z) H~^{GJ) 

H-^{G,I) H^iCL""), 

which are isomorphisms because Z[G] and (cp) have trivial cohomology. Here L^{(p) is 
the splitting module © ©aec a^i ^-^f^ °f f- 

Finally, H-^{G, Z) = Hi (G, Z) ~ G (see II 2.7). 

Proposition 1 .9 Under the composite 

H-^(G,Z) ^ H^iCL"") 
\\(n2.7) II 
G ^^/Nm(L^). 

of the above maps, the Frobenius element a e G maps to the class of n in / Nm(L^). 



Note that, because all units in ^ are norms from (see 1.2), the class of n mod NL^ 
is independent of the prime element tt. On the other hand, the G-module L^((p) and the 
map depend on the choice of the generator a for G. 
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Proof. From the construction of the isomorphism H ^{G, Z) ~ G, we see that the image 
of a under the boundary map H~^{G,'E) H~^(G, Ig) C Ig/Iq i& represented by 
a - 1. 

The boundary map H~^(G, Ig) H^{G, L^) is that given by the snake lemma from 
the diagram (we write / for /g): 

H-^(G,I) 



(L'')g > L^(cp)G > (I)g > 

> L^^ > L^'icp)^ > 

H°(G,L''). 

The vertical maps connecting the rows are Nmg = Yl'i=o • element (a — 1) + 
is the image of + / • L^((p) in L^((p)g, and Nm.G(xa + / ■ L^((p)) is the sum of the 
elements: 

X(j = Xu 

axo = x„2 -Xa + (p{a, o) 
a^Xa = x^T. - x„2 + (p{a, a^) 

ct"~^Xo- = 'xi ' — Xo.«-i + ^(ct, a"~^) 

On summing these, remembering that 'xi'= (p{\, 1) = 1 and that + on the factor of 
L{(p) is actually ■, we find that 

n-l 
i = l 

This completes the proof. □ 

Remark 1.10 The above proof of Proposition 1.9, using Tate's original definition of the 
isomorphism //''(G,Z) — > H'''^^(G, C), is simpler than that found in other references, 
which uses the description of the map in terms of cup products. 

2 The Cohomology of Ramified Extensions 

Because of Hilbert's Theorem 90 (II 1.22), there is an exact sequence 

^ H^{L/K) ^ H\E/K) ^ H^(E/L) 

for any tower of Galois extensions E D L D K (see II 1.36). 
The next theorem extends Theorem 1.7 to ramified extensions. 

Theorem 2. 1 For every local field K, there exists a canonical isomorphism 

inv K- H^(K''^/K) Q/Z. 
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Moreover, if [L : K] — n < oo, then the diagram 

> H^{L/K) > H^(K''^/K) H^{K^^/L) 



mvK 



(25) 



> ^Z/Z > Q/Z 

commutes, and therefore defines an isomorphism 

iuYL/K: H\L/K) ^ ^Z/Z. 

The proof will occupy most of the rest of the section. 

Lemma 2.2 If L/K is Galois of finite degree n, then H^{L/K) contains a subgroup 
canonically isomorpliic to ^Z/Z. 

Proof. Consider the diagram 

> Ker(Res) > H^(K"''/K) > H^(L"''/L) 



Inf 



Inf 



> H^(L/K) > H^(K^^/K) H^iK^^/L) 

Since the two inflation maps are injective, so also is the first vertical map, but (1.8) shows 
that the kernel of the restriction map on the top row is canonically isomorphic to ^Z/Z. □ 

To complete the proof of Theorem 2.1, it suffices to prove that the map -Z/Z <^ 
H^{L/ K) is an isomorphism. There are two different approaches to proving this. In the 
next chapter on Brauer groups, we shall show that H^{K^'^/K) ~ H^{K^^/ K) (every 
central simple algebra over K is split by an unramified extension; see IV §4), and so the 
vertical maps in the above diagram are isomorphisms. The second proof, which we now 
present, shows that \H-^{L/ K)\ < n. 

Lemma 2.3 Let L be a finite Galois extension of K with Galois group G. Then there 
exists an open subgroup V of Ol stable under G such that H''(G, V) = all r > 0. 



Proof. Let {x^ \ t e G} be a normal basis for L over K (see FT 5.18). The Xz have a 
common denominator d in Ok (see ANT 2.6). After replacing each x-c with d ■ Xz, we may 
suppose that they lie in O^. Take V = Ok^z- Then 

V - Ok[G] - Ind^ Ok 

as G-modules, and so {G, V) = Q for all r > (see II 1.12). □ 



Lemma 2.4 LetL, K, and G, be as in the last lemma. Then there exists an open subgroup 
V ofUL stable under G such that H''(G, V) = for all r > 0. 
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Proof. I prove this only for K of characteristic zero. The power series 

e-^ = 1 + X H h x"/n\ H 

converges for ord(x) > ord(p)/(p — 1) (ANT 7.29). It defines an isomorphism of an open 
neighbourhood of in L onto an open neighbourhood of 1 in L ^ , with inverse mapping 

log(x) = (x - 1) - (x - lf/2 + {x- lf/3 . 

Both maps commute with the actions of G (because G acts continuously). If V is an open 
neighbourhood of as in (2.3), then n^V will have the same properties, and we can take 
V = exp(n^ V') with M chosen to be sufficiently large that the exponential function is 
defined and an isomorphism omr^V. □ 

Lemma 2.5 Let L/ K he a cyclic extension of degree n; then h{UL) = 1 and h{L^) — n. 

Proof. Let V be an open subgroup of Ul with W {G,V) = for all r. Because Ul 
is compact, the quotient Ul/V is finite, and so h{Ui,) = h{V) = 1 by 11 3.9. Now 
/z(L^) = h{UL) ■ HZ) = h(Z), and 

h(Z) = \H^(G,Z)\ I \H^{G,T)\ = \H^(G,Z)\ = \Z/nZ\ = n. □ 

Lemma 2.6 Let L be a finite Galois extension of K of order n, then H^{L/ K) has order 
n. 

Proof. We know that the order of H^{L/ K) is divisible by n, and that it equals n when 
L/ K is cyclic. We prove the lemma by induction on [L: K]. Because the group Gal(L/ K) 
is solvable (ANT 7.59), there exists a Galois extension K' / K with L ^ K' ^ K. From the 
exact sequence 

H^{K'/K) H^iL/K) H^iL/K') 

we see that 

\H^(L/K)\ < \hHk'/K)\ ■ \H\L/K')\ = n. 

Proof (of Theorem 2.1) From the diagram in the proof of (2.2) we see that, for ev- 
ery finite Galois extension L of K, the subgroup H^{L/ K) of H-^{K^^/ K) is contained 
in H^{K'^''/K). Since H^(K^^/K) = [J H^{L/K), this proves that the inflation map 
H^{K"^/K) H-^(K^^/ K) is an isomorphism. Compose the inverse of this with the 
invariant map invj^: H^(K''''/K) Q/Z of Theorem 1.7. □ 

In fact, the diagram in Theorem 2.1 commutes even when L/K is not Galois: 

invL o Res = [L : K] invx ■ (26) 

(In this setting, we define H^{L/ K) to be the kernel of the restriction map.) 

'For a proof of the characteristic p case, see pl34 of Serre's article in Algebraic number theory. Edited by 
J. W. S. Cassels and A. Frohlich, Academic Press, London; Thompson Book Co., Inc., Washington, D.C. 1967. 
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I claim that 

inv^ o Cor = mvL ■ (27) 
Because Res is surjective (see diagram (25)), to prove this it suffices to show that 

invK ° Cor o Res = invL ° Res . 
But Cor o Res — [L : K] by (11 1.30), and so this is the preceding equahty (26). 

The fundamental class 

Let L be a Galois extension of K with Galois group G. As in the unramified case, we define 
the fundamental class uj^jx of L/ K to be the element Uj^jx of H^{L/ K) such that 



or, equivalently, such that 



'^^VL/KiuL/K) = modZ, 
[L: K\ 



uwk{ulik) = -rr~T^ modZ. 
[L : K\ 



Lemma 2.7 LetL D E D K with L/K Galois. Then 

Res{uL/K) = ul/e, (28) 

Cot(ul/e) = [E : K]UL/K. (29) 
Moreover, if E / K is also Galois, ther? 

lni{uEiK) = [L:E]ui^,K. (30) 



Proof. Consider 



IE:K] IL:E] 

> o/z > 



On applying the kernel-cokernel lemma to the rows (and using that the lemma is functorial), 
we obtain a commutative diagram: 

> H^{E/K) H^{L/K) H^{L/E) 



The equality (28) expresses the fact that the second square commutes, and (3.15) that the 
first square commutes. 

Equahty (29) follows from comparing 

(27) 1 

mvK(CoTE/K{uL/E)) = voMEiuLiE) = mod Z 

imrKiuL/K) = mod Z. □ 

[L: K\ 



Need to add a proof of this (and similarly in the global case). 
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Remark 2.8 There are groups / Nm(L^) and H^(L/K) attached to every finite ex- 
tension L/ K of local fields. When L/ K is cyclic, they are isomorphic, but not otherwise. 
The first group is always isomorphic to Gal(M/ K) where M is the largest abelian subex- 
tension of L/ K (see 3.4, 3.5), and the second is always cyclic of order [L : K]. Thus, when 
L/ K is abelian but not cyclic, the two groups have the same order but are not isomorphic, 
and when L/ K is not abelian, they have different orders. 

3 The Local Artin Map 

The pair (G, L^) satisfies the hypotheses of Tate's theorem (II 3. 11), and so we have proved 
the following result. 

Theorem 3 . 1 For every finite Galois extension of local fields L/K and r e 1^, the homo- 
morphism 

H^(Ga\(L/K),Z) H^+^(Ga\(L/ K), L"") 
defined by x xUul/k is an isomorphism. When r = —2, this becomes an isomorphism 

If L D E D K with L/K Galois, then the homomorphism in the theorem commutes 
with both Res and Cor. For example, to prove the statement for Res we must show that 

Res(x U ul/k) = Res(x) U u^fE 

for all X e H!^(Gal(L/ K), L^). But a standard property of cup-products (11 1.39c) is that 

Res(x U Ul/k) = Res(x) U Res(M^/^), 

and so this follows from (28). The proof for Cor is similar. 
IfLDEDK with L/K and E/K Galois, then 

Inf(x U ue/k) = [L : £']Inf(x) U Ul/k- 

Again, this follows from a standard property of cup-products and the formula (30). 
For r = —2, the map in the theorem becomes 

GaliL/KY^ ^ K^'/t^uiL/KL''. 

We denote the inverse map by 

<I>L/K ■■ K^/^^likL-^ ^ GaliL/Kf"^ 

and call it the local Artin map, or by rec^/K call it the local reciprocity map. (The 
second name is more common, but it is hard to see any reciprocity in the map.) 

Lemma 3.2 Let L d E d K be local fields with L/K Galois. Then the foUowmg 
diagrams commute: 

£x Gal(L/£)^'' E"" Gal(L/£)^'' 



Nm 



E/K 



Ver 



Gal(L/Ky'' K"" Gal(L/Kr'' 
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The unmarked vertical arrows are induced by the inclusions Gal(L/E) C Gal(L/K) and 
K C E. 

Proof. To be added (the second is not really needed). □ 

3.3 Let L D E D Khe local fields with both L and E Galois over K. Then the following 
diagram commutes: 

The unmarked vertical arrow is induced by the surjection a t-^ a\E: Gal(L / K) ^ Gal{E / K) . 

Proof. This follows directly from the definition of the local Artin map, using (30).^ □ 

In particular, if L D E D ^ is a tower of finite abelian extensions of K, then 
<Pl/k('^)\E = <Pe/k('^) for all a e K^, and so we can define fx- Gal(K^^ / K) 

to be the homomorphism such that, for every finite abelian extension L/K, 0j5:(fl)|L — 

Theorem 3.4 For every local field K, there exists a homomorphism (local Artin map) 

cj)K: K"" Gal(K^^/K) 

with the following properties: 

(a) for every prime element n of K, (pK{'^)\K^^ = Frob/^; 

(b) for every finite abelian extension L of K, Nm^/j5^(L^) is contained in the kernel of 
a 0j5:(fl)|L, and cpK induces an isomorphism 

0L/J^:^VNmi/^(L^) ^ Ga\{L/K). 

Proof. Everything is obvious from the above, except (a), which follows from the fact that, 
for an unramified extension L of K, (pL/K agrees with that defined in §1, and so we can 
apply Proposition 1.9. □ 

For those who have read §3 of Chapter I, this completes the proof of the main theorems 
of local class field theory — they can now skip to Chapter V if they wish. Others will need 
to continue to the end of the chapter. 

Theorem 3.5 (Norm Limitation Theorem) Let Lbea finite extension of K, and let 
E be the largest abelian extension of K contained in L; then 

Nmi/j^(L><) = Nm£/^(£^). 



■'Herve Jacquet has pointed out that this doesn't appear to be correct, but that the statement can be proved 
using (3.6). I don't know whether it can be proved without using (3.6) [need to fix this.] 
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Proof. Because of the transitivity of tiie norm map, NmL/x(L^) is a subgroup of Nm£:/^(£'^). 
If L/K is Galois, then Gal(E/K) = Gal(L/K)^^, and so Theorem 3.1 shows that both 
norm groups have index [E: K] in K^. This implies that they are equal. 

In the general case, we let L' be a finite Galois extension of K containing L. Let 
G = GaliL'/K) and H = Gal{L'/L). Thus: 

L' 




Then E is the largest subfield of L' that is abelian over K and contained in L. Therefore, 
the subgroup of G fixing it is G' ■ H where G' is the derived group of G. Let a e Nm(E^). 
We have to show that a 6 Nm(L^). Consider the commutative diagram 



<t>L'/L 



Nm 



<t>L' 



IK 



H/H' 

incl. 

G/G' 

proj. 



> G/G'H. 



The element (Pl'/k('^) of G/G' maps to 1 in G/G'H. As 0/,///, is surjective, we see 
from the diagram that there exists a. b e such (pL'/xip) = 0L7i^(Nm(Z7)), and hence 
a/Nm(Zj) € Nm(L"'), say, a/Nm(Z>) = Nm(c). Now 



Theorem 3.5 shows that there is no hope of classifying nonabelian extensions of a local 
field in terms of the norm groups. 



Alternative description of the local Artin map 

Let L/ Kh&Si finite abelian extension with Galois group G, and let uj^jx ^ H^(G, L^) be 
the fundamental class. The local Artin map (pj^ix is the inverse to the isomorphism 

x^xU ul/k ■ Hj^{G,Z) H^iG^L""). 

This definition is difficult to work with because cup-products involving both homology and 
cohomology groups have no very convenient description. Instead, we re-interprete the map 
purely in terms of cohomology groups. Consider the cup-product pairing 

« « « inv/ / fc 

H^(G,L'')xH^(G,Z) > H^{G,L'') Q/Z. 
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Given an element a e H^(G,L^) = and a class c e H^{G,'L) represented by a 
cocycle f : G x G ^ the cup-product class a U c is represented by the cocycle (ct, t) 
af^"''^\ Recall also that we have an isomorphism 

Hom(G,Q/Z) = //^(G,Q/Z) H^iG,Z). 
Proposition 3.6 For every x e Homcts(G, Q/Z) and a € K^, 

Xi^L/M) = invi^(a U 8x). 

Proof. See Serre 1962, "Annexe" to Chapter XI, and Serre 1967, pl40. □ 

Using this, we can get another proof of Proposition 3.4. 
Lemma 3.7 IfL/K is unramMed, (pL/x sends a € K"" to Frob°"^''''. 

Proof. Recall that invK is defined to be the composite 

H^iCL'') ^ H^{G,Z) J- Hom(G,Q/Z) I^ll^ q/z. 
Because of the functoriality of cup-products 

ord(fl U 8x) = ord(a) U Sx, a e K"" , / 6 Hom(G, Q/Z) 

where, on the left ord denotes the map on induced by ordL:^^ and on the 

right it is the map itself. Let a 6 H^(G,L^) = K^, and let m = ord/, (a). For every 
X e Hom(G, Q/Z), in the above diagram, 

a U Sx ^ ord(<3) U 5/ mx i-^ /(a'"), a = Frob, 

i.e., inv^(a U 8x) — xif'"^)- On combining this with the formula in (3.6) we find that 

xicpm = xicy"'^^"^) 

for all X e Hom(G, Q/Z), and so 0(q;) = 0°'"^^''^ . □ 

For every character / of G, we get a character a mvKici U 8x) of . By duality 
we get a map G. Proposition 3.6 shows that this map is ^l/k- Gal{L/K). 

4 The Hilbert symbol 

Since the subgroups of finite index in intersect in {1}, the existence theorem implies 
that the norm groups intersect in 1. The following key result is the starting point in our 
proof of the existence theorem. 

Proposition 4. 1 Let K be a local field containing a primitive n th root of 1 . Any element 
of that is a norm from every cyclic extension of K of degree dividing n is an n th power. 

This will be a consequence of the theory of the Hilbert symbol. 
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A very special case 

We explain in this subsection how to obtain the proposition in the special case K = Qp, 
n — 2,by using only elementary results from Sene 1970, Chapter 111. 
Fora,b e Qp, define 

1 if z'^ = ax-^ + by'^ has a nontrivial solution in Qp 
— 1 otherwise. 

Clearly, (a, b)p depends only a and b modulo squares, and so this is a pairing 

a, b ^ {a, b)p : Q^'p/Qf xQ^p/Qf ^ {±1}. 

Serre shows (ibid. 1.1, 1.2) that this pairing is bi-multiplicative 

{aa',b)p = (a,b)p(a',b)p, (a,bb')p = (a,b)p(a,b')p, 

symmetric (which in this case is the same as skew-symmetric) 

(b,a)p = (a,b)p^ = (a,b)p, 

and nondegenerate (i.e., the left and right kernels are trivial). 
Let a be an element of Qp that is not a square. Then 

£» IS a norm fromQp[Vfl] h = — ax has a solution in On 

<^=^ z'^ = ax'^ + hy'^ has a nontrivial solution in Qp 
<^=^ {a.b)p = 1. 

Thus, 

is a norm from Qp[V^] for all a =^ {a, b)p = 1 for all a =^ b e Q^ , 

by the nondegeneracy of the pairing. This proves the proposition in this case. 

Aside 4.2 The map a.b \-> (a,b)p is called the Hilbert symbol. It is defined also for M, and Serre 
proves (Hilbert product formula) 

Y\{a,b)p=^- (31) 

P<OQ 

The general case 

In this subsection, Hom(G, 'L/n'L) denotes the group of continuous homomorphisms G —>■ 
Z/«Z. 

Step 1. Review. 

Recall that for every cyclic group G and G -module M , there are isomorphisms 

which become canonical once one chooses a generator a of G. More precisely, let n = (G : 
1) and let x be the isomorphism G Z/«Z sending a to 1 mod n. From the cohomology 
sequence of 

O^Z^Z^ Z/nZ 0, 




110 



CHAPTER III. LOCAL CLASS HELD THEORY: COHOMOLOGY 



we obtain a boundary map 8: H^{G,'L/ n'L) H^iCE). The isomorphism 

i/f (G, M) H!j+^{G, M) 

is h i-^ 8x ^ b. 

Now let ^ be a field (not necessarily local), and let L/K cyclic extension with Galois 
group G (of order n). When r = and M = L^, the isomorphism becomes 

For X e Hom(G, Z/«Z) and be K"", define 

{X,by = SxUheH^{G.L''). 
The above discussion shows that, if x is an isomorphism G Z/«Z, then 

(X,by = <^=^ & is a norm from L^. 

Step 2. 

Let ^ be a field (not necessarily local). If K has characteristic p 0, then we require 
n to be relatively prime to p. Let K^^ be a separable algebraic closure of K (thus, simply 
an algebraic closure if K is perfect), and let G — Gal{K'^^/K). Let fi„ be the group of 
nth roots of 1 in K'^^, regarded as a G-module. Under our assumption on n, fXn is a cyclic 
group of order n. 

From the cohomology sequence of 

> Hn > ^^"^ ^^^^ ^^"^ > 

and Hubert's theorem 90 (II 1.22) we find that 

5 : ^x//:x" ^ H\G,iin), H^(G,iin) ^ H^(G, K^^'')n. 

Here H^(G, K''^'')„ denotes the group of elements m H^{G, K^^^) killed by n. 
Consider the cup-product pairing 

H\G,'L/nZ) X H\G,^in) H^(G,iin) 

I? I? W 

Hom(G,Z/nZ) K"" / K""" H^{G, K^^'')„. 

For X £ Hom(G, Z/«Z) and ^ £ / K^", we write (;f , for the image of the pair under 
the above pairing: (j, b) — x ^ ^b (as an element of H^(G, K'^^^)). 

Let X £ Hom(G, Z/ «Z) and (for simplicity) assume that x has order n. Let L;^ be the 
subfield of K^^ fixed by Ker(/). Thus is a cyclic extension of K of degree n, and / 
induces an isomorphism of its Galois group G with Z/«Z. Let b e A'^, and let 

{X,by = SxUbeH\G,L''), 



as in Step 1 . Then 



lnf((x,by) = (x,b). 
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Since the inflation map H^{G, Ly) H-^(G, K^) is injective (see II 1.36), we deduce 
that 



(X,b) = <^=^ & is a norm from L^. 



Step 3. 

Now assume that K is a. local field, so that we have a canonical isomorphism 

For ;f e Hom(G,Z/nZ) ~ H^(G,Z/nZ) and b e K^'/K''" ~ H^(G,ix„), we now 
define 

(X, b) = mwKij U 5b) e -Z/Z. 

n 

Thus, we have a canonical pairing 

X,b\-^ {X,by.H\G,Z/nZ) x H^{G,iin) H^{G,pL„) ~ -Z/Z. 

n 

Proposition 4.3 The left kernel of this pairing is zero. 

Proof. Let x e Hom(G, Z/nZ); we have to show that if (x, Z?) = for all b e K"" / K""" , 
then X = 0. 

Recall that the composite of the local Artin map (pK' K^ Gal{K''^/K) with 

r ^ r|L: Gal(ii:''^/^) Gal{L/K) 

is surjective for every finite extension L of K contained in K^^. This imphes that the image 
of is dense in GaliK^^/K). Recall (3.6) that, for b € K"" , 

{X,b mod K""") = xicl^Kib)). 
Because x is continuous, if it is zero on ^k(K^), then it is zero on the whole of Gal(K^^/ K).n 

Step 4. 

Now assume that K contains a primitive «th root of 1. Thus, /x„ Z/«Z as a G- 
module (the isomorphism depends on the choice of a primitive «th root of 1). In particular, 

<8> /Xn ^ jjin, and so H-^(G,IjL„ (8> fin) ~ H^{G,iXn) (noncanonically). There is a 
canonical isomorphism 

H'^{G, fin) <Si fX„ ^ H^(G, fin <8> fin), 

which can be defined, for example, as x, j x U j. On combining this with the isomor- 
phism H^{G,fin) ^Z/Z given by the invariant map, we obtain an isomorphism 

H^{G,fln <8> fin) - fin- 
Thus, we have a cup-product pairing 

HHG,fln) X H\G,fln) ^ H^{G,fln®fln) 

\i n \i 

K'^IK'"' K^'/K'"'' fin. 

For a,b e , their image in /x„ under this pairing is denoted (a,b). The pairing is called 
the Hilbert symbol. 
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Theorem 4.4 The Hilbert symbol has the following properties. 

(a) It is bi-multiplicative, i.e., 

(aa', b) = (a,b)(a', b), (a, bb') = {a, b)(a,b'). 

(b) It is skew-symmetric, i.e., 

{b,a) = (a,b)-\ 

(c) It is nondegenerate, i.e., 

ia,b) = I for all b e K"" / K""" =^ a e K""" , 

(a,b) = I foralla e K^'/K''" ^ beK""". 

(d) (a,b) = I if and only if b is a norm from K [ 'ifa\ . 

Proof. Statements (a) and (b) are immediate from the definition of the Hilbert symbol in 
terms of cup-products. 

We next prove (c). Choose an «th root of 1, and use it to define isomorphisms Z/ nL 
[In and [In V^n ® l^n- The diagram defined by these maps, 

H\G,\ln) X H\G,\ln) ^ H^(G,iln®\ln) - (G , [In) ® \ln 

t II t 

H^{G,'L/n'L) X H^{G,iXn) ^ H^{G,iXn), 

commutes. By Proposition 4.3, the left kernel of the lower pairing is zero. Hence, the left 
kernel of the upper pairing is also zero, which, by skew-symmetry, implies that the right 
kernel is zero. 

Finally, we prove (d). Assume (for simplicity), that /^[y^] has degree n over K. 
Choose a primitive nth root ^ of 1. Then ^^[^0] is cyclic of degree n over K, and its 
Galois group is generated by the map a sending '-ifa to t, 'ifa. With this choice of t,, 
a € / K^^ corresponds to the element of Xa £ Hom(G,Z/nZ) sending a to 1 mod 
Z. As K[!i/a\ = L^^, (d) follows from the boxed formula above. □ 

Proof (of Proposition 4.1) We can deduce Proposition 4.1 from Theorem 4.4 by the 
same argument as in the case K = Q, n = 2, namely, if Z> is a norm from K[ 'ifa\ for all a, 
then (a, Zj) = for all a (by 4.4d), and hence b e iiT^" (by 4.4c). □ 



Remark 4.5 The Hilbert symbol is related to the local Artin map by the formula 

1 i 
0j^(o)(fl") = (a,b)a" . 

Note that Galois theory tells us that, for every r e Ga[(K[an]/ K), ran = ^an for some 
nth root of one ^ (remember, we are assuming that K contains the «th roots of 1), and so the 
point of the formula is that roots of 1 are the same. The proof of the formula is an exercise 
in cup-products, starting from Proposition 3. 6. (a) 
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Remark 4.6 The existence theorem will show that defines an isomorphism / K^"- —>■ 
GdX{L/ K), where L/K is the largest abelian extension of K of exponent n (without the 
existence theorem we know only that the map is surjective). Clearly, Hom(G,Z/nZ) = 
Hom(Gal(L/^), Z/nZ), which is the dual of GaliL/K). Thus, K"" / K""" and Hom(G, Z/nZ) 
have the same order. This shows that the pairing in Step 2, 

H\G,Z/nZ) X H\G,iXn) ^ H^i^iin) - l^LjZ 
is nondegenerate. More generally, for every finite G -module M, the cup-product pairing 

H'iCM) X H^-'~{G,M) H^{G,fi„) ~ -Z/Z 

n 

is nondegenerate — here M — Hom(M, This duality theorem was proved by Poitou 
and Tate in the early 1950s, and was a starting point for the theorems in my book "Arith- 
metic Duality Theorems". Note that it implies that H^(G, iXn <8> — (M'n)G- 

Remark 4.7 The Hilbert symbol has an interpretation in terms of central simple algebras 
(see the next chapter). For a,b e and ^ a primitive nth root of 1, define A{a,b; ^) to 
be the A'-algebra with generators / and j satisfying the relations i" = a, j" = b, and 
ij = ^ji. Then, (a,b)v is the class in Br(K)n represented by A{a,b; ^). Note that for 
« = 2, we recover the quaternion algebra H{a,b). 

Remark 4.8 The Hilbert symbol 

is defined also for ^ = M and n = 2. Moreover, the product formula (31) holds for all 
number fields and all n (see 5.4 below). 

5 The Existence Theorem 

Let AT be a local field. Recall that a subgroup of is a norm group if there is a finite 

abehan extension L/K such that Nm/^//^(L^) = A^. Because / N ^ GdX{L/K), N is 
of finite index in (hence open — see 1 1.3). 

Theorem 5.1 (Existence Theorem) Every open subgroup of finite index in is a 
norm group. 

[In this draft, I assume K has characteristic zero, so that 1 can use that every subgroup 
of finite index is open.] 

Remark 5.2 Before starting the proof of Theorem 5.1, we should consider the abstract 
situation: Let Z be an infinite abelian group, and let be a family of subgroups of finite 
index; what do we need to know in order to prove that M contains all subgroups of Z of 
finite index? Clearly, a start is to know: 

(a) if / contains an element of J\f, then / is in M; 

(b) if A'^i and N2 are in J\f, then A'^i fl N2 contains an element of M (and hence is in A/"). 
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We know the family of norm subgroups of has these properties (Corollary 1.2), but 
so also, for example, does the set of subgroups of Z containing 5Z. Clearly, we need to 
know more. Let D be the intersection of all the groups in J\f. If every subgroup / of finite 
index in Z contains an element of M, then it contains D. Conversely, if D is divisible, 
i.e., D = nD for all integers n, then D is contained in every subgroup of finite index 
(a subgroup of Z of index n contains nZ D nD = D). Therefore, we need that D be 
divisible, but even this isn't sufficient. For example, let Z = Z and J\f = {p'^'L \ n e N}. 
Then Z) = Q /?"Z = is divisible, but not every subgroup of finite index in Z contains 
an element of M. [Probably I should include a complete list of "axioms" that a family 
N should satisfy in order to contain all open subgroups of finite index — see SeiTC 1962, 
XI. 5, or Artin and Tate 1961, Chapter 14. This may be useful when we come to the global 
existence theorem.] 

Proof of Theorem 5.1 

Step 1. For any finite L/ K, the norm map ^ has closed image and compact 
kernel. 

Proof. Since the image has finite index, it is open (see 1 1.3), and hence closed. The kernel 
is closed, and it is contained in Ul , because 

ord/,(Nm(a)) = [L: K]oTdL(a) = f • ordi^(a), 

and so is compact. □ 

Let Dk = f] Nm^/j5^(L^), where L runs over the finite extensions of K (or only the 
finite abelian extensions — after Theorem 3.5, it is the same). 
Step 2. For each finite extension K' / K, Nm/^///^ Dk' = Dk- 

Proof. Let a e Dk, and consider the sets 

Nm^/j^/ L"" n Nm;^}/^(<2), L/K' finite. 

They are compact and nonempty, and any two contain a third. Therefore their intersection 
is nonempty (pointset topology). An element in the intersection Ues in Dk' and has norm 
a. □ 

Step 3. The group Dk is divisible. 

Proof. Let « > 1 be an integer — we have to show that nDK = Dk- Let a e Dk- For 
each finite extension L of K containing a primitive «th root of 1, consider the set 

E(L) = {b e K"" \ b"" = a, e Nm^/^ L^}. 

It is nonempty: a = Nuii^/k for some a' e Di^; according to Proposition 4.1, a' = c" 
for some c e L, and 

NmL/K(c)" = NiTiL/K(a') = a- 

def 

therefore b = NuiL/Kic) € E(L). Moreover, E(L ■ L') C E(L)r\ E(L'). Since each set 
is finite, their intersection is nonempty. An element in their intersection lies in Dk and has 
nth power fl. □ 
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Step 4. Dk = {!}■ [Actually, we don't use this here.] 

Proof. Choose a prime element of K. Let Vm,n = U^"^^ x jr"^. Then Vm,n is an (open) 
subgroup of finite index in , and therefore contains Dk- Now Dk C Hm n ^rn,n =■ 
{!}■ ' ' □ 

Step 5. Every subgroup I of finite index in that contains Uk is a norm subgroup. 

Proof. Since ord-K- ^ Z is surjective with kernel Uk, the subgroups / in question 
are the subgroups of AT ^ of the form ord^^ {nZ),n > 1. Let K„ be the unramified extension 
of K of degree n. Then NmK„/K(K^) is a subgroup of containing Uk (see 1.2) with 
image nZ in Z. The statement follows. □ 

We now prove the theorem. Let M be the set of norm groups in K^, so that Dk = 
C^NeM ^- Let / be a subgroup of of finite index. Because Dk is divisible, / D Dk, 
and so 

Each norm group is closed (Step 1), and therefore each group A' fl Uk is compact. As / 
is open, it follows that I D N Ci Uk for some ^ 

Fix a norm group A'^ such that A'^ fl Uk C /. 1 claim that / contains 

N niUK + N n I). 

Indeed, every element of the intersection is of the form a + b, a e Uk, b € N Ci I , 
a + b e N. The last two statements imply that a e N. Hence a e N r\ Uk C I , and so 
a + b e I. 

Now A^ n / is of finite index in K^, because both A^ and / are and / N n / injects 
into (K^/N) X (K^ /I). Hence Uk + N H I is a subgroup of finite index in containing 
Uk, and so is a norm group (Step 5). Now A' fl (Uk + N r\I), being the intersection of two 
norm groups, contains a norm group. Therefore, / contains a norm group, which implies 
that it is a norm group. 

Notes It follows from Krasner's lemma (ANT 7.60) that every finite abelian extension of local 
fields arises by completing a finite abelian extension of global fields. In the 1930s Hasse and F.K. 
Schmidt^ were able to deduce the main theorems of local class field theory from those of global 
class field theory. 

From the modern perspective, this seems a strange way to do things. In the 1940s, in his alge- 
braic approach to class field theory Chevalley developed local class field theory directly, and used 
it in the construction of global class field theory. F. K. Schmidt also showed that local class field 
theory can be constructed independently of global class field theory. 

At that time, there was no good description of the local Artin map, and nor was there an explicit 
way of constructing the maximal abelian extension of a local field (except for Qp of course). 

In 1958 Dwork gave an explicit description of the local Artin map, which is reproduced in Serre 
1962, but it was not very pleasant. 

^Look at the images of the A' fl Uj^ in K^/ 1; because / is open, / 1 is discrete, and so the image of 
each A' fl Uk is finite; thus we have a family of finite subgroups of /I whose intersection is {1}; since any 
two members of the family contain a third, this implies that the family includes {1}. 

^H. Hasse, Die Normenresttheorie relative-Abelscher Zahlkorper als Klassenkorper im Kleinen, J. fiir 
Mathematik (Crelle) 162 (1930), 145-154. 

F. K. Schmidt, Zur Klassenkorpertheorie im Kleinen, ibid. 155-168. 
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In 1965 Lubin and Tate introduced the Lubin-Tate formal group laws, and gave an explicit 
construction of K'^^ and an explicit description of the local Artin map. However, they made use of 
the existence of the local Artin map (our Theorem 1 1.1) in their proofs. 

In the early 1980s Lubin, Gold, and Rosen independently gave "elementary" proofs that K'^^ = 
K„ ■ In his book (Iwasawa 1986), Iwasawa develops the whole of local class field theory from 
the Lubin-Tate perspective, and also gives explicit formulas (due to de Shalit and Wiles) for the 
Hilbert symbols etc.. 

Other noncohomological approaches can be found in Hazewinkel 1975, Neukirch 1986, and 
Fesenko and Vostokov 1993. The disadvantage of the noncohomological approaches is, naturally, 
that they provide no information about the cohomology groups of local fields, which have important 
applications to other topics, for example elliptic curves. 

For an explicit description of the local Artin map in the case of tame extensions, see Newton, 
Rachel, Explicit local reciprocity for tame extensions. Math. Proc. Cambridge Philos. Soc. 152 
(2012), no. 3, 425^54. 

In this chapter, I have largely followed Serre 1962 and Serre 1967. 



Chapter IV 

Brauer Groups 



In this chapter, I define the Brauer group of a field, and show that it provides a concrete 
interpretation of the cohomology group H^{K^^ / K). Besides clarifying the class field 
theory, Brauer groups have many applications, for example, to the representation theory of 
finite groups and to the classification of semisimple algebraic groups over nonalgebraically 
closed fields. 

Throughout the chapter, k will be a field, and all vector spaces over k will be finite 
dimensional. A k-algebra is a ring A containing k in its centre and finite dimensional as a 
^-vector space. We do not assume A to be commutative; for example, A could be the ring 
M„(k) ofnxn matrices over k. A k-subalgebra of a fc-algebra is a subring containing k. 
A homomorphism (p: A ^ B of /^-algebras is a homomorphism of rings with the property 
that (p(a) = for all a e k. The opposite ^°pp of a /c -algebra A is the algebra with the 
same underlying set and addition, but with multiplication ■ defined by a ■ ^ = ^a. Let 
ei en he a basis for ^ as a fc-vector space. Then 



for some a -j e k, called the structure constants of A relative to the basis (e, ), . Once a 
basis has been chosen, the algebra A is uniquely determined by its structure constants. 

1 Simple Algebras; Semisimple Modules 

Semisimple modules 

By an A-module, we mean a finitely generated left ^-module V . In particular, this means 
that \v = u for all I) e V . Such a F is also finite-dimensional when considered as a 
/^-vector space, and so to give an ^-module is the same as to give a (finite-dimensional) 
vector space over k together with a homomorphism of fc-algebras A End;t(F), i.e., 
a representation of ^ on F. The module is said to be faithful if this homomorphism is 
injective, i.e., if ax = for all x e K implies a = 0. 

An ^-module V is simple if it is nonzero and contains no proper ^-submodule except 
0, and it is semisimple if it is isomorphic to a direct sum of simple ^-modules. It is in- 
decomposable if it can not be written as a direct sum of two nonzero ^-modules. Thus a 
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simple module is semisimple, and an indecomposable module is semisimple if and only if 
it is simple. ^ 

Example 1.1 Let 7 = k^, and let A = k[a] for some a e M2(k). The ^-submodules of 

V are the /c-subspaces stable under a. 

If a = ( ^ ^ Y then I f * M is an ^-submodule of V. In fact, it is the only 
\ a J \\ J] 

nontrivial submodule, and so V is indecomposable but not semisimple. 

If a = a b, then the only lines stable under a are Li = | * ^| and 

L2 = I ^ ^ ^ I . Since F = Li © L2 (as an ^-module), it is semisimple. 

If 0; = ^ ^ a ^ ' ^^^^ ^ again decomposes as the direct sum of two lines, but the 

decomposition is no longer unique. 

Finally, if ^ = M2(k), then F is a simple ^-module: for every nonzero i; in F, 

V = M2{k) ■ V. 

Theorem 1.2 Every A-module V admits a filtration 

V = VoD---DVr = 
whose quotients Vi/Vi-^i are simple A-modules. If 

V = WoD---dWs = 

is a second such filtration, then r = s and there is a permutation a of {0, . . . , r — 1} such 
thatVi/Vi + i K l^a(o/^a(0+i for alii. 

Proof. If V is simple, then F D is such a filtration. Otherwise, F contains a submodule 
W , V ^ W ^ 0, and we can apply the same argument to F/ W and to W . This procedure 
terminates after finitely many steps because F is a finite dimensional A:-vector space. 

The uniqueness statement can be proved exactly as in the Jordan-Holder theorem (GT 
6.2). □ 

Corollary 1.3 Suppose 

F Fi © • • ■ © Fr « IFi © • • • © IF^ 

with all the A-modules Vj and Wj simple. Then r = s and there is a permutation a of 
{1, . . . , r} such that Vi ^ W^aO) for all i. 

Proof. The decompositions define filtrations with quotients {Fi , . . . , F^} and {Wi, . . . ,Ws}.n 

Proposition 1 .4 Let V be an A-module. If V is a sum of simple submodules (not nec- 
essarily direct), say V = '^j^j S,, then for every submodule W of V, there is a subset J 
of I such that F = IF © 0,^^ Si. 



'Some authors use "irreducible" and "completely reducible" for "simple" and "semisimple" respectively 
so, for them "irreducible" implies "completely reducible". 
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Proof. Let / be maximal among the subsets of / such that the sum Sj = ^j^j Sj is 
direct and W Ci Sj = 0. I claim that W + Sj = V (hence V is the direct sum of W and 
the Sj with j e J). To prove this, it suffices to show that each Sj is contained in W + Sj. 
Because Sj is simple, Sj fl (W + Sj) equals Sj or 0. In the first case, 5'/ C W + Sj, and 
in the second, Sj r\ Sj =0 and W r\ (Sj + Sj) — 0,^ contradicting the maximality of /.□ 

Corollary 1.5 The following conditions on an A-module V are equivalent: 

(a) V is semisimple; 

(b) V is a sum of simple submodules; 

(c) every submodule of V has a complement. 

Proof. It is obvious that (a) impUes (b), and the proposition shows that (b) impUes (c). 
Assume (c). If V is simple, then it is semisimple. Otherwise it contains a nonzero proper 
submodule W, which has a complement W, i.e., V — W ® W. If W and W are simple, 
then V is semisimple. Otherwise, we can continue the argument, which terminates in a 
finite number of steps because V has finite dimension as a /:-vector space. □ 

Corollary 1.6 Sums, submodules, and quotient modules of semisimple modules are 
semisimple. 

Proof. Each is a sum of simple modules: for sums this follows from (1.5); for quotients 
it follows from (1.4); every submodule has a complement and therefor is also a quotient. □ 

Simple ^-algebras 

A A;-algebra A is said to be simple if it contains no proper two-sided ideals other than 0. We 
shall make frequent use of the following observation: 

The kernel of a homomorphism f: A ^ B of /:-algebras is an ideal in A not 
containing 1; therefore, if A is simple, then / is injective. 

Example 1.7 Consider the matrix algebra Mn(k). For A, B e Mn(k), the yth column 
(AB) j of AB is ABj where Bj is the jth column of B. Therefore, given a matrix B, 



It follows that the sets of the form L{I), where / is a subset of {1,2, ...,«} and L(/) is the 
set of matrices whose jth columns are zero for j ^ /, are left ideals in Mn(k).^ Moreover, 
each set L{{j }) is a minimal ideal in M„ (k). For example. 



are, respectively, a left ideal and a minimal left ideal. Similar statements hold for the right 
ideals. It follows that every nonzero two-sided ideal in Mn(k) is the whole ring: Mn(k) is 
a simple A:-algebra (see also GT 7. 15a). 

^Otherwise, there exist vectors It) G W, e Si,sj G 5/ , such that u; = Sj+sj ^ 0;then.?; = w — sj ^ 
0, contradicting Sj n (W + Sj) = 0. 

■'Not all left ideals in M„ (k) are of the form L(I) — for example, imposing a linear relation on the columns 
defines a left ideal in M„ (k). 



Bj = 0^ iAB)j = 

B j ^ (AB) j arbitrary. 
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Example 1.8 A /^-algebra A is said to be a division algebra if every nonzero element a 
of A has an inverse, i.e., there exists a b such that ab = \ = ba. Thus a division algebra 
satisfies all the axioms to be a field except commutativity (and for this reason is sometimes 
called a skew field). Clearly, a division algebra has no nonzero proper ideals, left, right, or 
two-sided, and so is simple. 

If Z) is a division algebra, then the left and right ideals in M„(Z)) have the same de- 
scription as in (1.7), and so M„(0) is a simple /^-algebra. 

Example 1.9 For a,b e k^, let H(a, b) be the /c-algebra with basis 1, i, j, ij (as a k- 
vector space) and with the multiplication determined by 

/2 = a, = b, ij = -ji. 

Then H(a, b) is a ^-algebra, called a quaternion algebra over k. For example, if = M, 
then //(— 1,— 1) is the usual quaternion algebra. One can show (see Exercise 5.1) that 
H(a, b) is either a division algebra or it is isomorphic to M2(k). In particular, it is simple. 

1.10 Much of linear algebra does not require that the field be commutative. For example, 
the usual arguments show that a finitely generated module V over a division algebra D has 
a basis, and that all bases have the same number n of elements — n is called the dimension 
of F. In particular, all finitely generated D -modules are free. 

1.11 Let A be an F-algebra, and let ^A denote A regarded as a left ^-module. Right 
multiplication x xa on ^A by an element a of ^ is an y4-linear endomorphism of ^A. 
Moreover, every ^-linear map cp: ^A ^A is of this form with a = (p(l). Thus 

^ ^(1): End-Ai ^A) — ^ ^ (^s /c-vector spaces). 
Let (fa be the map x xa. Then 

(cpa o (pb)(l) = (pa((Pb(W = (Pa(b) = ba, 

and so ^ 

(p ^(1): End^(^^) ^ A°^^ (as fc-algebras). 

More generally, if K is a free ^-module of rank n, then the choice of a basis for V deter- 
mines an isomorphism 

End^(K)^M„(^°PP). 

Centralizers 

Let ^ be a /c-subalgebra of a /t-algebra B. The centralizer of ^ in S is 

Cb{A) = {b e B \ ba = ab for all a e A}. 
It is again a /:-subalgebra of B. 

Example 1.12 In the following examples, the centralizers are taken in M„(k). 
(a) Let A be the set of scalar matrices in M„{k), i.e., A = kl„. Clearly C{A) = Mn(k). 
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(b) Let A — M„ (k). Then C(A) is the centre of M„ (k), which we now compute. Let e/y 
be the matrix with 1 in the (i, j)th position and zeros elsewhere, so that 



etm if J = I 
ifj^/. 



Let a = (aij) e M„(k). Then a = j aijeij, and so ae/^ = X!/ ^H^im and 
^/otO^ = ^mj^ij- If Of is in the centre of Mn(k), then ae/^ = ei^a, and so 
an = for i ^ I, Omj = for j ^ m, and «;/ = flmm- It follows that the centre of 
M„ (k) is k (identified with the set of scalar matrices), 
(c) Let A be the set of diagonal matrices in M„(k). In this case, C{A) = A. 



Notice that in all three cases, C{C(A)) = A. 

Theorem 1.13 (Double Centralizer Theorem) Let A be a k-algebra, and let V be 
a faithful semisimple A-module. Then C(C(A)) = A (centralizers taken in Endyt(K) ). 



Proof. Let D = C{A) and B = C(D). Clearly A C B, and the reverse inclusion follows 
from the next lemma when we take ui , . . . , u„ to generate K as a /^-vector space. □ 

Lemma 1.14 For any vi, . . . ,Vn £ V and b € B, there exists ana e A such that 
avi — bvi, av2 — bv2, avn — bvn- 



Proof. We first prove this for n = I. Note that Avi is an ^-submodule of V, and so (see 
1.5) there exists an ^-submodule IF of F such that V = Avi © W. Let n:V V he the 
map {avi,w) <<->■ (avi , 0) (projection onto Avi). It is ^-linear, hence lies in D, and has the 
property that ti{v) = d if and only if w e Avi. Now 

TiQyvi) = b(7tvi) = bv\, 

and so bvi e^j;i,as required. 

We now prove the general case. Let W be the direct sum of n copies of V with A acting 
diagonally, i.e., 

a{vi, . . . ,Vn) = (avi, . . . ,avn), a € A, Vi e V. 

Then W is again a semisimple y4-module (1.6). The centralizer of A in End;t(I^) consists 
of the matrices (Yij)i<i j <n, Yu ^ Endyt(F), such that (yijct) = (oiYij) for all a e A, 
i.e., such that Yij ^ D. In other words, the centralizer of A in End;t(W^) is Mn(D). An 
argument as in Example 1.12(b), using the matrices eij(S) with S in the ij th position and 
zeros elsewhere, shows that the centralizer of M„(D) in Endyt(II^) consists of the diagonal 
matrices 

/ p ••• \ 
^ ••• 

■■■ fi J 

with |6 6 S. We now apply the case n = I of the lemma to A, W, b, and the vector 
(vi, . . . , v„) to complete the proof. □ 
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Classification of simple ^-algebras 

Theorem 1.15 Every simple k -algebra A is isomorphic to Mn (D ) for some n and some 
division k -algebra D. 

Proof. Choose a simple ^-module S, for example, any minimal left ideal of A. Then A 
acts faithfully on S, because the kernel of ^ — ^ End^(5) will be a two-sided ideal of A not 
containing 1 , and hence is 0. 

Let D be the centralizer of A in the ^-algebra EndytC'S') of ^-linear maps S ^ S. 
According to the double centralizer theorem (1.13), the centralizer of D in Endk(S) is A, 
i.e., A = EndD(5). Schur's lemma (1.16 below) implies that Z) is a division algebra. 
Therefore, 5" is a free Z)-module (1.10), say, S ^ D", and so End^jCS") ^ Mn{D°^^) (see 



Lemma 1.16 (Schur's Lemma) If the A-module S is simple, then End^(5) is a divi- 
sion algebra. 

Proof. Let y be an ^-linear map S ^ S. Then Ker(y) is an ^-submodule of 5*, and so 
it is either 5* or 0. In the first case, y is zero, and in the second it is an isomorphism, i.e., it 
has an inverse that is also ^-linear. □ 

Modules over simple A:-algebras 

Proposition 1.17 For every simple k-algebra A, the simple submodules of aA are the 
minimal left ideals in A; any two such ideals are isomorphic as left A-modules, and A is a 
direct sum of its minimal left ideals. 

Proof. After Theorem 1.15, we may assume that A = Mn(D) for some division algebra 
D. An ^-submodule M of ^ is a left ideal, and M will be simple if and only if it is 
minimal. We saw in (1.8) that the minimal left ideals in M„(D) are those of the form 
L({j}). Clearly A = 0i<y<„ L{{j}) and each L({j}) is isomorphic to Z)" with its 
natural action of Mn(D). □ 

Theorem 1.18 Let Abe a simple k-algebra, and let S be a simple A-module. Then every 
A-module V is isomorphic to a direct sum of copies of S. In particular, it is semisimple. 

Proof. Let So be a minimal left ideal of A. The proposition shows that, as a left A- 
module, A ^ S^ for some n. Let ei, . . . , be a set of generators for V as an ^-module. 
The map 



realizes F as a quotient of a sum of copies of and hence as a quotient of a sum of copies 
of So- Thus, K is a sum of simple submodules, each isomorphic to So, and Proposition 1.4 
shows that V is isomorphic to a direct sum of copies of 5o. □ 



1.11). 



□ 




Corollary 1.19 Let A be a simple k-algebra. Then any two simple A-modules are 
isomorphic, and any two A-modules having the same dimension overk are isomorphic. 
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Proof. Obvious from the theorem. 



Corollary 1.20 Theintegern in Theorem 1.15 is uniquely determined by A, and D is 
uniquely determined up to isomorphism. 

Proof. If A ^ Mn{D), then D End^(S) for any simple ^-module S. Thus, the 
statement follows from the last corollary. □ 



2 Definition of tlie Brauer Group 

Tensor products of algebras 

Let A and B be /:-algebras, and let A (8>;t ^ be the tensor product of A and B as /:-vector 
spaces. There is a unique /c -bilinear multiplication on A <Sik B such that 

{a ® b){a' ® b') = aa' ® bb' , a,a' e A, b,b' e B. 

When we identify k with k ■ {I <Si I) C A (8>/t B, then A <Sik B becomes a /:-algebra. If 
(e,),- and (f j)j are bases of A and B as /^-vector spaces, then (e,- (8> f is a basis for 
AiS>k B, and the structure constants for A iS>k B can be obtained from those of A and B by 
an obvious formula. We shall use that tensor products are commutative in the sense that, 
for any two /:-algebras A and B, the map a ^ b b ^ a extends to an isomorphism of 
/f-algebras 

A^k B B ®k A, 

and that they are associative in the sense that, for any three ^-algebras A, B, and C, the 
map a (8> (8> c) (a (8> ^) <8> c extends to an isomorphism of /^-algebras 

A ^k (B ®k C) (A ^k B) ®k C. 

Example 2. 1 For every A;-algebra A, 

A^kMnik) ~ Mn{A). 

To see this, note that a ring B containing a subring R in its centre is isomorphic to Mn(R) 
if and only if it admits a basis {eij)i<ij<n as a left i?-module such that 



eijeim = 




if j =1 
ifj^l. 



If (eij) is the standard basis for Mn{k), then (1 (8> e/j) is an ^-basis for A (8> Mnik) with 
the correct property. 
More generally, 

A ®k Mn (A') ~ M„ (A ^k A') (32) 

for any A:-algebras A and A'. 



Example 2.2 Forany M^(A:)(8>M„(A:) ~ Mmnik). To see this, note that according 
to the preceding example, Mmik) <Sik Mn(k) ~ Mm{M„(k)), and an m x m-matrix whose 
entries are « x«-matrices is an mnxmn-matiix (delete the inner parentheses). Alternatively, 
let (eij) and (fi'j') be standard bases for Mm{k) and Mn{k), and check that (e/y (8> fi'j') 
has the correct multiplication properties. 
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Centralizers in tensor products 

The next proposition shows that the centraUzer of a tensor product of subalgebras is the 
tensor product of their centralizers. 

Proposition 2.3 Let A and A' be k-algebras, with subalgebras B and B' , and let C{B) 
and C(B') be the centralizers of B and B' in A and A' respectively. Then the centraUzer of 
B ®k B' in A A' is C(B) (g)^ C(B'), i.e., 

Ca®,A'{B B') = Ca(B) Ca'{B'). 

Proof. Certainly C{B (g)^ B') D C(5) C(B'). 

Let {fi)j be a basis for A' as a /:-vector space. Then (1 (8> fi)i is a basis for A (8>;t ^' 
as an ^-module, and so an element a of ^ (8>yt ^' can be written uniquely in the form 
a = aj (8> fi, oii e A. Let e B. Then a commutes with ^6 (8> 1 if and only if 
fiaj = at fi for all /. Therefore, the centraUzer of S (8> 1 in ^ (8> ^' is C{B) (8> A' . Similarly, 
the centi-alizer of 1 (g) 5' in C{B) (g) A' is C{B) (g) C{B'). 

Certainly, C{B (g) B') C C{B (g) 1), and so C{B (g> B') is contained in C{B) (g> A', and, 
in fact, is contained in the centraUzer of 1 (g> S' in C{B) (g> A' , which is C{B) (g) C(B'). 
This completes the proof. □ 

In particular, the centre of the tensor product of two /c -algebras is the tensor product of 
their centres: Z{A i^ik B) = Z{A) (g);t 2(5). 

Corollary 2.4 The centre of a simple k-algebra is a field. 

Proof. Obviously, the centre of a division algebra is a field, but Wedderburn's theorem 
(1.15) shows that every simple /:-algebra is isomorphic to M„ (D) for some division algebra 
D. Now M„{D) ~ Mn(k) (g>^ D, and so Z(M„(Z))) k <S,k Z(D) ~ Z(D). □ 

A A;-algebra A is said to be central if its centre is k, and a ^-algebra that is both central 
and simple is said to be central simple. The corollary shows that every simple /c -algebra is 
central simple over a finite extension of k. 

Primordial elements 

Before continuing, it will be useful to review a little linear algebra from the second edition 
of Bourbaki's Algebra. 

Let K be a /c-vector space, possibly infinite dimensional, and let (e, ), ^/ be a basis for 
V. Any V € V can be written uniquely v = '^OiCi, and we define 

Jiv) = {/ E / I at ^ 0}; 

it is a finite subset of / , which is empty if and only if f = 0. 

Let be a subspace of K. A nonzero element w; of is said to be primordial (relative 
to V and the basis (e/),e/) if J(w) is minimal among the sets J(w') for w' a nonzero 
element of W and, in the expression w = '^Oj ei , at least one a,- = 1. 
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Proposition 2.5 (a) Let w be a nonzero element of W such that J{w) is minimal, and 
let w' be a second nonzero element of W. Then J(w') C J(w) if and only if w' = cw for 
some c e k, in which case J(w') = J(w). 

(b) The set of primordial elements ofW spans it. 

Proof, (a) If w' = cw, c ^ 0, then certainly J(w') = J(w). For the converse, let w = 
12i€J{w)^i^i ^'^^ ^' — 'Yli&j{w')^i^' nonzero elements of W with J{w') C J{w). 
Let j e J(w'). Then J(w — ajbj^w') C J(w) \ {j}, and so u; — ajbj^w' = by the 
minimality of J(w}. 

(b) Let w = cijei e W . We have to show that w lies in the subspace spanned 

by primordial elements. We may assume that w ^ 0. Among the nonzero elements w' 
of W with J{w') C J{w), there is one for which J{w') has the fewest possible elements. 
Some scalar multiple Wq of w' will be primordial, say, Wq = J^j^ji^uio) ^i^' ^i'^^ bj = 1. 
Now w = ajwo + (w — ajwo) with w — ajwo e W and \j(w — ajWo)\ < \J(w)\. 
If w; — ajWo is a k-lmeai combination of primordial elements, so is if ; if not, repeat the 
process. As | /(w;)| is finite, it will terminate in a finite number of steps. □ 

The results (and proofs) of this section do not require k to be commutative, i.e., k can 
be a division algebra. 

Simplicity of tensor products 

Proposition 2.6 The tensor product of two simple k-algebras, at least one of which is 
central, is again simple. 

Proof. After (1.15), we may suppose that one of the algebras is M„(D) where D is a 
division algebra with centre k. Let A be the second simple A: -algebra. In the next lemma, 
we show that A iSik D is simple. Therefore, A^j^D Mm (D') with D' a division algebra, 
and so 



which is simple. □ 
Lemma 2.7 Let A be a k-algebra, and let D be a division algebra with centre k. Then 

def 

every two-sided ideal ^ in A <^ D is generated as a left D -module byo = 2ln(y4(8>l). 
Proof. We make A<Sik D into a left Z)-module by the rule: 



The ideal 2t of ^ (8>/t D is, in particular, a D-submodule of A (8>yt D- 

Let (ci) be a basis for A as a ^-vector space. Then (e,- (8> 1) is a basis for ^4 (8>/t ^ as a 
left D-vector space. Let a € 2t be primordial with respect to this basis, say 



A M„{D) - Mn(A ®k D) ^ Mn{Mm{D')) ~ MmniD'), 



S(a^8') = a^S8', a e A, S,8' e D. 




i€j(a) 



For any nonzero 8 € D,aS e ^, and a8 = ^ ei (S>8i8 = (5/5)(e/ (8> 1). In particular, 
J(a8) = J(a), and so a8 = 8' a for some 8' € D (see 2.5a). As some 8j = 1, this implies 
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that 8 = 8', and so each 8j commutes with every 8 e D. Hence 8i Ues in the centre k of 
D, and a e ^ (8> 1. We have shown that every primordial element of 21 is in ^ (8> 1, which 
completes the proof because 21 is generated as a Z) -module by its primordial elements (see 
2.5b). □ 

Corollary 2.8 The tensor product of two central simple k-algebras is again central sim- 
ple. 

Proof. Combine Proposition 2.3 with Proposition 2.6. □ 

Let ^ be a central simple algebra over k, and let V denote A regarded as a A: -vector 
space. Then left multiplication makes V into a left ^-module, and right multiplication 
makes it into a right ^-module, or, what is the same thing, a left ^°PP-module. These ac- 
tions identify A and A°^p with commuting subalgebras of Endyt(F). From the universality 
of the tensor product, we obtain a homomorphism 

(8> fl' (w ava'y. A (8>^ ^°pp End^(K). 

As A iSik ^°PP is simple and the kernel of the homomorphism does not contain 1, it is 
injective. On counting degrees, we find that 

[A A"^"^ ■.k] = [A: kf = (dim Vf = [Endk(V) : k], 

and so the homomorphism is an isomorphism. We have shown: 

Corollary 2.9 For every central simple k-algebra A, 

A <S)k - Endfc(yl) ^ M„{k), n = [A : k]. 

The Noether-Skolem Theorem 

Theorem 2.10 (Noether-Skolem) Let f,g:A B be homomorphisms from a k- 
algebra A to a k-algebra B. If A is simple and B is central simple, then there exists an 
invertible element b e B such that f(a) = b- g(a) ■ for all a e A, i.e., f and g differ 
by an inner automorphism of B . 

Proof. If S = Mn(k) = Endk(k"), then the homomorphisms define actions of A on 
k" — let Vf and Vg denote k" with the actions defined by / and g. According to (1.19), 
two ^-modules with the same dimension are isomorphic, but an isomorphism h: Vg Vf 
is an element of Mn(k) such that f(a)-b = b- g(a) for all a e A. 
In the general case, we consider the homomorphisms 

/ (8> 1, g (8> 1: yl (8>it 5°PP ^ B <Sik S°pp. 

Because B iSik S°pp is a matrix algebra over k, the first part of the proof shows that there 
exists ab e B B°PP such that 



(/ ^ l)(a ^b') = b-{g^ l)(fl ^ b') ■ b-^ 
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for all a € A, h' e S°pp. On taking a = 1 in this equation, we find that (1 (8> b') = 
b-(l(^b')-b-'^forallb' € S°pp. Therefore (see 2.3), e CB®^.Bopp(/t(g)B°PP) = B^kk, 
i.e., b = bo <Si I with bo e B. On taking b' = I in the equation, we find that 

/(a)^ 1 = (bo- g{a)-bo^)^l 

for all a e A, and so /jq is the element sought. □ 

Corollary 2.11 Let A be a central simple algebra over k, and let Bi and B2 he simple 
k-subalgebras of A. Any isomorphism f . Bi B2 is induced by an inner automorphism 
of A, i.e., there exists an invertible a € A such that f (b) = aba~^ for all b s B\. 

f 

Proof. This is the special case of the theorem in which the two maps are Bi — > B2 '-^ A 
and Si Bi A. □ 

Corollary 2.12 All automorphisms of a central simple k-algebra are inner. 

def 

For example, the automorphism group of Mn(k) is PGL„(/c) = GL„(/:)/ k^ !„. 

Definition of the Brauer group 

Let A and B be central simple algebras over k. We say that A and B are similar, A ~ B, 
if A (8)^: Mfi(k) ^ B iSik Mm(k) for some m and n. This is an equivalence relation: it 
is obviously reflexive and symmetric, and (2.2) implies that it is transitive. Define Br(A:) 
to be the set of similarity classes of central simple algebras over k, and write [^4] for the 
similarity class of A. For classes [A] and [B], define 

[A][B] = [A B]. 

This is well-defined (i.e., if ^ ~ .4' and B ~ B', then A <Sik B --^ A' <Sik B'), and the asso- 
ciativity and commutativity of tensor products show that it is associative and commutative. 
For every n, [Mn{k)] is an identity element, and because A (8>/t ^°pp ^ M„(k) (see 2.9) 
[A] has [^°PP] as inverse. Therefore Br(/:) is an abehan group, called the Brauer group of 
k. 

Remark 2.13 (a) Wedderbum's theorem (1.15, 1.20) shows that every central simple al- 
gebra over k is isomorphic to Mn(D) for some central division algebra D and that D is 
uniquely determined by A (even by the similarity class of A) up to isomorphism. Therefore, 
each similarity class is represented by a central division algebra, and two central division 
algebras represent the same similarity class if and only if they are isomorphic. 

(b) We should verify"* that the similarity classes form a set, and not merely a class. For 
each n > 0, consider the families (fl-,)i</ / /<„, af,- e k, that are structure constants for 
central division algebras over k. Clearly, these families form a set, each family defines a 
central division algebra over k, and these division algebras contain a set of representatives 
for the Brauer group of k. 

"^I once heard Brauer, who normally had a gentle manner, deliver a tirade against "modern" mathematicians 
who ignored the distinction between sets and classes. As he pointed out, if you ignore the distinction, then you 
obtain a contradiction (Russell's paradox), and once you have one contradiction in your system, you can prove 
everything. 
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Example 2. 14 (a) If k is algebraically closed, then Br(/c) = 0. To prove this, we have 
to show that any central division algebra D over k equals k. Let a e D, and let k[a] 
be the subalgebra of D generated by k and a. Then k[a] is a commutative field of 
finite degree over k (because it is an integral domain of finite degree over k). Hence 
k[a] = k, and a e k. Since a was arbitrary, this shows that D = k. 

(b) Frobenius showed that Hamilton's quaternion algebra is the only central division al- 
gebra over M. Therefore, the Brauer group of R is cyclic of order 2, equal to {[M], [H]} 
(see §4 below). 

(c) Wedderburn showed that all finite division algebras are commutative. Therefore, the 
Brauer group of a finite field is zero (Theorem 4.1 below). 

(d) Hasse showed that the Brauer group of a nonarchimedean local field is canonically 
isomorphic to Q/Z (see pl36 below). 

(e) Albert, Brauer, Hasse, and Noether showed that, for a number field K, there is an 
exact sequence 

^ BiiK) ^ 0^ Br(^,) ^ Q/Z ^ 0. 

The sum is over all the primes of K (including the infinite primes). This statement is 
of the same depth as that of the main theorems of class field theory (see Chapters VII 
and VIII). 

Extension of the base field 

Proposition 2.15 Let A be a central simple algebra over k, and let K be a field contain- 
ing k (not necessarily of finite degree over k). Then A iS>k K is a central simple algebra 
over K. 

Proof. The same argument as in the proof of Proposition 2.3 shows that the centre of 
A (8>A: ^ is A: (8>A: K = K (the argument does not require K to have finite degree over k). 
Also, the proof of Lemma 2.7 does not use that D is finite-dimensional over k. Therefore, 
when ^ is a division algebra, every two-sided ideal in A<Sik K is generated as an ^-module 
by its intersection with K, and therefore is or ^ (8>;t K. In the general case, A ^ M„ (D), 
and so 

Ai^kK M„{D) (8>fc a: ~ iM„(k) D) ®k K 

-Mnik) ®k (D K) 
^Mn{D K) 
^Mn{K)^K {D K) 

which is simple. □ 

Corollary 2.16 For every central simple algebra A overk, [A : k] is a square. 

Proof. Clearly [A : k] = [A k""^ '■ ^''^]> and A <Sik k""^ ~ Mnik"^^) for some n. □ 

Let L be a field containing k (not necessarily of finite degree). Then 

Mn(k)^L- Mn{L), 
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and 

(A (8)fc L) <S,L (A' iS>kL) = A <S>k (L <S>l (A' iS>k L)) = (A iS>k A') iS>k L. 
Therefore the map A A <Sik L defines a homomorphism 

Br(/t) Br(L). 

We denote the kernel of this homomorphism by Br(L/fc) — it consists of the similarity 
classes represented by central simple A: -algebras A such that the L -algebra A iSik L is a 
matrix algebra. 

A central simple algebra A (or its class in Br(A:)) is said to be split by L, and L is called 
a splitting field for A, if A (8>A: L is a. matrix algebra over L. Thus Br(L/ k) consists of the 
elements of Br(k) split by L. 

Proposition 2.17 For every field k, Br(/r) = [J BT(K/k), where K runs over the finite 
extensions of k contained in some fixed algebraic closure k^^ ofk. 



Proof. We have to show that every central simple algebra A over k is split by a fi- 
nite extension of k. We know that A <Sik ~ Mn(k^^), i.e., that there exists a basis 
(^ij)i<ij<n for A (8>/t k'^^ such that Cijeim = 8jieim for all /, j, I, m. Because A (8>yt A:^' = 
U[x: yt]<oo ^ the eij all lie in A (8>A; K for some K, and it follows that A (8>yt K 

Mn{K). □ 



3 The Brauer Group and Cohomology 

For a Galois extension L/k of fields, let H^{L/k) = H^(Gal{L/k), L""). We shall show 
that there is a natural isomorphism H^{L/k) ~ Br(L/A:), but first we need to investigate 
the maximal subfields of a central simple algebra. 



Maximal subfields 

We need a variant of the double centralizer theorem in which M„ {k) is replaced by a central 
simple algebra. 

Theorem 3.1 Let B he a simple k-subalgebra of a central simple k -algebra A. Then the 
centralizer C = C(B) of B in A is simple, and B is the centralizer ofC. Moreover, 

[B : k][C ■.k] = [A: k]. 



Proof. Let V denote B regarded as a A:-vector space. Then B and g°PP act on V, by right 
and left multiplication respectively, and each is the centralizer of the other (see 1.11). 

Consider the central simple algebra A <Sik EndytC^)- Proposition 2.3 shows that the 
centrahzer of S (g) 1 in this algebra is C (g) Endk{V) and that of 1 (g) 5 is ^ (g) 5°pp. On 
applying the Noether-Skolem theorem to the two embeddings & ^ (g) 1 and ^ 1 (g) ^ 
of B into ^ <g>yt Endk(V), we obtain an invertible element u of this -algebra such that 
(g) 1 = m(1 (g) b)u^^ for all b e B. Clearly then 



C(B (g> 1) = M • C(l (g> B)-u~^ 
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(centralizers in A<Sik Endyt (F)), which shows that these centralizers are isomorphic. There- 
fore C <Sik^^dic(V) is simple because A<Sik S°pp is simple (see 2.6), and this implies that C 
itself is simple because, for every ideal a of C, a<Sik^^dk(V) is an ideal in C (8>A:End^(F). 
As Endk(V) has degree [B : k]^ over k, 

[C ®k End(K) ■.k] = [C : k][B : k]^, 

and obviously 

[A <Si S°PP ■.k] = [A: k][B : k]. 
On comparing these equalities, we find that 

[A:k] = [B: k][C : k]. 

If B' denotes the centralizer of C in A, then B' D B. But after the above, : /:] = [C : 
k][B' : A;]; so [B : k] = [B' : k] and S = S'. □ 

Remark 3.2 In the case that A ~ End;t(^) for ^ a fc-vector space. Theorem 3.1 follows 
from Theorem 1.13 because V will be a faithful semisimple S -module. This observation 
can be used to give an alternative proof of the theorem, because A becomes of this form 
after a finite extension of the base field (see 2.17). 

Corollary 3.3 If in the statement of the theorem, B has centre k, then so also does C, 
and the canonical homomorphism B ^k C A is an isomorphism. 

Proof. The centres of B and C both equal B Ci C, and so B central implies C central. 
Therefore the /^-algebra B (8>A: C is central simple, which implies that B (8>yt C ^ ^ is 
injective. It is surjective because the algebras have the same dimension over k. □ 

Corollary 3.4 Let A be a central simple algebra over k, and let L be a subfield of A 
containing k. The following are equivalent: 

(a) L equals its centralizer in A; 

(b) [A:k]^[L: k]^; 

(c) L is a maximal commutative k-subalgebra of A. 

Proof, (a) <^=^ (b). Because L is commutative, it is contained in its centralizer C(L), 
but 

[A:k] = [L: k][C(L) : k], 

and so C(L) = L if and only if [A : k] = [L : kf. 

(b) =^ (c). Let L' be a maximal commutative subalgebra containing L. Then L' C 
C(L), and so 

[A:k] > [L:k][L':k] > [L:Jtf . 

Thus (b) implies that [L': k] = [L:k]. 

(c) =^ (a). If L ^ C(L), then there exists aye C(L) \ L. Now L[y] is a commuta- 
tive subalgebra of A, contradicting the maximality of L. □ 

Corollary 3.5 The maximal subHelds containing k of a central division k -algebra D 
are exactly those with degree y/[D : k] overk. 
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Proof. Any commutative A;-subalgebra of D is an integral domain of finite degree over k. 



Corollary 3.6 Let A be a central simple algebra over k. A field L of finite degree over 
k splits A if and only if there exists an algebra B similar to A containing L and such that 



In particular, every subfield L of A of degree [A: k]^^^ overk splits A. 

Proof. Suppose L splits A. Then L also splits ^°pp, say, A°pp <^k L ^ End^(F). This 
equality states that ^°pP(8>A:L is the centralizer of L in EndidV), and so L is the centralizer 
of ^°PP iS>k L in EndL(l^) (see 3.1). Let B be the centralizer of ^°pp in End^(7). I claim 
that B satisfies the required conditions. Certainly, B D L, and Corollary 3.3 shows that 
B is central simple and that B (Si^ ^°pp ~ Endk(V). On tensoring both sides with A and 
using that ^ <8>/t ^°pp is a matrix algebra, we find that B ^ A. 

For the converse, it suffices to show that L splits B. Because L is commutative, L — 
L°PP C S°PP, and because [L : k] = y/[B : k], L is equal to its centralizer in S°pp. 
Therefore the centralizer of 1 (g) L in S (8>yt 5°pp is 5 (8)^; L. When we identify B B°'^^ 
with End/tC-^) (endomorphisms of 5 as a /c-vector space — see 2.9), the centralizer of L 
becomes identified with End/^(S) (endomorphisms as an L-vector space). This completes 
the proof. □ 

Corollary 3.7 Let D be a central division algebra of degree over k, and let L be a 
field of degree n overk. Then L splits D if and only if L can be embedded in D (i.e., there 
exists a homomorphism of k -algebras L D). 

Proof. If L embeds into D , then the last corollary shows that it splits D . Conversely, if 
L splits D, then there exists a central simple algebra B over k containing L, similar to D, 
and of degree [L : k^. But B ^ D implies B ^ Mm{D) for some m (see Remark 2.13a), 
and the condition on the degrees implies that m = 1 . □ 

Proposition 3.8 Every central division algebra over k contains a maximal subfield sep- 
arable over k. 

Proof. Let Z) be a central division algebra over k, and let L be a subfield that is maximal 
among the separable subfields of D. If L is not a maximal subfield of D, then its centralizer 
D' is a central division algebra over L not equal to L (see 3.1). The next lemma shows that 
D' contains a separable subfield properly containing L, which contradicts the definition of 
L. □ 

Lemma 3.9 Every central division algebra over k and not equal to it contains a subfield 
separable over k and not equal to it. 

Proof. Let D be a central division algebra over k. Choose a basis (e/)i<,<„2 for D 
with ei = 1, and let x = fl/e,- be an element of D. For every integer m, x'" = 
Pi(m; ai, . . . , a„2)ei where the Pj are polynomials in the aj 's with coefficients in k 



and hence is a field. 



□ 



[B ■.k] = [L: kf. 



(33) 
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that depend only on the structure constants for D . Therefore, if ^ is a field containing k 
and 

X = ^a,(e,- (g) 1), fl/ e K, 

is anelementof Z)(8>A:^, thenx'" = P/(m;ai, .. .a„2)e;(8>l withthesame polynomials 
Pi. 

When k is perfect we know the lemma, and so we may assume that k has characteristic 
p ^ and is infinite. Suppose that k[a] is purely inseparable over k for every a e D. 
Then € k for some r > 0, and one sees easily that there exists an r that works for 
every element of D. For this particular r and i ^ \, Pi{p^;ai, . . . ,a„2) = for all 
fli, . . . , a„2 e k, which implies that Pj (p''; Xi, . . . , X^i) is the zero polynomial (see FT, 
proof of 5.18). Therefore, a^' e k^^ for every element a of D <S)k k^^- But D <^i^ ~ 
M„(k^^), and so 

diag(l , 0, . . . , 0) = diag(l , 0, . . . , 0)^' e k''\ 
which implies that « = 1 . □ 

Corollary 3.10 For every field k, Bi(k) = |J Br(L / k) where L/k runs over the finite 
Galois extensions of k contained in a fixed separable algebraic closure ofk. 

Proof. The proposition shows that every element of Br(/:) is split by a finite separable 
extension, and therefore by a finite Galois extension. □ 

Central simple algebras and 2-cocycles 

Fix a finite Galois extension L of k, and let G = Gal(L/ k). Define A(L/ k) to be the 
class of central simple algebras A over k containing L and of degree [A : k] = [L : k]^ 
(hence, L equals its centralizer in A). 

Fix an A e A(L/ k). For every a € G, Corollary 2.11 of the Noether-Skolem theorem 
shows that there exists an element Ca ^ A such that 

aa = eaae~^ for all a e L (*). 

Moreover, is determined by (*) up to multiplication by an element of L^, because if 
has the same property, then fj'^ea centralizes L. Note that (*) can be written as 

Co ■ a = aa ■ Co for all a e L (*') 

which says that moving e^j past a e L replaces it with a a. Clearly e^ST: has the property 
(*) for ax, and so 

eaez = (pio, r)eaT (**) 
for some (p(a,r) e L^. Note that 

epieaez) = ep{(p{a, T)eaz) = P<p{o, r) • (p{p, ax) ■ Cpax 

and 

{epecj)er = (p(p, a)epaez = (p(p, a)(p(pa, x) ■ Cpaz- 

Therefore the associative law implies that ^ is a 2-cocycle. It is even a normalized 2-cocycle 
if we choose ei = 1. A different choice of e^'s leads to a cohomologous 2-cocycle, and so 
we have a well-defined map A yiA): A(L/k) H^{L/k). 



3. THE BRAUER GROUP AND COHOMOLOGY 



133 



Theorem 3.11 The map Y'-A(L/k) H-^{L/k) is smjective, and its fibres are the 
isomorphism classes. 



We first need a lemma. 

Lemma 3.12 Let A e A(L/k), and define ea to satisfy (*). Then the set (ea)aeG is a 
basis for A as a left vector space over L. 



Proof. Note that 

and so it suffices to show that the are linearly independent. Suppose not, and let (ea)a6/ 
be a maximal linearly independent set. If r ^ then 

for some aa € L. Let a e L. When we compute era in two different ways, 

era = xa- ez = ^ xa • Uaea, 

e^a = flff^ff • a = Ua • oa • ea 

aeJ aeJ 

we find that xa ■ Ua — oa ■ Ua for all a e 7. For at least one o ^ J , Ua ^ 0, and then the 
equation shows that x = a, contradicting the fact that x ^ J . Therefore J = G. □ 



Now A is uniquely determined by the following properties: ^ D L; {ea)a€G is a basis 
for A as an L-vector space; multiplication in A satisfies the equation (*) and (**). 

Let A' € A{L/k) and suppose that y{A) — y{^')- The condition implies that we can 
choose bases (e^) and (e^) for A and A' satisfying (*) and (**) with the same 2-cocycle 
(p. The map doeo ^ «(t^ct" ^ ^ ^' is an isomorphism of ^-algebras. 

Next suppose that A and A' are isomorphic elements of A{L/k). The Noether-Skolem 
theorem allows us to choose the isomorphism /: ^ ^ ^' so that / (L) = L and / 1 L is the 
identity map. If ea satisfies condition (**) for A, then f{ea) satisfies (**) for A' . With 
the choices {ca) and (/(e^)), A and A' define the same cocycle. 

These remarks show that the map A i-> y{A) defines a injection 

A{L/k)/^ H^iL/k). 

To show that the map is surjective, we construct an inverse. 

Let (p: G X G ^ he a normalized 2-cocycle. Define A((p) to be the L-vector space 
with basis (ea)aeG endowed with the multiplication given by (*) and (**). Then ei is an 
identity element for multiplication, and the cocycle condition (exactly) shows that 

epieaer) = (epea)er. 

It follows that A((p) is a /^-algebra. We identify L with the subfield Lei of A{(p). 

Lemma 3.13 The algebra A (cp) is central simple over K. 



134 



CHAPTER IV. BRAUER GROUPS 



Proof. Let a = '^OaCa centralize L, and let a € L. On comparing aa = '^aOfj ■ 
with aa = '^aaiaa) ■ ea, we find tiiat = for a ^ 1, and so a = aid £ L. 
Therefore, the centralizer of L in A((p) is L. 

Let a lie in the centre of A((p). Then a centralizes L, and so a e L, say a = ae\, 
fl e L. On comparing ■ oc = (aa)eo with a ■ ecj = a%, we see that a ^ k. Thus A((p) 
is central. 

Let 21 be a two-sided ideal in A{(p); in particular, 21 is an L-subspace of A{iip). If 21 
contains one element e^, then (**) shows that it contains all, and so equals A{(p). Suppose 
21 7^ 0, and let a = ^ cioea be a primordial element of 21, with say a^^ = 1. If aa^ 0, 
a\ ^ oq, then for every a € L, 



If a is chosen so that aia ^ OqU, then this element is nonzero but has fewer nonzero 
coefficients than a, contradicting its primordality. Therefore, a = e^^, and we have shown 
that 21 = A{(p). □ 

Let (p and (p' be cohomologous 2-cocycles, say. 



for some map a\G —> L^. One checks immediately that the L -linear map A((p) A((p') 
sending Ca to a(a)e[j is an isomorphism of /:-algebras. Therefore cp i-^ A((p) defines a 
map H^{L/ K) A{L/ k)/^, which is clearly inverse to ^ This completes the 

proof of Theorem 3.11. 

The algebras A{(p) are called crossed-product algebra. Before group cohomology ex- 
isted, 2-cocycles cp: G x G ^ were called factor sets (and sometimes still are). 

Theorem 3.14 For every finite Galois extension L/ k, ttie map cp [^(^)] defines an 
isomorphism of abelian groups H^{L/k) Bt(L/ k). 

To show that this map is bijective, it suffices (after Theorem 3.11) to show that the map 
A [A]:A(L/k)/Ki Br(L/k) is bijective. 

If A and A' are similar central simple algebras over k, then (see 2.13) there exists a 
central division algebra D such that ^ ~ Z) ~ say, A « M„(D), A' ^ M„'(D). 
But if [A : k] = [A' : k], then n = n', and so ^ « A'. This proves that the map 
A{L/ k)/K. —>■ Br(L/ k) is injective, and 3.6 proves that it is surjective. 

Lemma 3.15 For any two 2-cocycles (p and (p', A((p + f') ~ A((p) A((p'). 

Proof. The proof is a httle messy because we have to recognize A((p) (8>yt A((p'), not as 
a crossed-product algebra, but as matrix algebra over a crossed-product algebra. I merely 
sketch the proof. ^ 

Set A — A(f), B = A{(p'), and C = A((p + (p'). Regard A and B as left L-modules 
(using left multiplication), and define 



(aia) ■ a — a ■ a 




a{a) ■ aaix) ■ (p'(o, r) = a(ar) ■ (p(a, r) 



V = A^lB. 

^See Blanchard 1972, pp94-95, or Farb and Dennis 1993, pl26-128, for the details. 
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Concretely, V is the largest quotient space of A <^j^ B such that 

la iS>L b = a lb 

holds for alia e A,b & B,l e L. 

The /c -vector space V has a unique right A iSik 5 -module structure such that 

(a' (8>L b'){a (8>yt b) = a' a (8>l b'b , all a',a e A ,b',b e B, 

and a unique left C -module structure such that 

(le'^)(a (8>L b) = le^a (8>l e'^b ,a\lleL,aeG,aeA,beB. 

Here (ea), (e'^j), and (e^) are the standard bases for A = A{(p), B = A((p'), and C — 
A((p + (p') respectively. 

The two actions commute, and so the right action of A (8>A: B onV defines a homomor- 
phism of fc-algebras 

f:(A ^^5)°PP^Endc(K). 

This homomorphism is injective because A <Sik B (and hence its opposite) is simple. Since 
both (A <S)k 5)°PP and EndciV) have degree over k, where n = [L : k], f is an 
isomorphism. As we noted in (1.19), any two modules over a simple ring of the same 
-dimension are isomorphic, and it follows that V ^ C" a.s a C -module. Hence 

Endc(K) ^ Endc(C") = M„(C°pp), 

and on composing this isomorphism with / we obtain an isomorphism of /r-algebras 

{A BT^P ^ MniCTPP. 

The same map can be interpreted as an isomorphism 

A^k B ^ Mn(C). □ 

Corollary 3.16 For every separable algebraic closure k^^ ofk, there is a canonical iso- 
morphism Br(/t) H^(k^^/k). 

Proof. For every tower of fields E D L D k with E and L finite and Galois over k, the 
diagram 

H^{L/k) H^(E/k) 

iniective 

Bi(L/k) — > BiiE/k) 

commutes (the vertical maps send (p to [^(^)])^. Now use that 

Br(/t) = [jBv(L/k) (see 3.10), 

and 

H^{k^^/k) = {jH^{L/k) 

where both unions run over the finite Galois extensions L ofk contained in □ 
^Should add a proof that the diagram commutes. Apparently, there is one in Jacobson, Algebra II. 
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Corollary 3.17 For every field k, Br(/c) is torsion, and for every finite extension L/k, 
Bi(L/k) is killed by [L : k]. 



Proof. The same statements are true for the cohomology groups. 



4 The Brauer Groups of Special Fields 

The results of the last section allow us to interpret some of the results of Chapter III as 
statements concerning the Brauer group of a field. In this section, we shall derive the same 
results independently of Chapter III (but not quite of Chapter II). 



Finite fields 

Let /: be a finite field. We saw in III 1.4 that, for every finite extension L oik, H^{L/ k) =■ 
0, and hence Br(/c) = 0. The following is a more direct proof of this fact. 

Theorem 4. 1 (Wedderburn) Every finite division algebra is commutative. 

Proof. Let Z) be a finite division algebra with centre k, and \e.t [D : k] = . Every 
element of D is contained in a subfield k [a] of D , and hence in a maximal subfield. Every 
maximal subfield of D has elements. They are therefore isomorphic, and hence conju- 
gate (Noether-Skolem). Therefore, for every maximal subfield L, = (JaL^a^^ but 
a finite group can not equal the union of the conjugates of a proper subgroup (because the 
union has too few elements), and so D — L. □ 



The real numbers 

Let G = Gal(C/M) = {1, a}. Then 

H^{C/R) - H^{G,C) = M^/NmG(C'') = {±}, 
and so Br(C/M) is a cyclic group of order 2. The nonzero 

element of // 2 

IS repre- 
sented by the 2-cocycle ^: G x G ^ C^, 



- 1 if p = a = T 
1 otherwise 



Let H be the usual quaternion algebra over M. Then the C-linear map A{(p) —>■ HI sending 
Xo to j is an isomorphism of M-algebras. It follows that every central simple algebra over 
R is isomorphic either to a matrix algebra over M or to a matrix algebra over H. 



A NONARCHIMEDEAN LOCAL FIELD 

Let Khesi nonarchimedean local field. In Chapter III, Theorem 2.1, we defined an isomor- 
phism H^i^K^^ I K) ~ Q/Z, and hence an isomorphism Btc{K) ~ Q/Z. In this subsection, 
we explain how to construct this isomorphism more directly. 

Let D be a central division algebra over K, and let n-^ = [D : K]. For every subfield 
L of D containing K, the valuation | • | has a unique extension to L. Since every element 
a of Z) is contained in such a subfield of D, for example, in K[a], the valuation | ■ | has a 
unique extension to Z) . It is possible to verify that | ■ | is a nonarchimedean valuation on D 
in the obvious sense, i.e.. 
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(a) |a| = <^=^ a = 0; 

(b) for all a, ;6 e D, \aP\ = \a\\fi\; 

(c) for all a,^ e D, \a + p\< max{|a|, \^\}. 

Let q be the number of elements in the residue field k of K, and define ord(a) for 
a € Z) by the formula: 

\a\ = {\/qr'^^'^\ 

Then ord extends the additive valuation ord/^ on K (normalized to map onto Z) to O. 
For any subfield L of D containing K, [L : K] < n, and so ord(L^) C n'^'L. Hence also 
ord(D^) C n^^Z. 
Let 

Oz) = {o; e Z) I ord(o!) > 0} 

q3 = {a e Z) I ord(a) > 0}. 

Then Od is a subring in D , called the ring of integers. For every subfield Lof D containing 
K, Od r\ L — Ol, and so Co consists precisely of the elements of D that are integral 
over Ok- Moreover *p is a maximal 2-sided ideal in Od (obviously), and the powers of it 
are the only 2- sided ideals in D (the proof is the same as in the commutative case). Hence 
= pOo for some e. Then ord(Z)^) = e~^Z, and therefore e <n. 

def 

Clearly, the elements of Od not in *p are units. Therefore d = Od/'^ is again a 
division algebra, and hence a field (4.1). Let / be its degree over k. Write d = k[a\. We 
can lift a to an element a of Od- Because [K{a\ : K\ <n, we have / < n. 

The same argument as in the commutative case shows that ri^ = ef , namely, is a 
free Oj^: -module of some rank m. Because Od ^Ok K — D , m — n^. Moreover, because 
Od ^Ok ^ — Od/pOd, it also is free of dimension of over k. Now consider the 
filtration of ^-vector spaces 

From our definition of f ,Od /'^ = d has dimension / as a /c-vector space, and the succes- 
sive quotients are one-dimensional vector spaces over d. Hence Od/pOd has dimension 
ef over k, and so ef = n^. 

Because e < n, f < n, the equality ef = implies that e = f = n. \n particular, 
every central division algebra ^ K is ramified. Again write d = k{a\, and lift a to an 
element a e D. Then K[a] is a field with residue field d, and so [K[a] : K] > [d : k] = n. 
Therefore K[a] has degree n over K and is unramified. It is a maximal subfield, and hence 
splits D. We have shown that every element of Br(^) is split by an unramified extension, 
i.e., Br(K) is equal to its subgroup Br(/r"'^/ K). 

We next define the map 

iuvK-BriK) Q/Z. 

An element of Bt(K) is represented by a central division algebra D over K (unique up to 
isomorphism). According to what we have just proved, there is a maximal subfield L of D 
that is unramified over K. Let a be the Frobenius automorphism of L. According to the 
Noether-Skolem theorem, there is an element a € D such that ax = axa"^ for all x € L. 
If a' also has this property, then a' = ca for some c e L, and so 



ord(o!') = ord(c) -|- ord(o!) = ord(o;) mod Z. 
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We define 

inv k(D) = ord(o;) mod Z. 
It depends only on the isomorphism class of D. 



Example 4.2 Let L be the unramified extension of K of degree n, and let a be the Frobe- 
nius auton 
2-cocycle 



def 

nius automorphism of L/ K, so that G — Gal(L / K) — {a' | < / < « — 1 }. Let (p be the 



1 if i + j <n-\ 
n if i + j > n — I, 

where jtt is a prime element of K (see the discussion preceding 111 1 .9). The crossed-product 
algebra A{(p) equals 0o</<n-i Lei with the multiphcation determined by 



fl = a'a ■ all fl e L, 



and 



ej+j if i + j < n — I 
jvei+j-n if i + j > n - I, 

We identify L with a subfield of A((p) by identifying eo with 1. Because eiae^^ = aa 
for a e L, we can use ei to compute the invariant of A{(ip). According to the above rules, 
el = en-iei = neo = n. Hence 

inwK{A{cp)) ^ ord(ei) = ^oidie",) = \oTd{n) = 

as expected. 

Proposition 4.3 The map inv/^: Br(A') Q/Z just defined is a bijection. 

Proof. Let L be the unramified extension of K of degree n (contained in a fixed algebraic 
closure K^^ of K), and let // A: be the corresponding extension of residue fields. Because 
the norm maps / k, —>■ we surjective, and Ul has a filtration whose quotients 
are or / one finds that the norm map U]^ Uk is surjective (see 111 1.2). Therefore, 
Hj{G, Ul) = 0, and (because the cohomology of cyclic groups is periodic) this implies 
that H^(G, Ul) = 0. As = Ulx tt^ for any prime element n of K, 

H^(L/K) = H^(G,7z^). 

Consideration of the cohomology sequence of 

O^Z^Q^ Q/Z 

shows that H-^(G, jz^) is cyclic of order n and is generated by the class of the cocycle cp 
considered in the last example (see the discussion preceding 111 1.9). Therefore, Bv(L/ K) 
is cyclic of order n, and it is generated by [^(v?)]- It now follows that invj^^: Br(^"'^/ K) — ^ 
Q/Z is an isomorphism, and we saw above that BiiK''''/K) = Bt(K''^/K). □ 



Remark 4.4 (a) The calculation in Example 4.2 shows that the invariant map defined in 
this chapter agrees with that in the preceding chapter. 

(b) A calculation as in Example 4.2 shows that invj5:(^(^' ) ~ n ^O"^ ^- I claim that 
if / is relatively prime to n, then A((p') is a central division algebra. If not, then A((p') ~ 
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Mr{D) for a central division algebra D of degree rri^ some m < n, and invj^(^(^')) = 
invi^(Z)) e ^Z/Z, which is a contradiction. It follows that each central division algebra 
over K is isomorphic to exactly one division algebra of the form A((p') for some « > 1 and 
some / relatively prime to «. In particular, for a central division algebra D, the order of [D] 
in Br(^) is ^[D : K]. 

(c) Let Z) be a central division algebra of degree over K. Because the map Br(A') 
Br(L) multiplies the invariant by [L : K] (see III 2.1), D is split by every extension L of 
K of degree n. Therefore every such L can be embedded into D (by 3.7). In other words, 
every irreducible polynomial in K[X] of degree n has a root in D ! 

Notes The results for finite fields, the real numbers, and nonarchmidean local fields are due re- 
spectively to Wedderburn, Frobenius, and Hasse. The calculation of the Brauer group of a nonar- 
chimedean local field is essentially the original (pre-cohomological) proof of Hasse. 

5 Complements 

Semisimple algebras 

A A:-algebra A is said to be semisimple if every ^-module is semisimple. Theorem 1.18 
proves that a simple /: -algebra is semisimple, and (yet another) theorem of Wedderburn 
shows that every semisimple /^-algebra is isomorphic to a product of simple /:-algebras (GT 
7.34). For every finite group G, the group algebra k[G] is semisimple provided (G : 1) is 
not divisible by the characteristic of k (Maschke's theorem; 7.4). 

Algebras, cohomology, and group extensions 

Let ^ be a central simple algebra of degree «^ over k, and assume that A contains a field 
L that is Galois of degree n over k. Let E be the set of invertible elements a e A such that 
aLa~^ = L. Then each a e E defines an element x axa^^ of Gal{L/k), and the 
Noether-Skolem theorem implies that every element of Gal(L/A:) arises from an a € E. 
Because [L : k] = ^J[A : k], the centralizer of L is L itself, and so the sequence 

1 ^ ^ £^ ^ Gal(L/k) 1 

is exact. It is not difficult to show that the map sending A to this sequence defines an 
isomorphism from A(L/ k) to the set of isomorphism classes of extensions of Gal(L/A:) 
by L^, and hence to H^(L/k) (see II 1.18). See Serre 1950/51. 

Brauer groups and Z-theory 

Let k he a. field containing a primitive nth root ^ of 1. To any elements a,b e k^, one 
attaches the /c -algebra A(a,b;^) having generators / and j and relations 

i" = a, j" = b, ij = Ui- 

It is a central simple algebra over k. 

The (Milnor) K-group K2F of a field F is the quotient of F^ <S)z by the abelian 
group generated by the elements of the form m (8> (1 — w) with u an element of such that 
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1 — M € F^. Thus K2F has as generators pairs {a,b}, one for each pair of elements in F^, 
and relations 

{ab, c} = {a, c}{b, c} 
{a, be} = {a, b}{a, c} 
{u,l — u} — 1. 

It is known that these relations imply that 

{u, v} = {v, u}~^ 
{u, —u} = 1 

(see Rosenberg 1994, p214). 

It is not difficult to show that the A(a,b;^), considered as elements of Br(A:) satisfy 
these relations, and so there is a well-defined homomorphism 

K2k Br(A:). 

Remarkably, it has been proved (Theorem of Merkuryev-Suslin, early 1980s) that this map 
defines an isomorphism from / nK2k onto the subgroup of Br(A:) of elements killed by 
n, and so we have an explicit description of BT{k)n in terms of generators and relations.' 

Exercise 5.1 Let F be a field of characteristic 2, and define the quaternion algebra 
H{a,b) as in (1.9). Thus H(a,b) has basis j,k and i'^ = a, = b, k = ij = —ji. 
It is a central simple algebra over F . 

(a) Show that every 4-dimensional central simple algebra over k is isomorphic to H(a, b) 
for some a,b e F^. 

(b) According to Wedderburn's theorem, either H{a,b) ^ M2{F) or H(a,b) is a divi- 
sion algebra. Show that the first case occurs if and only if — ax'^ — by^ + abz^ has 
a nontrivial zero in F . (Hint: for a = w + xi + yj + zk,\&ta = w — xi — yj — zk, 
and note that aa = W'^ — ax^ — . . . ) 

(c) Show that H{1, 1) « M2(F). (Hint: consider the matrices ei2 + ^21 and en — 622-) 

(d) Show that //(a, « H(ax^,by^) any x,y e F^ . 

(e) Show that H(a,b) (8>f ^ is the quaternion algebra over L defined by a, regarded 
as elements of L. 

(f) Verify that H{a, b) is in fact central simple over F . 

(g) Show that H{a, \ — a) ^ M2{F), provided a, 1 — a € F^. 

(h) Show that H{\,b) ^ H{a, -a) ^ M2(F) (Hint: consider j + k and / + j .) 

(i) Show that //(a, 6) ^ H{a,b)°'PP. 

(j) Show that H(a,b) M2{F) if and only if a e Nm(F[V^]). 

(k) Show that the map {a,b}^ [H(a, b)\. K2F ^ Br(F) is well-defined. 

^See: Merkurjev, A. S.; Suslin, A. A. AT-cohomology of Severi-Brauer varieties and the norm residue 
homomorphism. (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 46 (1982), no. 5, 1011-1046, 1135-1136. 

The theorem is discussed in the book: Kersten, Ina. Brauergruppen von Korpem. (German) [Brauer groups 
of fields] Aspects of Mathematics, D6. Friedr. Vieweg & Sohn, Braunschweig, 1990. 



5. COMPLEMENTS 



141 



Notes 

Brauer groups were introduced and studied by R. Brauer, and studied by Albert, Brauer, 
Noether, Hasse, and others, starting in the nineteen-twenties. The classic accounts are: 
Deuring, M., Algebren, Springer, 1935. 

Artin, E., Nesbitt, C, and Thrall, R., Rings with Minimum Condition, University of Michi- 
gan. Press, 1944. 

Apart from the quaint terminology (e.g., Kronecker products for tensor products), the latter 
is still an excellent book. 

Other books include Blanchard 1972, Farb and Dennis 1993, and Herstein 1968. These 
books include the Brauer group, but also cover much more (but no number theory). The 
second has lots of exercises. 

I found the following especially useful when 1 was writing the first version of this chap- 
ter: 

Serre, J-R, Applications algebriques de la cohomologie des groupes, I, II, Seminaire Henri 
Cartan, 1950/51 (now available at www.numdam.org). 
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Global Class Field Theory: 
Statements of the Main Theorems 

La theorie du corps de classes a une reputation 

de difficulte qui est en partie justifiee. Mais il 
faut faire une distinction: il n'est peut-etre pas 

en effet dans la science de theorie ou tout a la 
fois les demonstrations soient aussi ardues, et les 

resultats d'une aussi parfaite simplicite et d'une 

aussi grande puissance. 

J. Herbrand, 1936, p2.' 

In this chapter, 1 state and explain the main theorems of global class field theory. They 
will be proved in Chapter VII 

Throughout this chapter, AT is a number field, although most of the results hold also for 
finite extensions of¥ p{T). 

Recall that for a number field K, we define a prime of K to be an equivalence class of 
nontrivial valuations of K. There are two types of primes: the finite primes, which can be 
identified with the prime ideals of Ok, and the infinite primes. A real infinite prime can be 
identified with an embedding of K into M, and a complex infinite prime can be identified 
with a conjugate pair of embeddings of K into C. We use p or u to denote a prime, finite or 
infinite. We use S denote a finite set of primes of K, and also the set of primes of a finite 
extension L of ^ lying over K. The set of infinite primes is denoted by Soo- 

The completion of AT at a prime p (resp. v) is denoted by Kp (resp. K^), and the 
inclusion K '-^ Kp (resp. K Ky) is denoted a ^ Up (resp. a Uy). 

1 Ray Class Groups 

Ideals prime to S 

Let I — Ix be the group of fractional ideals in K. For a finite set S of primes of K, we 
define /"^ to be the subgroup of / generated by the prime ideals not in 5*. Each element a 

'class field theory has a reputation for being difficult, which is partly justified. But it is necessary to make 
a distinction: there is perhaps nowhere in science a theory in which the proofs are so difficult but at the same 
time the results are of such perfect simplicity and of such great power. 
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of factors uniquely as 

a = p1' Pi^S, meZ, 

and so 7*^ can be identified with the free abelian group generated by the prime ideals not in 
S. Define 

= {ae K"" \ (a) e I^} = {a e K"" \ ordp(a) = all finite p e S}. 

Leti:K^ be the map sending an element a of to the ideal oOk- 

For example, when K = Q and S is the set of prime numbers dividing and integer n, 
is the set of fractional ideals 

{(r/s) \ r,s e Z , gcd(r, n) = 1 = gcd(j,«)} 

and 

Q = {f/^ \ r,s e.Z , gcd(r, «) = 1 = gcd(5,«)}. 
In this case, the natural map Q'^ — ^ 7'^ is surjective with kernel {±1}. 
Lemma 1 . 1 For every finite set S of prime ideals in Ok, the sequence 

^ Uk ^ ^ ^ C ^ 
is exact. (Here Uk = and C is the fall ideal class group 7/ i(K^).) 

Proof. To show that 7'^ ^ C is surjective, we have to show that every ideal class C is 
represented by an ideal in 7"^. Let a represent C. Then a = bc~^ with b and c integral 
ideals, and for any c e c, a-(c) = b • • (c) is integral, and so we may suppose that a 
itself is an integral ideal. Write a = YlpeS P'^^^^b where b e 7'^. For each p € S, choose 
aTTp € p \ p^, so that ordp(:7rp) = 1. By the Chinese Remainder Theorem, there exists an 
a g Ok such that 

a ^ Jt^^''^ mod p"(P>+i 

for all p 6 S. These congruences imply that ordp(a) = n(p) for all p e S, and so 
C*^) — YlpeS P"*^''^^'' with b' € 7'^. Now a~^a e 7*^ and represents the same class as a in 
C. 

Next, if a e 7'^ maps to zero in C , then a = (a) for some a e , and a is uniquely 
determined up to a unit. This proves the exactness at the remaining places. □ 

Remark 1 .2 In fact, every class in C is represented by an integral ideal a in 7*^: suppose 

the class is represented by a € I^; write a = bc~^ with b and c integral ideals in 7"^, 
choose a nonzero c e cH (exists by the Chinese remainder theorem), and note that ca 
is integral. 

Moduli 

Definition 1.3 A modulus for A' is a function 

m: { primes of K} ^ Z 

such that 
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(a) m(p) >0 for all primes p, and m(p) = for all but finitely many p; 

(b) if p is real, then m(p) = or 1; 

(c) if p is complex, then m(p) = 0. 

Traditionally, one writes 

^=]-[pm(p) 

P 

A modulus m = n p^^P) is said to divide a modulus n = flp P"^^^ if ^(p) ^ "(p) for all 
p. In particular, a prime p divides a modulus m if and only if m(p) > 0. 
A modulus m can be written 

nt = TTiooTno 

where nVoo is a product of real primes and mo is product of positive powers of prime ideals, 
and hence can be identified with an ideal in Ok- 

The ray class group 

For a modulus m, define K^,! to be the set of a e such that 

ordp(a — 1) > m(p) all finite p dividing m 
Up > all real p dividing m. 

Note that 

ordp(a - 1) > m(p) ^ ;r'"(P^|(flp - 1) 

« fl ^ 1 in (Op/p'"^^Y - (dp/p'"^^Y 
where izr is a prime element in the completion Kp of K atp. Let 

S(xn) = { primes dividing m}. 
For any a e K^^i and prime ideal p dividing m, ordp(a — 1) > = ordp(l), and so 

ordp(a) = ordp((a - 1) + 1) = 0. 

Therefore, for any a € Km,i, the ideal (a) hes in Let i denote the map a 

(a): Km,i The quotient 

is called the (ray) class group modulo m. 

Example 1.4 The expression m = (2)^ ■ (17)^ ■ (19) ■ oo is a modulus for Q with mo = 
(2)^ • (17)^ • (19) and moo = (here oo denotes the unique infinite prime of Q). Moreover, 
Qni,i consists of the positive rational numbers a such that 

ord2(a — 1) > 3 
< ordi7(<2 — 1) > 2 . 
ordi9(a — 1) > 1 

The condition at 2 says that a is the quotient of two odd integers, a — b/c, and that the 
image of bc~^ in (Z/8Z)^ is 1. The other conditions can be expressed similarly. 
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Lemma 1.5 Let S be a finite set of prime ideals of K. Then every element a € can 
be written a = a/b with a,b e Ok H . 

Proof. Because a e , (a) = a/b with a, b integral ideals in 7'^. Clearly a and b 
represent the same element C of the ideal class group, and according to Remark 1.2 we can 
choose an integral ideal c in 7*^ to represent C~^. Now (a) — ac/bc — {a)/{b) for some 
a,b eOK<^K^- □ 

Proposition 1.6 Every class in Cm is represented by an integral ideal a, and two integral 
ideals a and b represent the same class in Cm if wd only if there exist nonzero a,b e Ok 
such thataa = bb and 



Proof. Suppose the class is represented by o e 7 ; write a = bc~ with b and c integral 
ideals in 7"^, choose a nonzero c € cf) (exists by the Chinese remainder theorem), and 
note that co is integral. The second part of the statement follows from the lemma. □ 

Thus, for example, the usual ideal class group can be identified with the set of integral 
ideals modulo the equivalence relation: o ~ b if and only if ao = for some nonzero 
a,b € Ok- 

Theorem 1.7 For every modulus m of K, there is an exact sequence 



a = b = I mod mo 

a and b have the same sign for every real prime dividing m. 



O^U/Um,l 




c, 



m 



c 







and canonical isomorphisms 



Km/ Km,l — 



n {±} X n iOK/v'^^'Y -Y\{^}^ iOK/raor, 



p real p Snite p real 

p|m p|m p|m 



where 



K 



m 



^S(m) = {a€ K"" \ ordp(a) = for all p\mo} 



U 



O^ , the group of units in K, 

unKm,i. 



Therefore, Cm is a finite group of order 



h 



m — 



h ■ 




where ro is the number of real primes dividing m and h is the class number of K (order of 
C). 
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Proof. The inclusion /-^^"^^ — > / defines a homomorphism Cm — ^ C . Consider the pair 
of maps 

J^m,l J^m ^ ^ ■ 

According to the Lemma 1.1, the kernel and cokernel of g are ^7 and C respectively. The 
cokemel of g o / is Cm (by definition) and its kernel is Km,i r\ U = Um,i- Finally, / is 
injective. Therefore, the kemel-cokemel sequence (see II A.2) of the pair of maps is 

O^Um,-i^U^ KJKm,i ^ Cm ^ C ^ 0. 

We next prove that Km is canonically isomorphic to the given groups. Let p be a prime 
dividing m. If p is real, we map a e Km to the sign of ap (recall that a real prime is an 
embedding AT M, and that ap denotes the image of a under the embedding). If p is 
finite, i.e., it is a prime ideal in Ok, then we map a e Km to [a][&]~^ e {Ok/p'"^^^)^ 
where a,h sue. as in the lemma. As a and h are relatively prime to p, their classes [a] and 
[b] in Ok/p'"^^^ are invertible, and so this makes sense. The weak approximation theorem 
(ANT 7.20) shows that the map Km n{±} x EKCiir/p'"^''-')'' is surjective, and its kernel 
is obviously Km,i- 

The Chinese Remainder Theorem shows that there is an isomorphism of rings 

OK/mo^YlOK/p"''-'\ 

p|m 

and hence an isomorphism of groups 

{OK/mor -Y\{Ok/p'"^'Y. 

This completes proof of the isomorphisms. 

It remains to compute the orders of the groups. Note that Ok/p'" is a local ring with 
maximal ideal p/p'" (because its ideals correspond to the ideals of Ok containing p'"), and 
so its units are the elements not in p/p'" . The filtration 

(Ok/p'^)'' D (1 + P)/P'" D • • • D (1 + p'"-i)/p'^ D 
has quotients isomorphic to 

k'',k,...,k, k = OK/p, 
and so (Ok/P"'V has order (q - l)^'"-\ q = (Ok : p) = Np. This shows that 

{Cm : 1) = (C : 1) ■ (Km : Km,i) ■ (Um : Um,ir' 
is equal to the expression in the statement of the theorem. □ 

Example 1.8 (a) If m = 1, then Cm = C. 

(b) When m is the product of the real primes. Cm is the narrow-class group and there is 
an exact sequence 

O^U/U+^ K''/K+ ^ Cm ^ C ^ 1 

where K+ is the group of totally positive elements (i.e., positive under all real embeddings) 
and U-\- is the group of all totally positive units. Moreover, K^ / K+ ~ Opreaii^'^}' ^'^'^ 
the kernel of Cm ^ C is the set of possible signs modulo those arising from units. 
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For Q, the narrow-class group is trivial. For Q[^/d], d > 0, there are two real primes, 
and U = {ibe"' | m e Z} f« (Z/2Z) x Z where £ is a fundamental unit. Let s be the 
conjugate of e. Then hm = 2h or h according as £ and s have the same or different signs. 
Note that Nm(£) = + 1 if the signs are the same and — 1 if they differ. For small values of 
d we have 



d 


h 


£ 


Nm(£) 


2 


1 


1 + V2 


-1 


3 


1 


2+ V3 


1 


5 


1 


(1 + V5)/2 


-1 


6 


1 


5 + 2V6 


1 



Therefore, Q[ V3] and Q[\/6] have class number 1 but narrow-class number 2, whereas for 
Q[-s/2] and Q[\/5] both class numbers are 1. 

(c) For the field Q and the modulus (m), the sequence becomes 

^ {±1} ^ (Z/mZ)'' ^ Cm ^ 0. 

For the modulus oo(m), the sequence becomes 

{±1} ^ {±} X (Z/mZy ^Cm^O. 

Here — 1 maps to (— , [—1]), and the subgroup (Z/ otZ)^ of the product maps isomorphically 
onto the quotient Cm. 

The Frobenius element 

We review the theory of the Frobenius element (ANT Chapter 8). Let Khea number field, 
and let L be a finite Galois extension of K with group G. Let p be an ideal of K, and let ^ 
be an ideal of L lying over it. The decomposition group (or G(^)) is defined to be 

{t e G I r<p = 

Equivalently, it is the set of elements of G that act continuously for the ^-adic topology, 
and so extend to the completion Lsp. In this way we obtain an isomorphism 

Dm ^ GaI(L<p/^p). 

Assume *P is unramified over p. Then the action of Gal(Lqj/^p) on Ol induces an iso- 
morphism 

Ga\(L<^/Kp) Ga\(l/k) 
where / and k are the residue fields. Pictorially: 
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The group Gal(/ / k) is cyclic with a canonical generator, namely, the Frobenius element 
X where q is the number of elements of k. Hence is cyclic, and the generator of 

D(^) corresponding to the Frobenius element in Gal(/ / k) is called the Frobenius element 
(^,L/K) at *p. It is the unique element a of Gal(L/K) satisfying the following two 
conditions: 

(a) a e D(^), i.e., a^i = q?; 

(b) for all a e Ol, oa = mod where q is the number of elements the residue 
field Ok/P,V = '^^K. 

We now list the basic properties of L/ K). 

1.9 Let t'^ he a second prime dividing p. Then Z)(t*P) = rD(^)x~^ , and 
Proof. If p e DCqj), then 

and so xpx~^ e D{x^). Thus xDi^)x^^ C Z)(t*P), and since they have the same order, 
they must be equal. 

Let a sOl and let a = {^,L/K)\ then 

xax~^{a) = X {{x~^aY + ci) , some a e ^ , and 

T ((T~^a)'^ + a) = + ra- = modr^p. □ 

As G acts transitively on the primes dividing p, this implies that 

{{^,L/K)\^\p} 

is a conjugacy class in G, which we denote (p,L/K). When L/K is abelian, (p,L/K) 
contains a single element, and we regard it as an element of Gal(L/^) (rather than a set 
consisting of a single element). 

1.10 Consider a tower of fields 

M n 

L <p 
K p 

and assume that Q is unramified over p; then 

(£2,M/L) = (£l,M/Ky^'^^^\ 

Proof. Let k(£l) D k(^) D k{p) be the tower of residue fields. Then /(qj/p) = [k(^) : 
k(p)], and the Frobenius element in Gal(k(Q.) / k(^)) is the / (^/p)th power of the Frobe- 
nius element in Ga[(k(0.)/ k(p)). The rest is straightforward. □ 

1.11 In (1.10), assume that L is Galois over K; then 

(£l,M/K)\L = (^,L/K). 
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Proof. Clearly (0, M/K)\L satisfies the conditions characterizing {^,L/K). □ 

Let Li and L2 be Galois extensions of K contained in some field ^2, and let M — 
Li • L2. Then M is Galois over K, and there is an injective homomorphism 

a ^ (a|Li,CT|L2):Gal(M/^) ^ Gal(Li/^)) x Gal(L2/K). 

1.12 Let £} be a prime ideal of Om, ^nd let *P/ = 12 fl Ol,- ■ Under the above map, 

(Q,M/K) ^ (^i,Li/K) X (^2,L2/K). 

Proof. Apply (1.11). □ 

Note that p splits completely in L if and only if L/ K) = 1 for one (hence all) 
primes *p lying over it. Hence, in the situation of (1.12), p splits completely in M if and 
only if it splits completely in Li and L2. 

2 L -Series and the Density of Primes in Arithmetic 
Progressions 

We begin by briefly reviewing the elementary theory of Dirichlet L-series (see, for example, 
Serre 1970, Chapter VI). 

Let m be an integer. A Dirichlet character modulo m is ahomomorphism x'- {'L/m'L)^ - 
C^. Because {'L/m'L)^ is finite, /([«]) is a root of 1 for all n. A Dirichlet character modulo 
m can be regarded as a multiplicative function on the set of integers prime to m whose value 
at n depends only on n modulo m. Often one extends ;f to a function on all the integers by 
setting =■ when gcd(m,n) ^ 1. The trivial Dirichlet character modulo m, taking 
the value 1 for all integers prime to m, is called the principal Dirichlet character xo- 

To a Dirichlet character x modulo m, one attaches a Dirichlet series 

Both expressions converge for s a complex number with !)i(5) > 1 — their equality is the 
analytic expression of the unique factorization. Note that L (5, xo) differs from the Riemann 
zeta function ^(s) only in that it is missing the factors for p dividing m. 

Theorem 2.1 (a) The zeta function i^{s) extends to a meromorphic function on the half- 
plane 9? (s) > 0, and 

^(s) = + (p(s) 
s — I 

where (p(s) is holomorphic for i)i (5) > 0. 

(b) ff X Xo, then the series for L(s, x) converges for'iK(s) > and L(l, x) 7^ 0. 

Proof. Serre 1970, Chapter VI, Propositions 10, 12, Theoreme 1. □ 
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On applying log to the equality in (a), one finds that 

Yl/p' -log-^ass i 1. 

^ 1 — 5 

By this we mean that the quotient _J^^l^f_^y converges to 1 as 5 approaches 1 through 
real numbers > 1 . This result makes reasonable the definition that a set T of primes has 
Dirichlet (or analytic) density 8 if 

V 1// log ^— as 5 i 1. 
^ I — s 

Define fx(s) = J^pi^m X(p)/ ■ Then (2.1b) shows that, for x 7^ Xo^ /x(*) bounded 
near 5 = 1. An elementary argument (Sene 1970, Chapter VI, Lemme 9) shows that, for 
every a prime to m, 

(p{m) ^ 

p=a mod m X 

def 

where (p(m) = \ (Z/mZ)^ | and the sum is over all Dirichlet characters modulo m. 
Theorem 2.2 For every a prime to m, the primes in the arithmetic progression 

. . . ,a — 2m ,a — m,a,a + m,a + 2m , . . . 
have Dirichlet density l/(p(m). 

Proof. For X ¥^ Xo^ fxi^) remains bounded near s = \, and so 

Y\ ^/P' 7--/o(«)"Vzo(^) log-^ as5 ; 1. 

^ w(m) (p(m) I — s 

p=a mod m □ 



Corollary 2.3 For every m, the set of primes splitting in the cyclotomic field Q[^m] has 
Dirichlet density l/(p(m). 

Proof. A prime ideal (p) splits in Q[^ot] if and only if p = \ mod m. □ 

We now explain how the above results generalize from Q to arbitrary number fields. 
Proofs will be given in Chapter VI. 

Let A' be a number field, and let m be modulus for K. A (Dirichlet or Weber) character 
modulo m is a homomorphism Cm — again, its values are roots of 1. Alternatively, 

such a character is a multiplicative function —^C^ that is zero on /(^m,i) for some 
modulus m with S(m) — S. The principal character modulo m is the function xo- Cm — > 

taking only the value 1 . 

To a character / modulo m, one attaches a Dirichlet series 

= n Ln^-s = E xia)/na\ 
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The product is over the prime ideals relatively prime to mo, and the sum is over the inte- 
gral ideals relatively prime to mo- Again, both expressions converge for > 1, and 
their equahty is the analytic expression of the unique factorization of ideals. The L-series 
L(s, Xo) differs by only a finite number of factors from the Dedekind zeta function 



Theorem 2.4 (a) The zeta function ^k(s) extends to a meromorphic function on the half- 
plane !H (s) > 0, and 

n; iTT^^^K 7 ass i I 



where r\ and ri are the numbers of real and complex primes of K respectively, Reg(K) is 
the regulator of K (see ANT, Chapter 5), wk is the number of roots of 1 in K, Aj^/q is the 
discriminant of K/Q, and hx is the class number 

(b) If X XO' then the series for L(s, x) converges for St (5) > and L(l, /) ^ 0. 

The proof of (b) uses the Existence Theorem (see 3.6). 
Again, on applying log to the equality in (a), one finds that 



V 1/Np^ ~ log ^— as 5 i 1, 

1—5 



P 

and one says that a set T of prime ideals in T has Dirichlet (or natural) density S if 



l/Np' ~ 51og— *— as5 i 1. 
I — s 



A similar argument to that in the previous case proves: 

Theorem 2.5 For every ideal a relatively prime to mo, the prime ideals in Ok whose 
class in Cm is [a] have Dirichlet density 1 / h^- 

The analysis in the proofs of Theorems 2.4 and 2.5 is the same as in the case K — Q, 
but the number theory is much more difficult. 



3 The Main Theorems in Terms of Ideals 

The Artin map 

Let L/ K be a. finite abelian extension Galois group G . Recall that, for a prime ideal p of 
K that is unramified in L, there is a Frobenius automorphism a = (p, L/ K) of L uniquely 
determined by the following condition: for every prime ideal *P of L lying over p, a*P = 
and aa = mod 

For every finite set S of primes of K containing all primes that ramify in L, we have a 
homomorphism 

fL/K- ^ Gal(L/K), p^^ • ■ ■ pr ^ n^P' ' ^/^)"'' 
called the global Artin map (or reciprocity map). 
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Example 3.1 Let K = Qls/m] where m is a square-free integer. The set S of finite 
primes ramifying in K consists of the primes dividing m if m = 1 mod 4 and the primes 
dividing m together with 2 otherwise. Identify Gal(^/Q) with {±1}. The Artin map is the 
homomorphism determined by 




GaliK/Q) 

where (^) is the quadratic residue (Legendre) symbol. 

Example 3.2 Let L = Q[^m] where is a primitive 771th root of 1. Assume that m is 
odd or divisible by 4 (so that the primes ramifying in L are precisely the primes dividing 
m). The map sending an integer n prime to m to the automorphism ^ i-> ^" of L defines an 
isomorphism (Z/mZ)^ Gal(L/Q). For p not dividing n, (p, L/K) = [p]. If r and s 
are positive integers prime to m, then r/s defines a class [r/s] — [r][s]~^ e (Z/zwZ)^, and 
the Artin map is the composite of 

jS ^' \ (Z/mZf ) Gal(L/Q). 

Recall (ANT p. 68) that for any finite extension of number fields L/K, the norm map 
^^L/K- II Ik from the group of fractional ideals of L to the similar group for K, is 
the unique homomorphism such that for any prime ideal ^ of L, Nm/^//^(*P) = p/CP/p) 
where p = *p fl Ok- For any a e L, Nm/^/j5^((a)) = (Nm^/j^^ a). 

Proposition 3.3 Let L be an abelian extension of K, and let K' be any intermediate 
Held: L D K' D K. Then the following diagram commutes: 

/|, -^^^ Gal(L/^0 



Nm 



inclusion 



jS Gal(L/K). 

Here S is any finite set of prime ideals of K containing all those that ramify in L, and also 
the set of primes of K' lying over a prime in S. 

Proof. Let p' be any prime ideal of K' lying over a prime ideal p of K not in S. Then 
^"oiK'/Kip') = p^^P'/P\ and we have to show that fi/K'ip') = fhlKip-^^'^''^^), i-e., that 
{^,L/K') = {^,L/K)f^'c'l^'> for every prime ideal ^ of L lying over p. But this was 
proved in (1.10). □ 

Corollary 3.4 For every finite abelian extension L of K, Nm^/j^(/^) is contained in 
the kernel off^iK- ^ Gal{L/K). 

Proof. Take = L in the above diagram. □ 

Thus the Artin map induces a homomorphism 

V^L/ir:/|/Nm(/f)^Gal(L/^) 

whenever L/K is a finite abelian extension. The group / Nm(/£) is infinite (because 
infinitely many primes don't split), and so i^L/K can not be injective. 
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The main theorems of global class field theory 

Let 5* be a finite set of primes of K. We shall say that a homomorphism ^ G admits 

a modulus if there exists a modulus m with 5'(m) D 5 such that \lf{i{Km,\)) = 0. Thus V 
admits a modulus if and only if it factors through Cm for some m with S{m) D S. 

Theorem 3.5 (Reciprocity Law) Let L he a finite abelian extension of K, and let S 
be the set of primes of K ramifying in L . Then the Artin map -[j/:!^^ Gal(L / K) admits 
a modulus m with S(m) = S, and it defines an isomorphism 

4^'"VK^m,i) • Nm(/f ("^^) ^ G^l{L/K). 

A modulus as in the statement of the theorem is called a defining modulus for L. 

Note that the theorem does not imply that K has even a single nontrivial abelian exten- 
sion. Write for the group of 5(m)-ideals in K, and for the group of 5(m)'-ideals in 
L, where S(m)' contains the primes of L lying over a prime in ^(m). Call a subgroup H 
of a congruence subgroup modulo m if 

Theorem 3.6 (Existence Theorem) For every congruence subgroup H modulo m, 
there exists a finite abelian extension L/K such that H = /(AT^,!) • Nm^//5^(/^). 

Note that, for H and L as in the theorem, the Artin map ifL/K induces an isomorphism 

lSi^)/H Gal{L/K). 

In particular, for each modulus m there is a field L^, called the ray class field modulo m 
such that the Artin map defines an isomorphism Cm — > Gal(Lm/ K)- For a field L C L^, 
set 

Nm(CL,m) = z(^m,i) • Nm(/^) mod i(Kr,,i). 

Corollary 3.7 Fix a modulus m. Then the map L Nm(CL,m) is a bijection from the 
set of abelian extensions of K contained in Lm to the set of subgroups of Cm- Moreover, 

L1CL2 ^ Nm(CL,,m) 3 Nm(CL2,m); 
Nm(CLi.L2,m) = Nm(CLi,m) n Nm(CL2,m); 
Nm(CLinL2,m) = Nm(CLi,m) ■ Nm(CL2,m)- 

In Section 5 below, we shall restate Theorems 3.5 and 3.6 in terms of ideles, and in 
Chapter VII we prove the restated theorems. 

As we discuss below, there is a rather simple analytic proof that the Artin map is sur- 
jective. Thus the difficulty in proving the Reciprocity Law is in showing that the Artin map 
admits a conductor and that 

(/^('"):/(^m,i)-Nm(/f'">)<[L:^]. 

To prove the Existence Theorem we must construct a ray class field for each modulus. Un- 
fortunately, we don't know how to construct the ray class field directly. Rather we construct 
enough extensions to force the theorem to be true. 
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Remark 3.8 Let L/K be an abelian extension with Galois group G. According to the 
Reciprocity Law, there is a modulus m with support the set of primes of K ramifying in L 
such that the Artin map ^/l/k'- I^^'^^ G takes the value 1 on i{Km,i)- Consider the map 
in Theorem 1 .7 

(0^/p-(p))X ^ KJK^,, U C„ ^ G. 

Clearly, there will be a smallest integer /(p) < m(p) such that this map factors through 
(Oi^/p^^P))^. The modulus ^{L/K) = TTioo n p-^*^''"' is then the smallest modulus such that 
ifLIK factors through Cf — it is called the conductor^ of L/K. The conductor f(L/K) is 
divisible exactly by the primes ramifying in L. 

The subfields of the ray class field L^ containing K are those with conductor f |m. Every 
abelian extension of K is contained in L^ for some m. 

Example 3.9 The ray class group for the modulus m = 1 is the ideal class group, and the 
corresponding ray class field is the Hilbert class field; it is the maximal abelian extension of 
K that is unramified at all primes including the real primes (which means that real primes 
stay real). For example, the Hilbert class field of Q is Q itself (because Q has class number 
1). The Hilbert class field of Q[V^] is Q[V^, V5]— both 2 and 5 ramify in Q[V^], 
but only 2 ramifies in Q[\/— T] and only 5 ramifies in Q[\/5], from which it follows that the 
primes of Q[a/^] dividing 2 and 5 do not ramify Q[\/^, Vs]. 

Example 3.10 Let m be a positive integer which is odd or divisible by 4. The ray class 
field for (m) is Q[^m + ^m], and the ray class field for oo(m) is Q[^m]- Thus the Reciprocity 
Law implies the Kronecker- Weber theorem: every abelian extension of Q has conductor 
dividing oo(m) for some m, and therefore is contained in a cyclotomic field. 

Example 3.11 Let be a square-free integer. We compute the conductor of K = Q[^/d] 
by finding the smallest integer m such that Q[a/Z] C Q[Cm]- 

First, consider an odd prime p. Then Gal(Q[^p]/Q) ~ (Z/ plj)^ is cyclic of order 
p — I, and so has a unique quotient group of order 2. Therefore, Q[i^p] contains a unique 
quadratic field, which because it can only be ramified at p, must equal Q[V^] where 
p* = (—l)^2r p (the sign is chosen so that p* = I mod 4). 

Second, note that = (1 + i)/V2, and so ^8 + ^8 = ^/2. Therefore Q[V2] C Qits] 
(in fact, Q[V2] is the largest real subfield of Q[^8], and Q[^8] = Q[i, V2]). 

Let n be the product of the odd primes dividing d (so d = ±n or ±2n). I claim that 

Q[Vd] C Q[<;n]ifd = \ mod 4, 
Q[^/d] C Q[i;4n]ifd = 3 mod 4, 
Q[Vd] C Q[l;8n]ifd = 2 mod 4 

and that, in each case, this is the smallest cyclotomic field containing For example, 

note that d = pi . . . pr, d = 1 mod 4, implies that d = p* ■ ■ ■ p*, and so Q[\/^] C 
Q[^„]. Also note that if d is even, then Q[\/Z] is not contained in Q[^4„] because otherwise 
Q[C4«] would contain i, ~J~d, ^d/2, and hence would contain i, V2, and ^8- 

Weconclude that the conductor of Q[a/J] is |Z\j^/q| or oo\Axiq\ depending on whether 
d > Q ox d < — here is the discriminant of A'/Q. 

^Fiihrer in German — in Germany in the 1930s, conversations in public on class field theory could be 
hazardous. 
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Remark 3.12 For a finite abelian extension L/K and modulus m with 5'(m) equal to the 
set of primes of K ramifying in L, let 

T(L/K,m) = i(K„,,i)-NmL/K(lL'"^) C Ik- 

Takagi showed that for m sufficiently divisible (in fact, for all m divisible by the conductor f 
of L/K), the group r (L m) is independent of m and /^^""^ / T(L/ K,m) ^ Gal(L/ K). 
For this reason, T(L/K,m) is often called the Takagi group of L/K when f|m. Artin 
showed that the Takagi group is the kernel of the map a ^ {a, L/K): I^""^ Ga\{L/K). 

Exercise 3.13 Compute the conductor of Q[-s/J]/Q by applying the quadratic reciprocity 
law to find the smallest m such that /(Qm,i) is in the kernel of the Artin map (cf. Exercise 
0.10). 

The field L corresponding to a congruence subgroup H is called the class field of H , 
whence the name of the subject. Note that for a prime p of ^ not dividing the conductor of 
L/K, the residue class degree /(*p/p) for a prime lying over p is the order of p in / 
(because this is the order of the Frobenius element in G&liki^) / k{p))). Thus we have 
obtained a classification of the abelian extensions of K in terms of the ideal structure of K, 
and for each abelian extension we know the decomposition laws of the primes in K. 



Exercise 3.14 Verify the last row in the following table: 



Discriminant 


-15 


-20 


-23 


-24 


-31 


Class number 


2 


2 


3 


2 


3 


Hilbert class field 


+ 3 


Z2 + 1 


X^ -X-l 


X2 + 3 


X^ + X -I 



The first row lists the discriminants of the first five imaginary quadratic fields with class 
number not equal to 1, the second row lists their class numbers, and the final row lists 
the minimum polynomial of a generator of the Hilbert class field. (Note that for a totally 
imaginary field, the class number and the narrow-class number coincide.) 

[For example, the quadratic field with discriminant —24 is Q[V^^], and its Hilbert class 
field is L = Q[V^, V^] = Q[V2, V^]. Thus L = <Q[a] with a = V2+ v^, which 
has minimum polynomial + 2X'^ + 5. However, Z[a] is not equal to the ring of integers 
in L (cf. mol22765).] 

Exercise 3.15 This exercise explains what happens when we ignore a finite set S of 
prime ideals of K. Let m be a modulus of K with S{m) fl 5 = 0, and let // be a subgroup 
of /5'u5'(m) containing /(^m,i)- Define an extension L of ^ to be an 5-class field for H if 

(a) L is a finite abelian extension of K, and the prime ideals in S split completely in L; 

(b) m(p) = =J> p does not ramify in L; 

(c) the prime ideals not in 5 U 5(m) that split in L are precisely those in H. 

Prove that an 5-class field L exists for each group H as above, that it is unique, and 
that I^'^^^^^/H ~ Gal(L / K); moreover, every field L satisfying (a) is the 5* -class field 
for some H. 

Hint: Show /•^^'^('"V'(^m,i) - I^^"''^/{S) ■ i(Km,i), where (S) is the subgroup of 
jS(.m) generated by the primes in S. 
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The norm limitation theorem 

In our classification of the abelian extensions of K, we attach to L the group H = /(ATn^j) ■ 
Nm(/f ^'"^) for m a modulus sufficiently large to be a defining modulus (and then (/ ^"^^ : 
H) = [L : K]). One might hope that something similar works for nonabelian extensions, 
but the following theorem shows that it does not. 

Theorem 3.16 (Norm Limitation Theorem) Let L be a finite Galois extension of 
K, and let L' / K be the maximal abelian subextension ofL/K. For every defining modulus 
mforV/K, 

i{K^,i) ■ NmL/Kill^""^) = /(^m,i) ■ Nmz,7i^(/f^^). 

For example, if L is a cubic extension of K that is not Galois over K, then L' = K, 
and so 

/(i:.,,i)-Nmz,/^(/f-^) = /|('^\ 

The norm limitation theorem indicates that, for a nonabelian extension L/K, Spl(L / K) 
is not described by congruence conditions. 

The principal ideal theorem 

... a ma honte, je ne suis par arrive a retrou- 
ver ce "corollaire " que tous les ideaux de K de- 
viennent principaux dans la plus grande exten- 
sion abelienne non ramifiee dans le fini. Si ga 
s'explique en deux mots, je t'en serais fort recon- 
naissant. 

Grothendieck, letter to Serre, 19.9.1956.^ 

The following theorem was conjectured by Hilbert about 1900. 

Theorem 3.17 (Principal Ideal Theorem) Every ideal in K becomes principal in 
the Hilbert class field of K. 

I explain the idea of the proof. Recall that for a group G , the commutator (or derived) 
subgroup G' of G is the subgroup generated by the commutators ghg^^h^^, g,h € G. The 
quotient G^^ = Gj G' is abelian, and it is the largest abelian quotient of G. If L is a Galois 
extension of K with Galois group G, then L is an abelian extension of K with Galois 
group G*^^, and it is the largest abelian extension of K contained in L. 

^ ... to my shame, I have been unable to find the "corollary" stating that all ideals of K become principal 
in the largest abelian extension unramified at the finite primes. If it can be explained in two words, I would be 
very grateful to you. 
Serre responded: 

Enclosed is a little paper on the "Hauptidealsatz" explaining how the theorem can be reduced to 
an (actually very mysterious) theorem in group theory. This, in fact, is the reduction given by 
Artin himself in his paper on the subject (Abh. Hamburg, around volume 7-10); if you could 
find a beautiful cohomological proof of the theorem it would be so much better, but everyone 
has got stuck on it up to now. 

See also the endnote to Serre's letter (Grothendieck and Serre 2001). 
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Suppose we have fields 

Ld K' D K 

with L Galois over K (not necessarily abelian). For every finite set of primes 5* of K, 
a aOx' is a homomorphism I^,. Consider: 

? 

Gal(L/K'Y^. 

What is the map "?" making the diagram commute? 

Before describing it, 1 need to explain a construction in group theory. Let // be a group 
of finite index in a group G, and write G as a disjoint union of cosets, 

G = HgiU Hg2U ...U Hg„. 

For g e G, set (p{g) = gi if g e Hgi, and define 

n 

Vig) = Y[gig^(SiSr' mod//' 
i = l 

where H' is the commutator subgroup of H. 

Proposition 3.18 The map g V(g) is a homomorphism G H/H' , and it is inde- 
pendent of the choice of the coset representatives gi . 

Proof. The verification is straightforward — see, for example. Hall 1959, 14.2.1. □ 

Thus, whenever we have a group G and a subgroup H of finite index, we have a well- 
defined homomorphism 

V : G""*^ H'^^, 

called the Verlagerung (or transfer) map. 

In the situation of the above diagram, Gal{L/ K') is a subgroup of Gsl{L/ K), and 
hence the Verlagerung is a homomorphism 

V: G&\{L/KT'^ Gs.\(L/K'T'°. 

Emil Artin showed that this is the map making the above diagram commute (cf. II 3.2b). 
Consider the fields 

K" D K' D K 

where K' is the Hilbert class field of K, and K" is the Hilbert class field of K'. Then 

(a) K" is normal over K (because any conjugate of K" is again an abelian unramified 
extension of K', and hence is contained in K"); 

(b) K' is the largest abelian extension of K contained in K" (because every abelian 
extension of K contained in K" is unramified over K, and hence is contained in K'). 



canonical 
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From (b) we find that Gal(K"/K)''^ 
previous diagram becomes 

Ck - 



canonical 



Gal(K'/K). Therefore, when L = K", the 
-> Gal{K'/K) 

Ver 



Ck' 



Gal(K"/K'), 



where Ck and Ck' are the class groups of K and K'. Let G = Ga\(K" / K) and let 
H = Gal(K" / K'). Because of (b), H is the commutator subgroup of G. The next theorem 
(which was conjectured by Emil Artin) shows that V is zero in this situation, and hence that 
the canonical map Ck Ck' is zero, i.e., that every ideal of K becomes principal in K' . 

Theorem 3.19 Let G he a finite group, and let H he its conunutator suhgroup; ttien 



V:G 



ab 



H 



ab 



IS zero. 



Proof. This is a theorem in group theory. It was proved by Furtw angler in 1930. For 
a simple proof, see: Witt, Proc. International Congress of Mathematicians, Amsterdam, 
1954, Vol 2, pp7 1-73. □ 

Remark 3.20 It is in fact easy to see that there exists an extension L of A' of degree 
dividing the class number h of K such that every ideal in K becomes principal in L: write 
the class group of ^ as a direct sum of cyclic groups; choose a generator a, for each 

h ■ 

summand, and let hi be the order of a, in the class group; write a- ' = (at), and define L 
to be the field obtained from K by adjoining an hj th root of a, for each i. 

However, a field constructed in this fashion will not usually be the Hilbert class field 
of K — it need not even be Galois over K. There may exist fields of degree < h over K in 
which every ideal in K becomes principal. 

Remark 3.21 Note that the principal ideal theorem says that "ideal" factorizations of 
elements in K become actual factorizations in the Hilbert class field L: let a e K, and let 
(a) = pj' • ■ ■ pj' ; then pjOi = i^i) for some tt,- € Ol, and so a = ujz[^ ■ ■ ■ nl" in Ol- 

Remark 3.22 The principal ideal theorem does not, of course, imply that every ideal in 
the Hilbert class field K' of K is principal, because not every ideal of K' is in the image of 
the homomorphism Ik Ik'- One can form the Hilbert class field K" of K' , and so on, 
to obtain a tower 

K C K' C K" C---C K^"^ C • • ■ 

in which K^"~^^^ is the Hilbert class field of K^"\ For every automorphism r of K^^, 
^j^in+i) obviously the largest abelian unramified extension of tK^"\ which implies that 
xK' = K, xK" = K", etc., and so on. In particular, K^"^ is Galois over K. The class 
field tower problem (stated by Hasse in 1925) asks whether this tower is always finite, and 
so terminates in a field with class number one. The answer was shown to be negative by 
Golod and Shafarevich in 1964 (see Roquette 1967). For example, Q[v'-2.3.5.7.II.13] 
has infinite class field. In fact, Q[V^] has an infinite class field tower whenever d has more 
than 8 prime factors. 
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The Chebotarev Density Theorem 

Let L be a Galois extension of K with Galois group G. Recall that, for every prime ideal p 
of K unramified in L, 

{p,L/K)'^{{^},L/K)\^\p} 

is a conjugacy class in G. 

Theorem 3.23 (Chebotarev Density Theorem) Let L/K be a finite extension of 
number fields with Galois group G, and let C be a conjugacy class in G. Then the set of 
prime ideals of K such that (p, L/K) = C has density \C\ / \ G\ in the set of all prime 
ideals of K. In particular, if G is abelian, then, for a fixed r e G, the set of prime ideals p 
ofK with (p, L/K) = r has density (G : 1). 

Proof. For an abelian extension L/K this follows from Theorem 2.5 and Theorem 3.5: 
the latter says that the map p (p, L/K) induces a surjective homomorphism Cm 
Gal(L/K) for some modulus m, and the former says that the primes are equidistributed 
among the classes in Cm. The nonabeUan case is derived from the abelian case by an 
ingenious argument — see Chapter VIII □ 

Corollary 3.24 If a polynomial f(X) e K[X] splits into linear factors modulo p for 
all but finitely prime ideals p in K, then it splits in K[X]. 

Proof. Apply the theorem to the splitting field of / (X). □ 

For a finite extension L/K of number fields and a finite set S of primes of K, let 
Spl siL/ K) be the set of primes of K not in S that split in L. 

Theorem 3.25 IfL and M are Galois extensions of K, then 

LcM SplsiL/K) D SplsiM/K). 

Hence 

L^M SplsiL/K) = SplsiM/K). 

Proof. As a consequence of (1.12), 

Sp\siLM/K)^ SplsiL/K) n SplsiM/K). 

Hence 

SplsiL/K) D SplsiM/K) =^ SplsiLM/K) = SplsiM/K), 
which, by the Chebotarev density theorem, implies 

[LM : K] = [M : K], 

and so L C M . The reverse implication is obvious. □ 
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Remark 3.26 (a) Theorem 3.25 is not true without the Galois assumption (see Cassels 
and Frohlich 1967, p363). 

(b) In the statement of Theorem 3.25, S can be replaced by any set of primes of density 

0. 

(c) Let f(X) be an irreducible polynomial in ^[^]. If f{X) has a root modulo p for 
almost all prime ideals p, then f(X) has a root in K (Cassels and Frohlich 1967, p363, 
6.2). 

(d) Chebotarev proved his theorem using Dirichlet (analytic) densities. Artin noted that 
it should hold for natural densities (see later), and, in fact, it does. 

The conductor-discriminant formula 

Two Dirichlet characters x'- ~^ and I^' are said to be cotrained if they 

agree on. for some S" ^ S\J S' . This is an equivalence relation. In each equivalence 
class, there is a unique x with smallest S — such a / is said to be primitive. 

Let Xi be the primitive character equivalent to x- The smallest modulus m such that xi 
is zero on i{Km,i) is called the conductor of f(/) of Set f(/) = foo(/)fo(l) where foo 
and fo are respectively divisible only by infinite primes and finite primes. 

Theorem 3.27 (Fuhrerdiskriminantenproduktformel) For every finite abelian 
extension L/ K of number fields with Galois group G, 

disc(L/K)= ]\ fo(x°fL/K), = Hom(G,C^); 

f(L/K) = Icm^ {fix o ifL/K)) . 

Clearly Q Kei(x- G C^) — 0, from which the second statement follows. We omit 
the proof of the first — it is really a statement about local fields. 

Remark 3.28 Let H be the kernel of the character Then f(x) = f(L^ /K). For 
example, if / is injective, then f(x) = f(L/ K). 

Example 3.29 Let L = Q[-/d]. Then G ~ Z/2Z, and there are only two characters 
G ^ C^, namely, the trivial character xo an an injective character xi- Therefore, the 
theorem says that ^at/q = fo(/i) = fo(^/Q), as we showed in Example 3.11. 

Example 3.30 Let L = Q[^p], p an odd prime. Then G ~ (Z/ pZ)"", which is cychc of 
order p — I. It therefore has p — 2 nontrivial characters. If x is nontrivial, then f(x)\oo(p), 
but f(x) = 1 or oo is impossible (because it would imply / is trivial). Therefore, f(x) = (p) 
or oo(p) if X is nontrivial, and so the conductor-discriminant formula shows (correctly) that 

Exercise 3.31 Verify the conductor-discriminant formula for the extension Q[^p2]/Q- 

Remark 3.32 Let L/ K he a. finite extension of number fields with Galois group G (not 
necessarily abelian). To a representation p.G—^ GL(K) of G on a finite-dimensional 
vector space V, Artin attaches a Dirichlet L-series L{s,p) (see the introduction). The 
analytic properties of these Artin L-series are still not fully understood. 
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When G is commutative, the Artin map G identifies characters of G with 

DirichletAVeber characters, and hence Artin L-series with Dirichlet L-series. This was 
Artin's motivation for seeking the map (not, as seems natural today, in order to construct 
a canonical isomorphism between the groups Cm and G, already known to be abstractly 
isomorphic). 

A part of Langlands's philosophy is a vast generalization of this correspondence be- 
tween Dirichlet L-series and abelian Artin L-series. 

The reciprocity law and power reciprocity 

Assume K contains a primitive wth root of 1, and let a e K. If 'ifa is one root of — a, 
then the remaining roots are of the form 'C,'i/a where ^ is an «th root of 1. Therefore 
L = K\ !i/a\ is Galois over K, and o 'ifa = t. for some nth root ^ of 1. 

If p is a prime ideal of K that is relatively prime to n and a, then p is unramified in L, 
and we can define an «th root (^)„ of 1 by the formula 

{p,L/K){'^)=(^^ 'i/^. 

One can show that 

(a\ 

- =1 <^=^ fl is an «th power modulo p, 

and so (^)„ generalizes the quadratic residue symbol. For this reason is called the 

power residue symbol. Artin's reciprocity law implies all known reciprocity laws for these 
symbols, and so, as Artin pointed out, it can be viewed as a generalization of them to fields 
without roots of unity. We shall explain this in Chapter Vlll 

An elementary unsolved problem 

Let ^ be a number field, let 5* be a nonempty finite set of prime ideals of K, and let p 
be a prime number not divisible by any prime in S. Does there exist a sequence of fields 
. . . , L„, Ln+i, ■ ■ ■ such that 

(a) L„ is unramified outside the primes of S ; 

(b) /7"|[L„ : K]l 

A key case, for which the answer is unknown, is = Q and S = {I}. 
More explicitly (and slightly harder), fix primes /? 7^ / in Q. Does there exist a sequence 
of monic irreducible polynomials fn(X) E such that 

(a) disc(fn(X)) is not divisible by any prime other than /; 

(b) p''\degfn(X). 

See Milne 1986, pp60-61, to find where this problem turned up. It is certainly very 
difficult.4 



Let be a number field, let 5 be a set of primes of K, and let Kg be the largest extension of K unramified 
outside S. Let P be the set of prime numbers £ such that i'^HKg: K]. It is now known that P contains all 
prime numbers provided that S contains all the prime ideals of K lying over at least two primes in Q. See 
Chenevier and Clozel, JAMS 22 (2009), 467-519, Cor. 5.2. 
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Explicit global class field theory: Kronecker's Jugentraum and 
Hilbert's twelfth problem 

Unlike local class field theory, global class field theory does not (in general) provide an 
explicit construction of the abelian extensions of a number field K. 

Gauss knew that the cyclotomic extensions of Q are abelian. Towards the end of the 
1840s Kronecker had the idea that the cyclotomic fields, and their subfields, exhaust the 
abelian extensions of Q, and furthermore, that every abelian extension of a quadratic imag- 
inary number field E is contained in the extension given by adjoining to E roots of 1 and 
certain special values of the modular function j . Many years later he was to refer to this 
idea as the most cherished dream of his youth (mein liebster Jugendtraum). 

More precisely, Kronecker's dream^ is that every abelian extension of Q is contained in 
the field obtained by adjoining to Q all values of the function g^Triz fQj- ^ e Q^, and that 
every abelian extension of an imaginary quadratic field K is contained in the field obtained 
by adjoining to K all values of the function j(z) for z e K^. 

Later Hilbert took this up as the twelfth of his famous problems: for any number field 
K, find functions that play the same role for K that the exponential function plays for Q and 
the modular function j plays for a quadratic imaginary field^. The first part of Kronecker's 
dream, that every abelian extension of Q is a subfield of a cyclotomic extension, was proved 
by Weber (1886, 1899, 1907, 1911) and Hilbert (1896). 

The statement above of "Kronecker's dream" is not quite correct. Let K be an imaginary 
quadratic field. We can write Ok = Z + Zt with !3(t) > 0. It is known that K[j(r)] is 
the Hilbert class field of K. Now adjoin to K all roots of unity and all values j(r) with 
T € AT, S(t) > 0. The resulting field K' is abelian over K, and [K""^ : K'] is product of 
groups of order 2. To get the whole of K^^, it is necessary to adjoin special values of other 
elliptic functions. These statements were partially proved Weber (1908) and Feuter (1914), 
and completely proved by Takagi (1920). 

From the modern point of view, special values of elliptic modular functions are related 
to the arithmetic of elliptic curves with complex multiplication, and it is results about the 
latter that allow one to prove that the former generate abelian extension of a quadratic 
imaginary field. 

Beginning with the work of Taniyama, Shimura, and Weil in the late fifties, the theory 
of elliptic curves and elliptic modular curves has been successfully generalized to higher 
dimensions. In this theory, an elliptic curve with complex multiplication by an imaginary 
quadratic field is replaced by an abelian variety with complex multiplication by a CM field, 
that is, a quadratic totally imaginary extension ^ of a totally real field F, and an elliptic 
modular function by an automorphic function. 

Philosophically, one expects that, with the exception of Q, one can not obtain abelian 
extensions of totally real fields by adjoining special values of automorphic functions. How- 
ever, it is known that, roughly speaking, one does obtain the largest possible abelian exten- 
sion of a CM-field K consistent with this restriction. 

More precisely, let ^ be a CM-field and let F be the largest totally real subfield of 

K. Then G = Gal(Q^V-^) is a subgroup of index 2 in G' = Gal(Q^V^). and the 
corresponding Verlagerung is a homomorphism V : G'^^ — ^ G^^. In this case, V has a 
very simple description. 

^For a careful account of Kronecker's idea and work on it, see Schappaclier 1998 

^See ppl8-20 of Mathematical Developments arising from Hilbert's Problems, Proc. Symp. Pure Math. 
XXVIII, Part 1, AMS, 1976. 
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Theorem 3.33 Let K be a CM-field, and let F be the totally real sub&eld of K with 
[K : F\ = 2. Let H be the image of the Verlagerung map 

Then the extension of K obtained by adjoining the special values of all automorphic func- 
tions defined on canonical models of Shimura varieties with rational weight is (K^^)^ -Q^^. 

Proof. See Wei 1993, Wei 1994. □ 

Notes 

The relation between congruence groups and abelian extensions of K was known before 
Artin defined his map. It emerged only slowly over roughly the period 1870-1920. The 
main contributors were Kronecker, Weber, Hilbert, and Takagi. Chebotarev proved his 
theorem in (1926) (a less precise result had been proved much earlier by Frobenius), and 
Artin defined his map and proved it gave an isomorphism in 1927. (Earlier, it had been 
known that P^/H ^ Gal(L/ K), but no canonical isomorphism was known.) The fact 
that analysis, in the form of Chebotarev's (or Frobenius's) theorem was required to prove 
the main theorems, which are purely algebraic in form, was regarded as a defect, and in 
1940, after much effort, Chevalley succeeded in giving a purely algebraic proof of the main 
theorems. (The difficult point is proving that if L/K is an abelian extension of number 
fields of prime degree p, then at least one prime of K does not split or ramify in L.^) He 
also introduced ideles, which make it possible to state class field theory directly for infinite 
extensions. Group cohomology (at least 2-cocycles etc.) had been used implicitly in class 
field theory from the 1920s, but it was used systematically by Nakayama, Hochschild, and 
Tate in the 1950s. In 1951/52 in a very influential seminar, Artin and Tate gave a purely 
algebraic and very cohomological treatment of class field theory. Since then there have 
been important improvements in our understanding of local class field theory (mainly due 
to Lubin and Tate). Nonabelian class field theory is a part of Langlands's program, which 
is a vast interlocking series of conjectures, and some progress has been made, especially in 
the local case and the function field case. A fairly satisfactory abelian class field theory for 
more general fields (fields of finite transcendence degree over Q or F^,) has been created by 
Bloch, Kato, Saito, and others. It uses algebraic /T-theory (see Raskind 1995 for a survey 
and Wiesend 2007 for a recent result). 

4 Ideles 

Theorems 3.5 and 3.6 show that, for any number field K, there is a canonical isomorphism 
lim Cm — ^ GaliK^"^ / K). Rather than studying lim Cm directly, it turns out to be more 
natural to introduce another group that has it as a quotient — this is the idele class group. 

^ Class field theory holds also for fields that are finite extensions oik(X) with k finite, and local class field 
theory holds for local fields whose residue fields k are only quasi-finite, i.e., perfect with G&Kk^"^ / k) ~ Z. 
When one tries to do global class field theory for finite extensions of k(X) with k quasi-finite, one finds that 
everything works except that, for some fc, there do exist nontrivial abelian extensions in which every prime 
splits. See my book. Arithmetic Duality Theorems, Appendix to Chapter I. 
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Topological groups 

A group G with a topology is called a topological group if the maps 
g,g' ^ gg':GxG ^G, g^g-^:G^G 
are continuous. The translation map 

g\-^ag:G ^ G 

is then a homeomorphism. 

In general, to determine a topology on a set we have to give a fundamental system of 
neighbourhoods of each point, i.e., a set of neighbourhoods of the point such that every 
neighbourhood contains one in the set. Because the translation map is a homeomorphism, 
the topology on a topological group is determined by a fundamental system of neighbour- 
hoods of 1 . 

We shall need to make use of various generalities concerning topological groups, which 
can be found in many books. Fortunately, we shall only need quite elementary things. 

Let (Xi)i be a (possibly infinite) family of topological spaces. The product topology 
on Yi Xi is that for which the sets of the form Y[ Ui , Ui open in X for all i and equal to 
Xi for all but finitely many /, form a basis. Tychonoff's theorem says that a product of 
compact spaces is compact. However, an infinite product of locally compact spaces will not 
in general be locally compact: if Vi is a compact neighbourhood of x, in Xi for all i , then 
W Vi will be compact, but it will not be a neigbourhood of {xi) unless Vi = Xi for all but 
finitely many / . 

iDELES 

We now often write t; for a prime of K. Then: 

I ■ |u = the normalized valuation for v (for which the product formula holds), 
Ky = the completion of ^ at i;, 

pv = the corresponding prime ideal in Ox , (when v is finite), 
Ov — the ring of integers in , 
Uv = 

pv = the completion of = maximal ideal in Ov • 

Recall that, for all v, Ky is locally compact — in fact, Oy is a compact neighbourhood of 0. 
Similarly is locally compact; in fact 

1 + p„ D 1 + D 1 D ••• 

is a fundamental system of neighbourhoods of 1 consisting of open compact subgroups. 

We want to combine all the groups into one big topological space, but W is not 
locally compact. Instead we define the group ofideles to be 

= {(ov) eY[Ky \av eO^ for all but finitely many v}. 
In the following, an unadorned I means Ik- 
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For every finite set S of primes that includes all infinite primes, let 

v€S vfS 

with the product topology. The first factor is a finite product of locally compact spaces, 
and so is locally compact, and the second factor is a product of compact spaces, and so is 
compact (by Tychonoff). Hence Is is locally compact. Note that 

1 = U%- 

We want to endow I with a topology such that each Is is open in I and inherits the product 
topology. We do this by decreeing that a basis for the open sets consists of the sets of the 
form 

nTT _ \ open in for all v; 

\ Uv = for almost alfv. 

An intersection of two sets of this form contains a set of this form, and so they do form 
a basis for a topology. It is clear that the topology does have the property we want, and 
moreover that it endows I with the structure of a topological group. The following sets 
form a fundamental system of neighbourhoods of 1 : for each finite set of primes S D Soo 
and £ > 0, define 

U(S,s) = {(av) I |flu — l\v < s, V e S, \av\v — 1, all v ^ S}. 

4. 1 There is a canonical surjective homomorphism id 

V finite 

whose kernel is Is^ . 

We can think of the ideles as a thickening of the ideals: it includes factors for the 
infinite primes, and it includes the units at the finite primes. Note that I/Is^^ is a direct sum 
of countably many copies of Z with the discrete topology, but that Y[ /Is^:, is a direct 
product of countably many copies of Z, which is itself uncountable. 

4.2 There is a canonical injective (diagonal) homomorphism 

a (a, a, a, . . .): Ik- 

I claim that the image is discrete. Because we have groups, it suffices to prove that 1 £ 
is open in the induced topology. Let U = U(S,s) with S any finite set containing Soo and 
1 > e > 0. For every a e ri U, 

!\a — \ \v < s for all I) e 5 
= 1 for all v ^ S. 

The second condition implies that 

\a — l\v < max(|a|^, | — \\v) < 1. 

Therefore, if a e fl U, then Yiv W — ^\v < s'"^' < 1, which contradicts the product 
formula unless a = I. 

^Here "almost all" means "for all but possibly finitely many". 
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The quotient C = 1/ is called the idele class group of K. It maps onto the ideal 
class group of K. It is not compact (see (4.4) below). 

4.3 There is a canonical injective homomorphism 

a (l,...,l,a,l,..A):K^ -^Ik 
(a in the wth place). The topology induced on is its natural topology, because 

U(S,s)nK: = \ f 1 1^,-^1^, ' I' 

^ I {a \ \a\v = 1} V f S 

and such sets form a fundamental system of neighbourhoods of 1 in . 

4.4 There is canonical surjective homomorphism 

a = (fl^) c(a) = |~[ la^l^ : I ^ M>o. 

The image of a is called the content of a. Define 

t = Ker(c) = {a e I I c(a) = 1}. 

Note that, because of the product formula, C I^. The quotient I/K^ can't be compact 
because it maps surjectively onto M>o, but one can prove that 1^^^ compact. 

Aside 4.5 Define I f the same way as I, except using only the finite primes. We call I / the group 
of finite ideles. We have 

n ci/c n K^:. 

V finite V finite 

The subgroup ]~[ is open and compact in I/, and !//]"[ = / (the group of ideals of K). 
Again there is a diagonal embedding of into I f, but this time the induced topology on 

def 

has the following description: Uk = is open, and a fundamental system of neighbourhoods 
of 1 is formed by the subgroups of Uk of finite index (nontrivial theorem). In particular, is a 
discrete subgroup of 1/ <;=^ Uk i& finite <^=> ^ = Q or an imaginary quadratic field. 

Notes As an exercise, show that the adelic topology does not induce the idelic topology on the 
ideles. (Consider first the case of Q, and forget about the infinite prime, (a) Make sure you under- 
stand what the standard basis for the neighbourhoods of in the adeles is. (b) Translate a neigh- 
bourhood in (a) by adding 1, and intersect with the ideles to get a basis for the neighbourhoods of 1 
in the ideles for the adelic topology, (c) Check that the pre-image of one of the neighbourhoods in 
(b) under the map x is not open.) 

Realizing ray class groups as quotients of I 

We have seen that the class group Ck = ^/ ' (K^) can be realized as the quotient of I. We 
want to show the same for Cm- 

Let m be a modulus. For p|m, set 

w ( ^>o P real 

Thus, in each case, W^ni(p) is a neighbourhood of 1 in K^. 
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Define 1^ to be the set of ideles (flp)p such that Up e Wm(p) for all p|m: 

K = [UK ""Yl^^^^nf]^ 

\p\m p|m / 

In other words, consists of the families (ap)p indexed by the primes of K such that 

Up e for all p 

Up € Op for almost all p 
Up e Wmip) forallp|m. 



Define Wm to be the set of ideles (flp)p in Im such that Op is a unit for all finite p not dividing 
m: 



Wm= Y\ K^xY\w^{p)x Yl Up 



pfm p|m pt"! 

p infinite p finite 

In other words, Wm consists of the families (ap)p indexed by the primes of K such that 

flp e for all infinite p 



p c 

p^op 

, flp e W^m(p) forallplm. 



Up e Op for all finite p 



Note that 



= ii:'' n ]^ Wm(p) (intersection inside Y[ Kp), 
p\m p\m 

and that 

^m,i = Dim (intersection inside I). 
Proposition 4.6 Let m be a modulus of K. 

(a) The map id: 1^ I^^™' defines an isomorphism 

Im/^m,! • Wm ^ Cm. 

(b) The inclusion <^ I defines an isomorphism: 
Proof, (a) Consider the pair of maps 



The first map is injective, and the second is surjective with kernel Wm, and so the kemel- 
cokemel sequence (II A.2) of the pair of maps is 

ir„,^ W^m,l ^Cn,^ 1. 

The proves (a) of the proposition. 
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(b) The kernel of ^ 1/ AT^ is AT^ n !„, (intersection in I) which, we just saw, is K^, i ■ 
Hence the inclusion defines an injection 

For the surjectivity, we apply the weak approximation theorem (ANT 7.20). Let S = S(m) 
and let a = (uy) el. If we choose b e K tobe very close to flu in for all w e 5*, then 
ay/b will be close to 1 in for all u e 5; in fact, we can choose b so that a^/b e ll^m(p) 
for all I) € S. For example, for a real prime i; in 5*, we need only choose b to have the same 
sign as Uy in Ky. Then a/b € Im, and it maps to a in I/K^. □ 

Characters of ideals and of ideles 

Let S D Soo be a finite set of primes of K, and let G be a finite abelian group. A homo- 
morphism 

is said to admit a modulus if there exists a modulus m with support in S such that xj/ {i (Km, i )) = 
1 . For example, for every abelian extension L/ K, Artin showed that the Artin map 

^ Gal(L/K) 

admits a modulus. 

Proposition 4.7 If\jr:I —^G admits a modulus, then there exists a unique homomor- 
phism (p-.I—^G such that 

(a) (j) is continuous (G with the discrete topology) 

(b) cPiK^) = 1; 

(c) (/)(a) = iA(id(a)), all asl^ = {a | fl^ = 1 aJ] u e S}. 

Moreover, every continuous homomorphism (p:I ^ G satisfying (b) arises from a xj/. 

Proof. Because \fr admits a modulus m, it factors through Z'"/ i(Km,i) — Cm- Hence we 
have the diagram: 

7" > Cm — ^ G 



K/Km,l > K/Km,lWm ^^^^ 

I > l/K"". 

The isomorphisms are those in Proposition 4.6, and the remaining unnamed maps are quo- 
tient maps. Define to be the composite I — ^ G. It certainly has properties (a) and (b), and 
it also has the property that 

0(a) — i/f(id(a)) for all a e Im- 



and so, a fortiori, it has property (c). 
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To prove that the map is uniquely determined by (a), (b), and (c), it suffices to prove that 
is dense in I, but this follows from the weak approximation theorem (ANT 7.20): let 
a € I; choose b € to be very close to a i, for u e S, and let a' be the element of such 
that a'jjb = Oy for all v ^ S. Then a'b el^ ■ K and is close to a in I. 

For the converse, let (/>:! G be a continuous map. The kernel contains an open 
neighbourhood of 1, and so U(S,s) C Ker(0) for some S and e. Consider an infinite 
prime v. The restriction of (p to is a continuous map ^ G or — ^ G. Clearly, 
the connected component of containing 1, namely, M>o or C^, maps to 1, and so is in 
the kernel. On combining these remarks, we see that the kernel of (p contains for some 
m. 

Now we can use the diagram at the start of the proof again. We are given a homomor- 
phism (j):I/K^ G, which we can "restrict" to a homomorphism Im/^m,i G. This 
homomorphism is trivial on Wm, and hence factors through Im/^m,iWm- The homomor- 
phism can now be transferred to Cm, and composed with I Cm- This is the i/f we are 
looking for. □ 

Remark 4 . 8 Let G be a commutative topological group. Define a homomorphism iff: - 
G to be admissible if for every neighbourhood A'^ of 1 in G, there exists a modulus m such 
that ^(i(Km,i)) C A'^. Then every admissible homomorphism i/^ defines a homomorphism 
(p:I ^ G satisfying conditions (a), (b), (c) of the proposition. Moreover, if G is complete 
and has "no small subgroups" i.e., there exists a neighbourhood of 1 containing no nontriv- 
ial subgroup, then every continuous homomorphism </>: I — ^ G satisfying (b) arises from an 
admissible i/^. The proof is the same as that of the proposition (see Proposition 4.1 of Tate 
1967). 

The circle group G = {z e C | |z| = 1} is complete and has no small subgroups. The 
admissible i/f : /"^ G, and the corresponding </>, are called Heche characters. 

Remark 4.9 Given i/f we chose an m, and then showed how to construct 0. In practice, 
it is more usually more convenient to identify (p directly from knowing that it satisifies the 
conditions (a), (b), (c). For this, the following observations are useful. 

(a) Let a = (ay) be an idele such that = 1 for all finite primes and > for all 
real primes; then 0(a) = 1. To see this, note that the topology induced on 

as a subgroup of I is its natural topology. Therefore, the restriction of <p to it is trivial 
on the connected component containing 1 . 

(b) Let a = (ay) be an idele such that Uy = I for all j; e 5 and Oy is a unit for all 
V ^ S; then 0(a) = 1. In fact, this follows directly from condition (c). 

(c) If a is "close to 1", 0(a) = 1. In fact, this follows directly from condition (a) in view 
of the fact that G has the discrete topology. 

(d) On combining (a), (b), (c), we find that if a = (ay) is such that 

ay > when v is real; 
■ ay is "close to 1 " when v e 5 is finite; 
ay is a unit when v ^ S 

the (a) = 1 . In fact, (a) and (b) say that we can multiply a with ideles of certain 
types without changing the value 0(a). Clearly, if ay is close to 1 for the finite v in 
S, we can multiply it by such ideles to make it close to 1. 
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Example 4.10 Let L = Q[^p], and let f be the Artin map 

(Z/pZ)^ Gal(L/Q), S = {p. oo}. 

Recall that first map sends the ideal (uniquely) represented by (r/s), r,s > 0, (p, r) = I — 
(p, s), to and that the second sends [m] to the automorphism ^ i-^ Overall, for 

any prime number I ^ p, the map sends (/) to the Frobenius automorphism at / , ^ 
Let 0:1 Gal(L/Q) be the homomorphism corresponding to xj/ as in the theorem. We 
wish to determine (p explicitly. 

Let a = (floo, ■ ■ ■ , (ip, • • • , fl/, . . .) be an idele of Q. If a^o = 1 = Op, then 0(a) = 
V^(id(a)). Thus 0(a) = where m = f] 

Consider p = (1, . . . , 1, />, 1, . . .) (/? in the p-position). Then 

p/p = {p-\...,p-\Lp-\...). 
According to (d) of the above Remark, (p(p/ p) = 1, and so 

0(p) = (Piv/pmp) = 1- 

In this, p denotes both the element p e and the principal idele {p, p, . . .). 
Now consider a = (1, . . . , 1, m, 1, . . .), m e Z^, m in the p-position. Write 

= uq + aip + ■ ■ ■ + UsP^ + • • • , < a, < p, a,- e Z, 

and let c = ao + ■ ■ ■ + UsP^ e Z. Then mc e 1 + p^'^^'Lp, i.e., for large s it is "close to 
1". Write 

p l\c 

ac = (c, c, . . . , c, 1 , c, . . . , Mc, c, . . .)(1, . . . , 1, c , 1, . . .). 

The first factor is ac except that we have moved the components at the primes / dividing 
c to the second factor. For large 5, 0( first factor) = 1 by (d) of the above remark. The 
second factor lies in 1^ , and the description we have of 0|I'^ shows that 0( second factor) 
maps ^ to In conclusion, 

0(a)(t) = r = r"'. 

Because is a homomorphism, this completes the explicit description of it. 

Remark 4. 11 From (34), we get a canonical homomorphism :^nt-I Cm- This is the 
unique continuous homomorphism jim'-"^^ such that 

(a) TimiK'') = 1; 

(b) TZmiai) = id(a) for all a € I'^(™>. 

(Take i/'^ to be / ^ in Proposition 4.7.). 

If m|m', then the composite of n^' with the canonical homomorphism Cm' — ^ Cm 
satisfies the conditions characterizing n^- Therefore, the Um combine to give a continuous 
homomorphism n:l^ Mm Cm- We wish to determine the kernel and image of this map. 

Because each map 71^'-'^ Cm is onto, the image is dense. In fact, Cm is onto, 

and so 7rm(I^) is dense. But 7rm(I^) is compact, because :;rm factors through the compact 
group / K^, and therefore is complete. This shows that n is onto. 

Let be the set of ideles a such that flu = 1 if ?; is finite and Oy > if u is real. 
Thus is isomorphic to the identity component of (A'(8>(qM)^ = Onioo ^v- The kernel 
of I ^ lim Cm contains 1+^ • K^, and hence its closure. In fact, it equals it. [In a future 
version, these things will be examined in more detail.] 
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Norms of ideles 

Let L be a finite extension of the number field K, let f be a prime of K. Recall from (ANT 
8.2) that there is a canonical isomorphism 



w\v 



It follows (ibid. 8.3) that for any a e L, 



^^L/K « = n ^^Ly,/Ky « (equality in Ky). 

w\v 

For an idele a = (oy,) e II, define Nm/^//^(a) to be the idele h e Ik with by = 
Y[w\v ^^Luj/Kv '^w ■ The preceding remark shows that the left hand square in the following 
diagram commutes, and it is easy to see that the right hand square commutes: 



id 



Thus we get a commutative diagram: 



id 



K 



> Ik. 



K 



(C K = idele class group I/K^; Ck =ideal class group I / i{K^)). 

Proposition 4.12 If L/ K is a finite extension of local fields of characteristic zero, then 



(a) Nmz,/j^(L^) = M>o (case K = R, L = C); 

(b) Nm^/j5^(L^) D 1 + for some m (case K is nonarchimedean); 

(c) Nm.L/K{L^) D (case K is nonarchimedean and L/K is unramified). 



Proof. Statement (a) is obvious. For (b), see (1 1.3), and for (c), see (III 1.2). 



Corollary 4.13 Let L/K be a finite extension of number fields. Then Nm^/K^L ^ 



Wm for some modulus m. 



5 The Main Theorms in Terms of Ideles 

The statement of the main theorems of class field theory in terms of ideals is very explicit 
and, for many purposes, it is the most useful one. However, it has some disadvantages. 
One has to fix a modulus m, and then the theory describes only the abelian extensions 
whose conductor divides m. In particular, it provides no description of the infinite abelian 
extensions of K. The statement of the main theorems in terms of ideles allows one to 
consider infinite abelian extensions, or, what amounts to the same thing, all finite abelian 
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extensions simultaneously. It also makes transparent the relation between the local and 
global Artin maps. 

Let L be a finite abelian extension of K. Let i; be a prime of K, and let u; be a prime of 
L lying over v. Recall that the decomposition group D{w) of w is the subgroup 

D(w) = {g e GaliL/K) \ aw = w}. 

Its elements extend uniquely to automorphisms of Lyj/ Ky, and D{w) ~ Gal(Lu;/^„). 
Local class field theory provides us with a homomorphism (the local Artin map) 

4>y: ^ D{w) C G. 

Lemma 5.1 The subgroup D(w) of G and the map (py are independent of the choice of 
the prime w\v. 



Proof. Any other prime lying over v is of the form aw for some a e G, and a:L ^ L 
extends by continuity to a homomorphism a: Lw Law fixing Ky. We have 

D{aw) = aD{w)a~^, 

which equals D{w) because G is commutative. 

Let ^2 and ^' be maximal abelian extensions of containing L„, and L^ui re- 
spectively. From Chapter IE, we obtain local Artin maps (pu'. Gal(Q / Ky) and 
0^: Gdl(Q'/Kii). The choice of an isomorphism a: Q ^ Q' determines an iso- 
morphism 

pH^aopo a~'^:Gal(Q/Ky) Gdl(^2'/Ky) 

which is independent of a. Moreover, its composite with ^y is (py (because it satisfies the 
conditions characterizing 4>y)- □ 

Proposition 5.2 There exists a unique continuous homomorphism <pK'- 1 ^ Gal(^^^/ K) 
with the following property: for any L C K^^ finite over K and any prime w of L lying 
over a prime v of K, the diagram 

> GBl{Ly,/Ky) 



al->-<A*:(a)|L 

Ij. ) G&\{L/K) 

commutes. 



Proof. Let a el, and let L C be finite over K.lfay e Uy and Ly,/ Ky\& unramified, 
the (py(ay) — 1 (see III 1). Therefore, ^y(ay) — 1 except for finitely many v's, and so we 
can define 

V 

(product inside Gal(L/ K)). Clearly, (pL/x is the unique homomorphism making the above 
diagram commute. 
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If L' D L, then the properties of the local Artin maps show that </)^///^(a)|L — 
(pL/Ki^)- Therefore there exists a unique homomorphism </>: I ^ Gal(K^^ / K) such that 
^(a)\L = ^L/Ki^) for all L c K'''^, L finite over K. 

Again, the properties of the local Artin maps show that, for any fields K <Z K' <Z L C 
K""^ with L finite over K, 

Gal(L/i^O 



Nm 



t5 ^^/'^ 



inclusion 



— Gal(L/K) 

commutes. On taking K' = L,we find that Nm^/^(l£) is contained in the kernel of 0^/^. 
In particular, the kernel of 0^/ contains an open subgroup of l|. (Corollary 4.13), and this 
implies that is continuous. □ 

Theorem 5.3 (Reciprocity Law) The homomoq}hism 4>k'-^k GdliK^'^ / K) has 
the following properties: 

(a) (PKiK"") = 1; 

(b) for every finite abelian extension L of K, cpx defines an isomorphism 

cPL/K-.^K/iK'' -NmilL)) ^ Gal(L/K). 

We saw in the proof of the proposition that 0/^/j^(Nm(I/^)) = 1, and so (assuming (a) 
of the theorem) we see that ^l/k does factor through Ik/ ■ Nm(I/,). Part (b) can also 
be stated as: (p defines an isomorphism 

<l>LlK-CK/^m{CL) ^ Gal{L/K). 

Example 5.4 Statement (a) of the theorem says that, for every ^ ,\\(j)v{h) = 1. On 
applying this to the extension K{a"]/ K under the assumption that K contains a primitive 
Mth root of 1, one obtains the product formula for the Hilbert symbol: 

Y\{a,b)^ = 1. 

V 

See (in 4.8). 

Theorem 5 . 5 (Existence Theorem) Fix an algebraic closure K^^ ofK; for every open 
subgroup N <Z C K of finite index, there exists a unique abelian extension L of K contained 
in K^^ such thatNmL/K Cl = A^- 

The subgroups A'^ open and of finite index in C^^ are called the norm groups, and the 
abelian extension L of K such that Nm(C l) = N, i.e., such that A'^ = Ker(0/,/j5:), is 
called the class field of K belonging to N. 

As stated, the Existence Theorem is valid for all global fields. 

Corollary 5.6 The map L Nm.{C l) is a bijection from the set of finite abelian 
extensions of K to the set of open subgroups of finite index in C k- Moreover, 

L1CL2 ^ Nm(CL,) D Nm(CL2); 
Nm(CLi.L2) = Nm(CL,)nNm(CL2); 
Nm(CLinL2) = Nm(CL,)-Nm(CL,). 
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Remark 5.7 (a) In the number field case, the map 

is surjective. For an infinite prime v of K, write for the connected component of 
containing 1; thus is isomorphic to or M>o according as v is complex or real. 
Clearly H^ioo ^ Ker(</)i^). By definition K"" C Ker(</)i^), and so K"" ■ (H^ioo K+) C 
Ker(^K)- But is a continuous homomorphism and Gal(K^^ / K) is Hausdorff, and so 
the kernel is a closed subgroup. Thus Ker(0j^) contains the closure of ■ (ni;|oo ^v')- 
is a theorem that this is precisely the kernel. The image of the closure of ■ (ni;|oo ^v) 
in C is the connected component of C is: containing 1 . 

(b) In the function field case, the Artin map (p^'-^K/ Ga\(K^^/K) is injective, 
but it is not surjective (its image is dense). 

Remark 5.8 Assume that the global Artin map ^ Gal(K^^/K) contains in 
its kernel. Then, for every finite abelian extension L/K, (pL/K-^ ~^ Gal(L/K) arises 
(as in Proposition 4.7) from a homomorphism ^ Gal{L/ K) admitting a modulus. 

Moreover, because is the product of the local Artin maps, must be the ideal-theoretic 
global Artin map (which therefore admits a modulus). It is a straightforward exercise to 
derive Theorems 3.5 and 3.6 from their idelic counterparts. Theorems 5.3 and 5.5. We shall 
prove Theorems 5.3 and 5.5 in Chapter VII 

Example 

Lemma 5.9 The map 

(r,t,(up)) ^ (rt,ru2,ru3,ru5,...y.Q'' x M>o x ^ Iq 

is an isomorphism of topological groups (Q^ with the discrete topology). 

Proof. Any idele a = (aoo,ci2, ■ ■ ■ ,ap, . . .) can be written 

a = a(/, M2, M3, Ms, . . .), a e Q^, / e M>o, UpS'L^; 

— take = ( sign(aoo)) W p"^^p^''p\ t = Uoo/a, Up = Up/a. Moreover, the expression 
is unique because the only positive rational number that is a p-adic unit for all is 1. 
The subsets 

{l}x(7x Yl Up 

p finite 

with U, Up open neighbourhoods of 1 in , Q^, and Up = for all but finitely many 
/j's, form a fundamental system of neighbourhoods 1 on the left, and also on the right. □ 

Thus there is a canonical isomorphism of topological groups 
Cq^M>ox Y\ Z^ = M>oxZ^. 

p finite 

Let 
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In this case, the global reciprocity map is the reciprocal of 



where Iq is the above projection map, and Gal(Q '^^'^/Q) is the canonical 

isomorphism (see I A.5c). 

Summary 5.10 Let K be an algebraic number field. There exists a continuous surjective 
homomorphism (the reciprocity or Artin map) 

such that, for every finite extension L of K contained in K^^, gives rise to a commuta- 
tive diagram 

onto 



quotient 



ti-»-t|L 



Ij^/(/:^ ■Nm(lL)) — Qa\{LIK). 
It is determined by the following two properties: 

(a) (pL/Ki''^) = 1 for every u = {u^) sl^ such that 

i) if V is unramified in L, then m^, is a unit, 

ii) if V is ramified in L, then is sufficiently close to 1 (depending only on L/ K), 
and 

iii) if V is real but becomes complex in L, then > 0. 

(b) For every prime v of K unramified in L, the idele 

a = (1, . . . , 1, TT, 1, . . .), 71 a prime element of Oy, 

V 

maps to the Frobenius element (py , L / K) in Gal(L / K) . 

To see that there is at most one map satisfying these conditions, let a e I^, and use the 
weak approximation theorem to choose an a e that is close to for all primes v that 
ramify in L or become complex. Then a = aufi with u an idele as in (a) and a finite 
product of ideles as in (b). Now (pL/xi^^) = which can be computed using (b). 

For K = Q, the Artin map factors through {it} x If/Q^, and every element of this 
quotient is uniquely represented by an element of Z^ C 1/ . In this case, we get the diagram 

^ Gal(Q^VQ) - QIU 



quotient 

(Z/mZ)^ ^ ) Ga 

which commutes with an inverse. This can be checked by writing an idele a in the form 
aufi as above, but it is more instructive to look at an example. Let /? be a prime not dividing 
m, and let 

a = p-{\,...,\,p~^,\,...) eZ-lf = lf. 
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Then 

p 

has image [p] in (Z/mZ)^, which acts as (/',Q[^m]/Q) on On the other hand, 

(/.Q(a) = (/>q((1, ...,\,p-\\,.. .)), which acts as {pMUVQT^- 

p 

Exercise 5.11 Show that, even when A" is a number field, the idele class group of K has 
subgroups of finite index that are not open. 



Chapter VI 

L -Series and the Density of Primes 



Euler used the Riemann zeta function in rudimentary form to prove that there are infinitely 
many prime numbers. In order to prove that the primes are equally distributed among 
the different arithmetic progressions modulo m, Dirichlet attached L -series (regarded as 
functions of a real variable) to a character of (Z/mZ)^. Riemann initiated the study of 
the Riemann zeta function as a function of a complex variable. In this section, we shall 
(following Weber) extend Dirichlet methods to the study of the distribution of the prime 
ideals among the classes in a ray class group. Except for the definition of the ray class 
group, this chapter is independent of the preceding chapters. 

In this chapter, we shall need to use a little complex analysis. Recall that the power 

2 

series \ + z + ^-\ converges for all z e C to a holomorphic function, which is denoted 

. For every positive real number n and complex number z, is defined to be e^°^^^^ 
where log is the natural log (function M>o M inverse to e''). 

1 Dirichlet series and Euler products 

A Dirichlet series is a series of the form 

f{s) = V — a(n) € C, s^a + it eC. 

n>l 

An Euler product belonging to a number field AT is a product of the form 

^<-' = n (i-6>.wNr')-'a-o.(rtNp-) - 

in which p runs over all but finitely many of the prime ideals of Ok- 
Example 1.1 (a) The Riemann zeta function is 

^-^ ^ ^ \ — p ^ 

n>\ P ^ 

It is known that the behaviour of t,{s), especially in the critical strip < 9^(5) < 1, is 
related to the distribution of the prime numbers. 
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(b) The Dedekind zeta function. For every number field K, 



a>0 p ^ 

Here Na = {Ok '■ a)- The sum is over the integral ideals in Ok, and the product is over 
the prime ideals in Ok- 

(c) A Dirichlet character is' a homomorphism 

whose kernel contains i(Km,i) for some modulus m, i.e., ;f is a character of the ray class 
group Cm. For such a character, the corresponding Diric/ife^ L-series is 

V. Na^ l-/(p)Np-^' 

aCOK Am,a) = l (m,p) = l ^ 

(d) A Hecke character (or Grossen character) is a continuous homomorphism 

f-.lK/K'' 

with image in the unit circle. If it is 1 on the identity components of Ik at the infinite primes, 
then it factors through Cm for some m, and is a Dirichlet character; conversely, a Dirichlet 
character defines a Hecke character with discrete image. A Hecke character will take the 
value 1 on some set Huf^s (S a finite set of primes containing the infinite primes), and 
the corresponding Hecke L-series is 

where ;ru is an idele with a prime element in the u -position and 1 elsewhere. 

(e) Let L be a finite Galois extension of K with Galois group G. Let V be a finite 
dimensional vector space over C and let 

p:G ^ GL(V) 

be a homomorphism of G into the group of linear automorphisms of V. We refer to p as a 
(finite-dimensional) representation of G. The trace of p is the map sending a to the trace 
of the automorphism p(a) of V. For a e G, let 

dim V 

PaiT) = det(l -p(a)r I ^) = n (^-aii(y)T), at e C, 

be the characteristic polynomial of p(a). Because Po{T) depends only on the conjugacy 
class of o, for every prime p of ^ unramified in L, we can define Pp(T) to be the char- 
acteristic polynomial of L/ K) for any prime *p of L dividing p. The Artin L-series 
attached to p is 



Pp(Np-0 V (l-ai(p)Np--)---(l-fldimF(p)Np-^) 



(product over all unramified primes of K; a,- (p) = «/ {(^, L/ K))). 



'in the case ^ = Q and m = oo{m), so that Cm = {'L/m'L)^, these characters and L-series were 
introduced by Dirichlet. For arbitary ray class groups, they were introduced by Weber. Some authors (including 
sometimes this one) restrict the terms "Dirichlet character" and "Dirichlet L-series" to the case Q and refer to 
the more general objects as "Weber characters" and "Weber L-series". Dirichlet used L to denote his L- 
functions, and the letter has been used ever since. 
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2 Convergence Results 

We study the elementary analytic properties of Dirichlet series and Euler products. 



DiRICHLET SERIES 

Proposition 2.1 Let 



a(n) 



n>l 



Write S(x) = J2n<x ^(f^)> ^ud suppose that there exist positive constants a and b such that 
\S(x)\ < ax^ for all large X . Then the series f{s) converges uniformly for s in 



n 



D(b, 8, s) = {9ft(5) >b + 8, \ arg(j - b)\ < - - e} 
for all8,s > 0, and it converges to an analytic function on the half plane 9t(j) > b. 

Proof. Since every point s with ?l{(s) > b has a neighbourhood of the form D(b, 8, s), 
the second part of the statement follows from the first. To prove the first, we use Cauchy's 
criterion for uniform convergence. For large integers «i < n2. 



«2 

E 

n=ni 



a(n) 



s(n) — s{n — 1) 



"2 

E 

^(n) s(n) 
ni m-l ^ ' 

s(n2) s(, 



^ k(«2)| \s(ni - 1)1 



ni - 1) ^ / 1 1 \ 



"2-1 I p 

- „a-b „cr-b ^ ' ' \ 



'" + 1 dt 



2a 



< 



2a 
2a 



+ \s\a 



/■« + ! 
Jn 

f°° dt 



t^dt 



ts+l 



\s\a 1 



2a \s\a 



< 

- ^a-b 



+ 



{o - b)n1 



a-b' 



But for J e D(b,8,s), 
\s\ 



a-b 



s — b + b\ \s — b\ b 

< + 



a-b 



I b \ b 

= \ < {- - 

a-b a-b cos 6 a-b cos 9 8 
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with 9 — arg(5 — b). Now because |^| < § — £, is bounded by some number M, and 
so 

2a (M + |)a 



The right hand side of this equation tends to zero as « i ^ oo, and so we can apply Cauchy's 
criterion to deduce the uniform convergence of f(s). □ 

Remark 2.2 (a) For the Dirichlet series ^(s), S(x) is [x], and so the series of ^(s) con- 
verges for 'iR(s) > 1. For ^k(s)^ '^(x) is the number of integral ideals in K with numerical 
norm < x. It is obvious that S(x) is finite, but in fact (see 2.8 below) S(x) < Cx. There- 
fore the series for (and for L{s, x)) converge for 9i(s) > 1. (It is also possible to show 
directly that the Euler products converge for i)i (s) > 1 , which implies that the Dirichlet 
series converge. See Frohlich and Taylor 1991, VIII 2.2.) 

(b) Let /(^) = ^ be a Dirichlet series with a(«) > 0. If f(s) converges for all s 
with yi(s) > b, but does not converge on the half-plane {s \ 'iH(s) > b — s} for any e > 0, 
then f(s)^ooass^ 1 through real numbers > 1. i.e., the domain of convergence of 
/ (s) is limited by a singularity of / situated on the real axis. (See Serre 1970, III 2.3.) For 
example, the series for ^(s) does not converge on any half -plane 9^(5) > 1 — e, £ > 0, and, 
as we shall see, ^(s) does have a pole at 5 = 1. 

Lemma 2.3 The zeta function ^{s) has an analytic continuation to a mewmorphic function 
on 9t(5) > with its only (possible) pole ats = 1. 

Proof. Define 

^2(5) = 1- — + — - — + ... 
For this Dirichlet series, S(x) = or 1, and so ^2(s) is analytic for s > 0. Note that 

/111 \/lll \ 111 

+ — + — + — + ---]-2{ — + — + — + ---] = l + + ■■■ , 

\ 2' 3' 4' J y2' 4' 6' J 2' 3' 4' 

that is, 

- |r?(s) = i:2(.t). 
^ 1-21-^ 

Thus i^(s) is analytic for 9i(5) > except possibly for poles where 2'^"^ = 1. But 

2^-1 = 1 ^ eaog2)(.-i) ^ I ^ (log2)(5- 1) = 2kni, 
and so ^ (s) is analytic except possibly at 

2k7Ti 

s ^ 1 + , k sZ. 

log 2 

In fact, the only possible pole is 5 = 1. To see this, define 

12 112 




n=ni 
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and observe (as for ^2is)) that ^sis) is analytic for 5 > 0, and 

... ^3(^) 

Hence ^(s) is analytic for 5 > 0, except possibly for poles at 

2k ni 

5 = 1 + 



log 3 

Thus, at a pole for ^(s), we must have 

2k ni 2k' ni 



log 2 log 3 

or 

2^' = 3^, k,k'eZ. 
Because of unique factorization, this is possible only ifk = = k'. 



Lemma 2.4 Fors real ands > 1, 



^ <t(^)<l+ ^ 



5- 1 - ' ~ 5-1 

Hence ^(s) has a simple pole ats — I with residue 1, i.e., 

t(s) = 1- function holomorphic near I. 

5 — 1 

Proof. Fix an 5 > 1,5 real. By examining the graph of j = x^^ , one finds that 

x~^dx < ^(5) ^ 1 + y x~^dx. 

But 

"00 „1— J |°° 1 

— « I I 

X ax = 



1 1 ~ ll 5 — 1 ' 

which gives the inequahties. Because ^(5) is meromorphic near 5 = 1, 

^^"^-^ (5 - 1)'" (5 - l)™-! 

near 5 = 1 for some m € N, c e C, and g(s) holomorphic near 5 = 1. The inequalities 
imply that m = I and c = 1. □ 

Proposition 2.5 Let f{s) be a Dtichlet series for which there exist real constants C and 
b, b < I, such that 

\S(n)-aon\ < Cn^. 

Then f(s) extends to a meromorphic function on 9t(5) > b with a simple pole at 5 = 1 
with residue ao, i.e., near 5 = 1 

ao 

f (5) = h holomorphic function 

5 — 1 

near 5 = 1. 

Proof. For the Dirichlet series f(s) — ao^(s), we have |>S'(n)| < C«*, and therefore 
/ (5) — ao^is) converges for ?fi(s) > b. □ 



184 



CHAPTER VI. L -SERIES AND THE DENSITY OF PRIMES 



EULER PRODUCTS 

Recall that an infinite product Hn^i ^ + bn, bn e C, b„ 7^ —1, is said to converge if the 
sequence of partial products 

m 

nm=Yl^ + bn 
n=l 

converges to a nonzero value. Moreover, the product is said to converge absolutely if 

Y[T=i 1 + converges. A product 1 + converges if it converges absolutely, in 

which case, any reordering of the product converges (absolutely) to the same value. 

Lemma 2.6 The product YlT 1 + 

bn converges absolutely if and only if the series ^ bn 

converges absolutely. 

Proof. We may suppose that bn > for all n. Then both 77^ = ^ + bn and = 
bn are monotonically increasing sequences. Since TJm > ^m, it is clear that Em 
converges if 17^ does. For the converse, note that 

m m 

!=1 1 = 1 

and so, if the sequence Sm converges, then the sequence TJm is bounded above, and there- 
fore also converges. □ 

Recall that a product of finite sums, say, 
is a sum 

X! ^ibjCk 
l<i<l 
1 <i 

l<k<n 

of products, each of which contains exactly one term from each sum. Recall also that 

1 -y 
y— y = 1+f + r + ••• , \t\<l. 

Hence (formally at least), 

n . ^ , = (1 + 2"' + (2V + + 3"' + (3^)-^ + + + (5^)-' + •••)■•• 

because each positive integer can be written as a product of powers of primes in exactly one 
way. This identity is sometimes referred to as the analytic form of unique factorization. We 
now prove a more general result. 
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Proposition 2.7 Let x be a Dirichlet character of a number field K. For all s with 
mis) > I, the Euler product Hpjm i-;^(p)Np-' converges toL{s,x). 



Proof. For > 1, 



1 - /(p)Np-^ Np'' (Np2)'' 

Now 

1 - /(p)Np-^ ^ N(a)-^ 

(p,m) = l Avry r v / 

Np<fo 

where the second sum runs over all integral ideals expressible as a product of prime ideals 
with numerical norm < to- As to oo, the right hand side converges (absolutely) to 
L(s, x)- Therefore the infinite product converges, and its value is L(s, x)- □ 



Partial zeta functions; the residue formula 

Let K be a. number field, let m 1 
define the partial zeta function 



def 

Let K he a number field, let m be a modulus. For every class t in Cm = Z"^/ /(^m,i), we 



t{s,t) = (sum over the integral ideals in ^). 



a>0 , a€t 



Note that for every character x of Cm, 
In particular. 

Therefore, knowledge of the <^(s,i) will provide us with information about L(s,x) and 
Let 

S(x, t) = \{aei\a integral Na < x}\ , 

i.e., it is the S(x) for the Dirichlet series ^(s, £). Recall from ANT, Chapter 5, p. 87 that 
there is a homomorphism 

l:U ^M'■+^ u (log|ai(M)|,...,21og|ar+^(M)|) 

whose kernel is the torsion subgroup of U and whose image is an r + 5 — 1 dimensional 
lattice. The regulator reg(A') is defined to be the volume of a fundamental parallelopiped 
for this lattice. Let J7m,i = U Ci /^m,!. Then Um,i has finite index in U, and we define 
reg(m) to be the volume of the fundamental parallelopiped for /(f/m,i)- Thus 



reg(m) = reg(K)(U : U{mj). 
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Proposition 2.8 For all x > 1, 

2'"(27r)^reg(m) 



\S(x,t) - gmx\ < Cx rf, gm = J, d = [K 

WmN(m)\Af i>n\2 



where 



r = number of real primes, 
s = number of complex primes, 
Wm = number of roots of 1 in Km,i, 
N(m) = N(mo)2'"o, 

ro = number of real primes in m , and 
Ax/Q = discriminant of K/Q. 



Proof. First show that there is an integral ideal bo e Then for every a € t, a integral, 
abo = (oi), some a e Ok- Now S(x,i) is the number of principal ideals (a) such that 
a € bo n Km,i with | Nm(a)| < xN(bo). Now count. The techniques are similar to those in 
the proof of the unit theorem. For the details, see Lang 1970, VI. 3, Theorem 3. (A slightly 
weaker result is proved in Janusz 1996, IV.2. 11). □ 

Corollary 2.9 The partial zeta function ^(s, t) is analytic for d\{s) > I — ^ except for 
a simple pole at s = 1, where it has residue g^. 

Proof. Apply Proposition 2.5. □ 

Note that gm does not depend on t. 

Lemma 2.10 If A is a finite abelian group, and x- A ^ is a nontrivial character (i.e., 
homomorphism not mapping every element to 1 ), then 



Proof. Because x is nontrivial, there is a.b e A such that x(b) 1. But 

a€A a€A a 

and so 

(X(b)-l)j2x(^) = ^' 

a 

which implies that /(a) = 0. □ 

Corollary 2.1 1 If x is not the trivial character, then L(s,x) is analytic for ^K(s) > 1-^- 

Proof. Near s = I, 

L(s, x) = X(^) ' ^(^^^) = ^^^^'^ + holomorphic function, 

^ 5 — 1 

and the lemma shows that the first term is zero. □ 
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Later we shall see that L(l, /) 7^ 0. 

Corollary 2.12 The Dedekind zeta function ^xis) is analytic for'iH(s) > 1 — ^ except 
for a simple pole at s = 1, where it has residue 

I'-jlnr reg(K) 

Proof. Recall that ^k(s) = Etec^r U^^^)- □ 

Example 2.13 (a) For K = Q, the last formula becomes 1 = |. 
(b) For K = Q[V d], the formula becomes 

^^°^["^ hK, M > 1 a fundamental unit ,d >0 



A2 

i hK, d<0. 

Wk\A\2 



It is possible to find a closed formula for the expression on the left, and this leads to a very 
simple expression for the class number. Recall that the Artin map for /^/Q can be regarded 
as a character /:/'^ {il} where S is the set of primes that ramify. Rather than a map 
on ideals, we regard it as a map on positive integers, and we extend it to all positive integers 
by setting /(wj) = if m is divisible by a prime that ramifies in K. Thus x is now the 
multiplicative map on the set of positive integers taking the values 



xip) 



1 if p splits in K 
— 1 if p remains prime in K 
if p ramifies in K. 



For a quadratic imaginary field with discriminant < — 4, the formula becomes 

0<x<|ii|/2 

For example, if K = Q[V^], then |Z\| =20, and 

h = ^(/(l) + X(i) + /(7) + xm = ^ = 2, 
because 2 ramifies, and 

-5=1 = 1^ mod 3, -5 = 2 = 3^ mod 7. 
See Borevich and Shafarevich 1966, Chapter 5, Section 4, for more details. 



3 Density of the Prime Ideals Splitting in an Extension 

For a set T of prime ideals of K, we define ^k,t(^) = Oper i-Mp-.; ■ If some positive 
integral power ^k,t(s)" of ^k,t(s) extends to a meromorphic function on a neighbourhood 
of 1 having a pole of order m at 1 , then we say^ that T has polar density 8{T) = m/n. 



^Following Marcus 1977, pl88. 



188 



CHAPTER VI. L -SERIES AND THE DENSITY OF PRIMES 



Proposition 3.1 (a) The set of all prime ideals of K has polar density 1. 

(b) The polar density of every set (having one) is > 0. 

(c) Suppose that T is the disjoint union ofTi and 72. If any two ofT, Ti, T2 have polar 
densities, then so also does the third, and S(T) = 8{Ti) + 8{T2). 

(d) IfTc T', then 8{T) < 8{T') (when both are defined). 

(e) A finite set has density zero. 



Proof, (a) We know that (s) itself extends to a neighbourhood of 1 , and has a simple 
pole at 1 . 

(b) To say that T has negative density means that i^k,t(s) is holomorphic in a neigh- 
bourhood of s = 1, and is zero there. But ^k,t(^) = np€r i-p-i ^ ^• 

(c) Clearly, 

U,t(s) = <;K,Tiis) ■ ^K,T2{s). 

Suppose, for example, that ^k,t(s)^ and ^k,Ti extend to meromorphic functions in 
neighbourhoods of 1 , with poles of order n and « 1 at 1 . Then 

extends to a meromorphic function in a neighbourhood of 1, and has a pole of order m in — 
at 1. Therefore 

8ij2)='^-'^ = 8(T)-8(T2r 
mmi mmi 

(d) Combine (c) with (b). 

(e) Obvious □ 



Proposition 3.2 IfT contains no primes for which Np is a prime (inZ), then 8(T) ~ 0. 

Proof. For p e 7", Np = p-^ with / > 2. Moreover, for a given p, there are at most 
[K : Q] primes of K lying over p. Therefore ^k,t(s) can be decomposed into a product 
nf=i Si of d infinite products over the prime numbers each factor of a g, (s) being 1 or 
of the form ^i^h / > 2. For each /, g,(l) < l]„>o — ^(2). Therefore gi(s) is 

holomorphic at 1. □ 

Corollary 3.3 Let Ti and T2 be sets of prime ideals in K. If the sets differ only by 
primes for which Np is not prime and one has a polar density, then so does the other, and 
the densities are equal. 

Theorem 3.4 Let L be a finite extension of K, and let M be its Galois closure. Then the 
set of prime ideals of K that split completely in L has density l/[M : K]. 



Proof. A prime ideal p of K splits completely in L if and only if it splits completely in 
M.^ Therefore, it suffices to prove the theorem under the assumption that L is Galois over 

■'Here's an explanation of the statement that a prime splits completely in an extension L if and only if it 
splits completely in its Galois closure. If a prime splits completely in L, then it splits completely in every 
conjugate L' of L, so it becomes a question of showing that if a prime splits completely in two fields L and L' 
then it splits completely in their composite. This follows easily (for example) from the criterion that a prime p 
in K splits completely in L if and only if L igix Kp is a product of copies of Kp (the composite LL' is a direct 
factor of L L'). 
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K. Let S be the set of prime ideals of K that split completely in L, and let T be the set 
of prime ideals of L lying over a prime ideal in 5'. Corresponding to each p in 5, there 
are exactly [L : K] prime ideals ^ in T, and for each of them Nm/^//^*p = p, and so 
= Np. Therefore, ^L,Ti^^) = ^K,si'^)^^'^^- But T contains every prime ideal of L that 
is unramified m L/ K for which — p. Therefore T differs from the set of all prime 
ideals in L by a set of polar density 0, and so T has density 1. This impUes that ^K,sis) 
has the property signifying that S has density l/[L : K]. □ 

Corollary 3.5 If f{X) e K[X] splits into linear factors modulo p for all but finitely 
many prime ideals p, then f splits into linear factors in K. 

Proof. Apply the theorem to the splitting field of /. □ 

Corollary 3.6 For Galois extensions L and M of a number field K, 

LcM Spl(L) D Spl{M). 

Hence 

L = M Spl(L) = Spl(M), 

and 

L SpliL) 

is an injection from the set of finite Galois extensions of K (contained in some fixed alge- 
braic closure) to the set of subsets of {p C Ok}- 

Proof. Seetheproof of (V3.25). □ 

Example 3.7 Let / (X) be an irreducible polynomial of degree 3. The density of the set 
of primes p for which f(X) spUts modulo pis 1/3 or 1/6 depending on whether f(X) has 
Galois group C3 or 5*3. 

Corollary 3 . 8 For every abelian extension L/K and every finite set S D Soo of primes 
of K including those that ramify in L, the Artinmap-fi^jx'- Gal{L / K) is surjective. 

Proof. Let H be the image of ^l/k- For all p ^ 5", (p, L^/K) = {p,L/K)\L^ = 1, 
which implies that p splits in L^. Hence all but finitely many prime ideals of K split in 
L^, which imphes that [L^ : K] = I. □ 

4 Density of the Prime Ideals in an Arithmetic Progression 

Let / (s) and g(s) be two functions defined (at least) for 5 > 1 and real. We write 

f{s) ~ g(s) as 5 4, 1 

if / (s) — g(s) is bounded for 

I < s < I + s, s real, some e > 0. 
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Note that ^ 

f(s) ~ S log as 5 ; 1 

s — I 



implies 



lim '^^ ] = 8. 



^4-1 log^ 

When / (s) and g(s) are functions holomorphic in a neighbourhood of s = 1 except possi- 
bly for poles at 5 = 1, 

fis) ~ gis) as 5 J, 1 

if and only if / (s) and g{s) differ by a function that is holomorphic on a neighbourhood of 
1. 

Let r be a set of primes of K. If there exists a 8 such that 

8 log as 5 i 1 , 

Np^ ^ s-l ^ 

per ^ 

then we say that T has Dirichlet density 8. 
If the hmit 

number ofp € T with Np < x 

lim 

x^oo number of p with Np < x 

exists, then we call it the natural density of T. 

Proposition 4. 1 (a) If the polar density exists, then so also does the Dirichlet density, 
and the two are equal. 

(b) If the natural density exists, then so also does the Dirichlet density, and the two are 
equal. 

Proof, (a) If T has polar density m/n, then 

<,K,TK^) _ ^ _ 

where g(s) is holomorphic near s = 1. Moreover, a > because ^k,t(s) > for 5 > 1 
and real. On taking logs (and applying 4.3), we find that 



n ~ m log as 5 i 1 , 

^ Np-^ s-l 



^ Np 

which shows that T has Dirichlet density m/n. 

(b) See Goldstein 1971, p252. □ 

Remark 4.2 (a) A set T may have a Dirichlet density without having a natural den- 
sity. For example, let T be the set of prime numbers whose leading digit (in the dec- 
imal system) is 1. Then T does not have a natural density, but its Dirichlet density is 
logjo(2) = -3010300 . . . (statement in Serre 1970, VI.4.5). Thus it is a stronger statement 
to say that a set of primes has natural density 8 than that it has Dirichlet density. All of the 
sets whose densities we compute in these notes will also have natural densities, but we do 
not prove that. 

(b) By definition, polar densities are rational numbers. Therefore every set having a 
natural density that is not rational will not have a polar density. 



4. DENSITY OF THE PRIME IDEALS IN AN ARITHMETIC PROGRESSION 191 



Recall that the exponential function 

z" 

= 7 — = e*(cos J + i siny), z = x + /y, 
n! 

defines an isomorphism from 

{z e C I -TT < S(z) < :7r} 
onto the complement of the negative real axis 

{z e M I z < 0} 

in C whose inverse is, by definition, the (principal branch of) the logarithm function log. 
With this definition 

logz = log |z| + i argz 
where the log on the right is the function defined in calculus courses and 

—7t < argz < 7t. 

With this definition 



1 z2 z3 

log z = z + - + - + 

1 — z 2 3 



|z| < 1. 



Lemma 4.3 Letui,U2, ...be a sequence of real numbers > 2 such that 

is uniformly convergent on each region D{1,8, s), 8,s > 0. Then 

log fis) ~ as J I 1. 



Proof. We have 



where 



log f(s) = X! log Y 



1 



1^(^)1 < E E 

y = l m=2 



u . 

00 , 

= TT 

j m=l J 

1 °° 1 

J J J m=2 J 



oo oo ^ 



y=lm=2 y 
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Estimate the inner sum by using (u > 2, a > I) 

°° 1 / 1 \ 1 / 1 \ 1 ,,-2ct 

- <r - 

,2a ' 



m=2 m=2 

Hence 



\gis)\ < /(2a). 

Because f(s) is holomorphic for 9i(5) > 1, f{2s) is holomorphic for > ^, and so 
g{a) is bounded as a J, 1. □ 



Proposition 4.4 (a) The set of aii prime idea7 of AT has Dirichlet density 1. 

(b) The Dirichlet density of any set (having one) is > 0. 

(c) IfT is finite, then 5(T) = 0. 

(d) Suppose that T is the disjoint union ofTi and 72. If any two of 8(Ti), 8(T2), S(T) 
are defined, so is the ttiird, and 8(T) = 8(Ti) + 5(72). 

(e) If r C T', then 8(7) < 8(T') (assuming both are defined). 



Proof, (a) The set of all primes ideals even has polar density 1. 

(b) For s > real, ^ > 0, and for ^ = 1 + e, log = — log s, which is positive for 
< £ < 1. 

(c) When T is finite, J2peT Np^ holomorphic for all s and hence bounded near any 
point. 

(d) Clearly 

y— = y — + y— > i- 

Therefore, if, for example, 

~ 8'i log , ~ 82 log , 

Np^ ^ s-l ^ np' ^ s-l 

then 

(^1 + ^2) log 



Np'' 5-1 

per *^ 

(e) If both 8(T) and 8(T') exist, then so also does 5(7"' \ T), and 
8(T') - 8(7) = 8(7' \ 7) ^> 0. 



Proposition 4.5 Let 7 be the set of prime ideals of K having degree 1 over Q, i.e., such 
that the residue class degree fip/p) = 1. Then 8(7) = 1. 

Proof. The complement of 7 has polar density 1 (Proposition 3.2) □ 



Corollary 4.6 Let 7 be as in the Proposition. For every set S of primes of K having a 
Dirichlet density 

8(7 nS) = 8(S). 
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Proof. The complement T' of T has density 0, and it follows easily that 8{S ri T') — 0. 
Because S is the disjoint union of 5* fl T and S fl T' , this implies that 5(5 n T) is defined 
and equals &{S). □ 

Lemma 4.7 Let Abe a finite abelian group, and iet a e A. Ttien 

E X(a) = 0. 

Here is Ae group of cfiaracters of A, i.e., A"^ = Hom(^, C^). 

Proof. If a = 1, then /(a) = 1 for all x, and so the statement follows from the fact that 
A^ has the same number of elements as A (it is in fact noncanonically isomorphic to A). If 
a ^ I, there is a character xi such that /i(a) ^ 1. Then 

Xia) = (XiX)ia) = Y Xiia)xia) = Xiia) ^ ^(a). 

Since /i(<a) ^ 1, this implies that X^^g^v /(fl) = 0. 

Alternatively, identify A with ^"^^ by means of the isomorphism 

a^iX^ Xiayy.A^iA'^r, 

and apply (2.10). □ 

Theorem 4.8 Let m be a modulus for K, and let H be a congruence subgroup for m; 
Then 

e H\)- ^ 1/(7 : H) ifL(l, x) is nonzero for all characters x 7^ Xo ofl^^'^^/H; 
UP ^ ~ I otherwise. 



Proof. Let / be a character of 7" trivial on 77, and let 

Then the argument in the proof of (4.3) shows that 

logL(.,;f)-E — 

pfm 

is holomorphic for S)i (s) > |. In particular, 

log(L(5,/))~E^ as^;i. 

pfm 
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But (see 4.7) 

h p€ H 



X 

and so, on summing over all /, we find that 



P^H, 



^logL(s,/)~/7 ^ as si I. 
X peH ^ 

If X Xo, then L(s, x) is holomorphic near s = I, say L{s, x) = ~ ^)'"^^^g(s) where 
mix) > and g(l) 7^ 0. Thus 

log L{s, x) ~ mix) log{s - 1) = -mix) log ■ 



s-l 

lfX = Xo, then L(s, x) = Ui^)/ Y[p\m 1=4=^' ^"'l 

logL(5, ^0) ~ logt^(5) ~ log^— - as 5^,1. 

5-1 

On combining these statements, we find that 

h J2 NP"' ~ (1 - E mix)) log 

and hence 

This shows that 5({p e //}) = i if L(l, ;<') 7^ for all / 7^ /o, and S({p e //}) = 
otherwise (and at most one Lis, x) can have a zero at s = 1, and it can only be a simple 
zero). □ 

The Second Inequality 

Theorem 4.9 For every Galois extension L of K and modulus m of K, 
(/^("^^ : HK^^i) ■ Nm(/f '"^)) < [L : K]. 

Proof. Let H = ISSmL/x I™ ■ «(^m,i)- From Theorem 4.8, we know that 3({p e H}) = 
1 /(/■^('") : H) or 0, and that the first case holds exactly when, for all nontrivial characters 
XoflS/H,Lil,x)7^0. 

If p splits in L, i.e., fi^/p) = 1 for all ^\p, then p is the norm of any prime ideal of 
Ol lying over it, and so {p £ H} contains the set of prime ideals splitting in L. Hence, 
Theorem 3.4 shows that 

5({p e H}) > [L : K]-' ^ 0. 
On combining the two statements we find 

(a) 8i{peH})^0; 

(b) that for all nontrivial characters x of /H , Lil, x) 7^ 0; 

(c) (/^ : H) = 8i{p e H})-' < [L : K]. □ 
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Corollary 4.10 Let / be a nontrivial character of Cm, and suppose that there is a Galois 
extension L of K such thatNui^/K Cm,L C Ker(;f). Then L(l, x) ^ 0. 

Proof. This was shown in the course of the proof of the theorem. □ 

The Existence Theorem (Chapter V, 3.6) implies that the hypothesis of the corollary 
holds for all x- It is possible to prove that L(\, x) without using class field theory, but, 
at this point we prefer to return to class field theory. We shall complete the proof of the 
Chebotarev Theorem in Chapter VIII 



Chapter VII 



Global Class Field Theory: Proofs of 
the Main Theorems 



J'ai revu un peu la theorie du corps de classes, 
dont j'ai enfin V impression d' avoir compris 
les enonces essentiels (bien entendu, pas les 
demonstrations!) 

Grothendieck, letter to Serre, 19.9.56.' 

In this chapter we prove the main theorems of global class field theory, namely, the 
Reciprocity Law and the Existence Theorem (Theorems 5.3 and 5.5 of Chapter V), follow- 
ing the method of Tate 1967 (see also Artin and Tate 1961). Throughout, we work with 
ideles rather than ideals. 

This chapter is independent of Chapter VI, except that Theorem 4.9 of Chapter VI can 
be used to replace Section 6. We shall need to refer to Chapter V only for the definitions of 
the idele class group and the the definition of the global Artin map 0:1—^ Gal(L / K) as the 
"product" of the local Artin maps (Section 5). On the other hand, we shall make frequent 
use of the results in Chapters II and III. 

We use the notations from Chapter V (especially pi 65). In particular, | • |i, denotes the 
normalized valuation for v (for which the product formula holds). 

1 Outline 

Let L/^ be a finite Galois extension of number fields with Galois group G. The idele class 

def 

group C L =^l/L^ plays the same role for global class field theory that the multiplicative 
group plays for local class field theory. In particular, when L/K is abelian, we shall 
prove that there is a isomorphism 

(p-.CK/'^niL/KiCL) ^ G 

' I have been reviewing a little class field theory, of which I finally have the impression that I understand 
the main results (but not the proofs, of course!) 
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whose local components are the local Artin maps, i.e., such that for any prime v of K and 
prime w of L lying over it, the following diagram commutes, 

Gal{Lu,/Ky) 

Ik Gal(L/K) 

where 0^, is the local Artin map of Chapters I and III. 

According to Tate's theorem (3.11, Chapter II), to obtain such an isomorphism, it suf- 
fices to prove that, for every finite Galois extension L/K with Galois group G, 

(a) H\G,Cl) = 0; 

(b) H^(G, C l) is cyclic of order [L : K] with a canonical generator Ul/k; 

(c) if E D L D K are two finite Galois extensions of K, then Res(u e /k) = ^E/L- 

The isomorphism ^l/k is then the inverse of that defined by u^/x, 

Hj^iCL) H^(G,Cl)- 

Once the fundamental class m^/^ has been shown to be compatible with the local funda- 
mental classes, (pL/K will be a product of the local Artin maps. 

In fact, we adopt a slightly different approach. We shall define the global Artin map 
C K ^ Gal(L/K) to be the "product" of the local Artin maps, and we shall use results 
slightly weaker than (a) and (b) to deduce that it has the correct properties. 

In Section 2, we express the cohomology of the ideles in terms of the cohomology of 
the local fields, 

H'^(G,Il)=Ik: 
H^(G,lL)^^^H^(G\Ln 

(sum over the primes v of K; for some choice of a prime w;|i;, G^ is the decomposition 
group of w and = Lw). After computing the Herbrand quotient of the group of S-units 
in Section 3, we prove the first inequality, 

for any cyclic extension L/K, {C k ■ ^^l/k C l) > : K\, 
in Section 4. We also prove in Section 4 that, for any abelian extension, the Galois group is 
generated by the Frobenius elements. In Section 5 we state the theorem. 

For every Galois extension L/K of number fields, (a) (C k '■ ^^t-l/k C l) S 

[L : K] (second inequality); {h) H^^GXl) = 1; (c) //^(g: has order 

< [L : K]. 

and we prove it using Theorem 4.9 of Chapter VI. In the following section, we give a 
different proof of the theorem that avoids the use complex analysis. 

After some preliminaries on Brauer groups, in Section 7 we complete the proof of the 
reciprocity law by showing that, for every abelian extension L/K, K^ is contained in the 
kernel of (pL/K ■ Gal(L/ K). Because we already know that Nm.L/j^(lL) is con- 

tained in the kernel of (pL/K and that (pL/K is surjective (because Gal(L/A') is generated 
by the Frobenius elements), the second inequality implies that (pL/x is an isomorphism. 

We prove the Existence Theorem in Section 9 by showing the every (open) subgroup of 
finite index inC k contains the norm group of some subextension of the extension obtained 
by first adjoining a root of unity to K and then making a Kummer extension. 
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To some extent, the cyclic cyclotomic extensions of K play the same role as the unram- 
ified extensions of a local field. For example, a key point in the last step of the proof of the 
Reciprocity Law is that every element of Br(^) is split by a cyclic cyclotomic extension. 



2 The Cohomology of the Ideles 

Let L/K be a. finite Galois extension of number fields with Galois group G. Recall that 
o e G acts on the primes w of L lying over a fixed prime v of K according to the rule 
I ly . Therefore a is an isomorphism of valued fields 

I \w) ^ (-^1 I |cti(;)i 

and so extends to the completions: there is a commutative diagram 

a 

Lti] y Lrrin 



a 

L > L. 

Fix a prime v of K, and let wq be a prime of L lying over v. The map a awo defines 
a bijection 

G/G«;o {W\V}, 

where G^q is the decomposition group of wq. 

We wish to extend the action of G on L to an action of G on J^^yj^ L^,. Recall (ANT 
8.2) that the map 

a®b\-^ {iu,{a)b)y,:L^K Kv , 

is an isomorphism. The group G acts on L ^ k through its action on L, and we use the 
isomorphism to transfer this action to nwiu ^w- Thus, 

(a) the elements of G acts continuously on Hiuii; ^w', 

(b) all elements of the form {a, . . . ,a),a e Ky, are fixed by G; 

(c) for every a e L, a{. . . , iw{a), ..•) = (-.-, iwioa), ■ ■ ■)■ 

These conditions determine the action uniquely. 
Lemma 2.1 Fora e G anda = {a{w)) e Oiuiv 

[aa){w) = a{a{o''^w)). (*) 



Proof. The rule (*) does define a continuous action of G on ]~[ Lw, and so it suffices to 
check that it satisfies (b) and (c). Condition (b) is obvious. For (c), let a{w) = iwio), 
a e L. Then (by (*)) 

iaa)iw) = a{i^-i^(a)). 

When we replace w with a~^w in the commutative diagram above, we obtain the formula 
° ^a-^w — ° Therefore 

(aa)(w) = iwioa), 

as required. □ 
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In more down-to-earth terms, {aa){aw) = a{a(w)): if a has the element a in the 
U)-position, then aa has the element aa in the aw-position. 

Note that the action of G on nu;|D induces an action of G on the subsets Y[w\v 
and Uwlv^w ofH^^^Lu;. 

Proposition 2.2 Choose a wo\v, and let Gwq i>e its decomposition group. For a e 
Yiwlv^u, and a € G, define /a,(a) = a(a(a~^Wo)). Then e Ind^^^iLy,^), and 
the map 

a ^ fa-WLu, ^ Indg^^(Li„o) 

w\v 

is an isomorphism of G-modules. Similar statements hold with replaced with and 
with U-w ■ 

Proof. Recall (II 1) that 

^"^Gi^oC^-^o) = {f-G Lyoa \ fipa) = pf(a), all p e Gi^J 

and that z € G acts on / 6 Ind^^ {Lwq) according to the rule (t/)(o') = /(or). For 

fa(p<y) = pa(a(a^'^p''^wo)) = paiaia'^wo)) = pfa{o), 
and so fa e Ind^^^(Lu;o)- Moreover, 

{xfa){a) = faior) = ar(o;(T~V"^u;o)) = a{xa){a~'^wo) = fra(a), 

and so a /q, is a homomorphism of G-modules Y[w\v ^^^Gw ^^^o)- Given 

/ ^ Indg_^^(L„o)'Set 

a f{w) = o{f{a~^)), w = owq. 
Then / i-^ ay^ is an inverse to a /„. □ 

Proposition 2.3 For all r, 
In particular, 

Similar statements hold with replaced with U^. 

Proof. We have 

H''{G,Uw^,Ll) = //'■(G,Indg^^L^J = //'"(G^^L^J 
by Shapiro's lemma (II 1.11). □ 



2. THE COHOMOLOGY OF THE IDELES 



201 



Remark 2.4 The group W {Gw^^, L^^) is independent of the prime wq dividing v up to 
a canonical isomorphism, for let u; be a second such prime. Then we can write w; = awo, 
and we have a compatible pair of isomorphisms 

r arCT ^'.Guiq^Guj, x h- ^ a ^x: Ly^ L^q, 
and hence isomorphisms 

W {Gu],L^) H'' (Guj^, L^^) 

for each r (see 11, §1). 

If u; = a'wo, then a' = at with r 6 G^o- The maps defined by a and a' differ by 
the automorphism of H'' {G^o, ^wq) defined by r, which is the identity map (11 1.27d). 
Therefore H''{Gu,^, ^wq) ^"^^ H''(Gw, L^) are canonically isomorphic. This suggests the 
following notation: choose a prime w\v and set, 

G" = Gyj^ L" = Luj, U" = Uyj- 

These objects are defined only up to noncanonical isomorphisms, but H'' (G^ , L^^) and 
{G^ , U^) are defined up to canonical isomorphisms. 

We endow 1^ with the action of G such that the inclusions 

w\v 

are G-homomorphisms. Thus if a has a^ in the w-position, then aa has aa^ in the aw- 
position. 

Proposition 2.5 (a) The map Ik "—^ II induces an isomorphism Ij^: ^ l£. 
(b) For all r > 0, 

H^{G,lL) = ^^H^iG\L'^). 

Proof, (a) Clearly a = (aw) is fixed by G if and only if each subfamily (auj)w\v is fixed 
by G. But (auj)w\v is fixed by G only if Ow is independent of w and lies in K^. 
(b) For each finite set S of primes of K, let 

v€S w\v vfS w\v 

Then I^^s is stable under the action of G, and is the directed union of the I^^s ^s S runs 
over the finite sets of primes of K containing all infinite primes and all primes that ramify 
in L. Hence (see 11 4.4), 

//'"(G,Il) = lim//'"(G,lL,s). 
On applying (11 1.25) and (2.3), we find that 

H'-{G, Il,s) = n ^'C*^' Uu,\v K) X H'-(G. Umv Uu,) 

veS 

v€S viS 
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Because of (III 1.1), the second factor is zero when r > 0, and so 
H'(G,Ii) = lim^H'(G,ni.s) 

The same argument works for r < when one uses the Tate groups. □ 

Corollary 2.6 (a) H^(G,Il) = 0; 
(b) H^iGJL) ^ (^^/Z). where = [L"^ : K^]. 

Proof, (a) Apply Hilbert's theorem 90 (II 1.22). 

(b) From Theorem 2.1 of Chapter III, we know that the invariant map gives an isomor- 
phism 

H^{G\L'"') — Z/Z. 

Ilv □ 



Proposition 2.7 Let 5 be a finite set of primes of K, and let T be the set of primes of L 
lying over primes in S. If L/K is cyclic, then the Herbrand quotient 



h(lL,T)=Y\ny, = [L" : Ky]. 

veS 

Proof. We have 

yi;€S w\v J \y^S w\v J 

The Herbrand quotient of the second factor is 1 (apply III 2.5), and so 

h(GJi^j)=Wh{G,W^^,Ll) 
veS 



veS 

Yl \H^(G\L'"')\ 

V€S 
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The norm map on ideles 

Let L/K be a. finite Galois extension of number fields. As for any G-moduIe, tiiere is a 
norm map 

We need to examine this map. Recall (ANT 8.4) that there is a commutative diagram: 

^ Ww\v 



Nm 



L/K 



(au.)i^'nNmz, 



K"" > K^. 

For every w, NmL^ is open in (because it is of finite index; see II 1.3), and for any 
unramified w, the norm map sends Uw onto Uy (see III 1.2). The image of the right hand 
vertical map in the diagram is equal to NmL^ for any w\v (because any two Liy's are 
^1,-isomorphic). We denote it by Nm L"^. 

Let S D Soo be a finite set of primes of K containing those that ramify, and let T be 
the set of primes lying over a prime of S. The above remarks show that 

NmL/KU,T = n ^ n 

v€S vfS 

where Vy is an open subgroup of finite index K^. This is an open subgroup in Ik,s and 
^K,S is open in Ik- We have proved: 

Proposition 2.8 For every finite Galois extension L/K of number fields, Nuil/xIl 
contains an open subgroup ofix and therefore is itself open. 

We next consider the norm map on idele classes. Consider 

> L"" > II > Cl > 



Nm 



L/K 



> K"" > Ik > Ck > 0. 

The left hand square commutes, and so the norm map Ik induces a norm map 

^Tsij^lK'- C L C K- From the snake lemma, we find that the quotient map Ik ^ C k 
induces an isomorphism 

Ik/K"" ■ Nm(lL) ^ Ck/NiHCl). 

3 The Cohomology of the Units 

Let L/K he a. finite extension of number fields with Galois group G. Let S D Soo be a 
finite set of primes of K, and let T be the set of primes of L lying over a prime of K in S. 
Because T is stable under the action of G, the group of T-units 

U(T) = {aeL\ ord„ (a) = all w ^ 7} 



is also stable under G . 
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Proposition 3.1 In the above situation, assume that G is cyclic. Then the Herbrand 
quotient h(U (T)) is defined, and satisfies 

n-h(U(T)) =Ylny 
veS 

where n — [L : K] anduy = [L^ : Ky]. 

We first show that any two G -stable full lattices^ in the same real vector space have the 
same Herbrand quotient. Then we construct two such lattices, one with Herbrand quotient 
n ■ h{U(T)) and the other with Herbrand quotient ]"[ "v- 

Lemma 3.2 Let G be a finite group, and let k be an infinite field. Let M and N bek[G]- 
modules that are of finite dimension when regarded as k -vector spaces. If M <Sik ^ ^nd 
N <Sik ^ isomorphic as Q[G] modules for some field ^2 D k, then they are already 
isomorphic as k[G]-modules. 

Proof. First note that if V is the space of solutions for a system of homogeneous linear 
equations over k, then the solution space for the same system of equations over ^2 admits 
a basis with coordinates in k. In fact, the standard algorithm for finding a basis for the 
solution space yields the same result when carried out over k or ^2. 

A /c -linear map a: M ^ A'^ is a G-homomorphism if a{am) = aa{m) all m 6 M, 
o e G. Once bases have been chosen for M and A'^, giving a /c -linear map a: M N is 
the same as giving a matrix A, and the condition that a be a G-homomorphism takes the 
form A ■ B(a) — C(a) ■ A for certain matrices B(a) and C{a). This is a linear condition 
on the coefficients of A, and so the remark shows that there are /c[G]-homomorphisms 
ai, . . . ,ar: M N that form an Q-hasis for the space of ^2[G]-homomorphisms M <Sik 

Because M^]^f2 and N<Sik^ are isomorphic as ^2[G]-modules, there exist fli, . . . , e 
Q such that ^ a, a,- is an isomorphism, and hence has nonzero determinant. But det(^ a'/Q!,) 
is a polynomial in the a, with coefficients in k, and the preceding sentence shows that not 
aU of its coefficients are zero. As k is infinite, there exist a, 's in k such that '^atai has 
nonzero determinant^, and hence is a /:[G]-isomorphism M ^ N . □ 

Remark 3 . 3 For those who find the above proof too simple, here is another. Assume 
that k has characteristic zero. The group H of automorphisms of M as a A;[G]-module 
is a product of groups of the form GL^;(D), D a division algebra over k. The functor 
of isomorphisms M ^ is a principal homogeneous space for H (nonempty, because 
there exists an isomorphism over some field containing k), and hence defines an element of 
H^{k,H). Now a generalization of Hubert's theorem 90 shows that //^ (/c, //) = 1. 

Lemma 3.4 Let G be a finite cyclic group, and let M and N beG -modules that are finitely 
generated as Z-modules, and such that M (8>z Q and (8>z Q are isomorphic as G -modules. 
If either h{M) or h(N) is defined, so also is the other, and the two are equal. 

^Recall that a subgroup M of a real vector space V is called a full lattice if M is the Z-submodule generated 
by a basis for V; equivalently, if the canonical map K ig>z M — ^ F is an isomorphism. The definition of a full 
lattice in a Q-vector space is similar. 

■'We are using that a polynomial / with coefficients in an infinite field k is zero if f(ai, . . . ,an) = for 
all (fli. ...) G k" (FT,proof of 5.18). 
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Proof. After (II 3.9), we may assume that M and A'^ are torsion free. Choose an isomor- 
phism 

Then a(M) and A'^ are lattices in the same Q-vector space, and so a{M) C n~^N for 
some n e N (express the elements of a basis for a{M) in terms of a bases for A'^, and let 
n be a common denominator for the coefficients). After replacing a with na, we have that 
a(M) C A'^. Now we have an exact sequence 

^ M A^ ^ N/a(M) 
with N/a(M) finite, and we can apply (II 3.9) again to deduce that h{M) = h(N). □ 

Lemma 3 . 5 Let G be a finite cyclic group, and let V be a real vector space on which G 
acts linearly (i.e., V is an R[G]-module). Let M and N be two G-stable full lattices in V . 
If either h{M) or h(N) is defined, then so is the other, and they are equal. 

Proof. Because M and A'^ are full lattices in V, the canonical maps 

M (8>2; M ^ F, A^ (8>z M ^ K 

are isomorphisms. These maps are G-homomorphisms, and therefore (3.2) M Q 
N (8>z Q as Q[G]-modules, and we can apply Lemma 3.4. □ 

We now complete the proof of the Theorem. Let K be a product of copies of R indexed 
by the elements of T, i.e., 

V = Hom(r,M). 
We let G act on V according to the rule: 

(af)(w) = fia^'^w), asG, w € T. 

def 

The first lattice in K is A'^ = Hom(r, Z). For each v e S, choose a w lying over v, and 
let G*^ be the decomposition group of w. The sets G^ ■ w, v e S, are the orbits of G acting 
on r. In particular, T is a disjoint union of these sets, and so 

Hom(r,Z) = 0^Hom(G/G^Z). 

ButHom(G/G^Z) = Indg„(Z) (Z regarded as a trivial G"^ -module). Therefore, 

h(G,N) = ]~[/j(G,Indg„(Z)) = ]~[/^(G^Z) = 

V 

We now define the second lattice. Let A: U(T) — > Fbethemapa (. . . ,log \a\w, ■ ■ ■), 
and let to be the image of A. Note that A commutes with the action of G. The kernel 
of A consists of the elements a of such that \a\u, = 1 for all u; (including the infinite 
primes). These are the roots of 1 in L, and so h(U(T)) = h{M^). The product formula 
shows M'^ is contained in the subspace 



=0, 
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of V, and the proof of the T-unit theorem shows that M° is a lattice in (cf. ANT 5.8). 
The vector e = (1, 1, . . . , 1) is stable under G, and we define M = + Ze. Then 
M (8)z M = + Mf- = K, and so M is a lattice in V. Moreover, 

h{M) = h{M^) ■ h(Z) = h(M°) -n. 

This completes the proof Proposition 3.1. 

4 Cohomology of the Idele Classes I: the First Inequality 

Let L/ AT be a finite Galois extension of number fields with Galois group G. We have a 
commutative diagram of G-modules with exact rows, 

> K"" > Ik > Ck > 

^ ^ ^ 

> > II > Cl > 0, 

That the rows are exact is the definition of the idele class groups. The vertical arrows in the 
left hand square are the natural inclusions. The square therefore commutes, which shows 
that the right hand vertical arrow exists. 

Lemma 4. 1 The canonical map C k ^ C l induces an isomorpliism 

Ck^cI^H\GXl). 

Proof. From the bottom row of the above diagram, we obtain a cohomology sequence 
> H°(G,L'') > H^(G,Il) > H°{GXl) > H\G,L'') 

which can be identified with 

The ideal class group of a number field is finite, and it is generated by the classes of 
prime ideals. Therefore, it is generated by a finite number of prime ideals. 

Lemma 4.2 Let K be a number Held, and let S D Soo be a finite set of primes of K 
containing a set of generators for the ideal class group of K. Then 

Proof. The condition that S contains a set of generators for the ideal class group of K 
means that every fractional ideal a can be written 

a = b • (c) 

with b in the group generated by the prime ideals in S and c e K^. Therefore, a = (c) in 
the quotient group = I/{S), and so /i(K^) = 0. 

For every finite set S D 5*00 of primes of K, the natural map I ^ defines an 
isomorphism I/Is ■ On dividing out by on both sides, we find that 1/ ■ 1$ — 
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Recall that we want to prove that for every abelian extension L/ K,C k/ Nm/^ j^C l — 
GdX{L/ K) and that for every Galois extension H^(G, Cl) = 1- For a cyclic extension, the 
two statements imply that the Herbrand quotient 

^ ' \m{GXL)\ 

As a first step, we verify this equality. 

Theorem 4.3 For every finite cyclic extension L / K of number fields, h{C l) — [L : K]. 

Proof. Let S any finite set of primes of K such that: 

(a) S D Soo, the set of infinite primes of K; 

(b) S contains all primes that ramify in L; 

(c) S contains the prime ideals *p fl Ok for a set of generators *p of the ideal class group 
of L. 

Let T be the set of primes of L lying over a prime in S. Condition (c) implies that I/^ — 
^L,T • L^, and so 

Cl = Il/L^ = • lL,r/L^ ~ Ilj/L"" n It. 

Note that 

L"" niT = {a € L \ oidy:(a) = , Vw ^ T} = C/(r), 

and so 

h(CL) = h(lL,T)/h(U(T)). 
The theorem now follows from Proposition 2.7 and Proposition 3.1. □ 

Corollary 4.4 (First inequality) IfL/K is cyclic of degree n, then 

(Ik : -NmCIz,)) > n. 

Proof. Since h(C l) = «, its numerator must be > «. □ 

We now give some application of the First Inequality. 

Lemma 4.5 Let L be a finite solvable extension of K (i.e., a finite Galois extension with 
solvable Galois group). If there exists a subgroup D of Ik such that 

(a) D C Nihl/kIl', and 

(b) K"" ■ D is dense in Ik 

then L = K. 

Proof. U L K, then the exists a subfield K' of L that is cychc over K and 7^ K. Then 

D C Nmz,/j^(lL) = NmK'/K(^raL/KU)) C NuiK'/Ki^K')- 

Therefore, K^-Nirk'/k^K' is dense in I^". Because it is a union of translates of Nm^z/^I^^:', 
it is open (2.8), and because it is a subgroup of Ik, it is also closed. Therefore, ■ 
Nmj^/ /K ^K' = ^K^ and the first inequality implies that K' = K. □ 
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Proposition 4.6 Let L be a finite solvable extension of K. If L ^ K, then there are 
infinitely many primes of K that do not split completely in L. 

Proof. Suppose there are only finitely many, and let S D Soo be a finite set of primes of 
K including all those that do not split completely. We shall apply the lemma with 

D =1^ = {{ay) \ay = I for all i; e S}. 

For w\v ^ S, Lw = Ky, and so clearly D C Nm(I^). Let a = (ay) e I. By the Weak 
Approximation Theorem (ANT 7.20), there is an element b e that is very close to ay 
in Ky for all v e S. Choose a' to be the element of such that the v component of ba' is 
equal to Oy for all v ^ S. Then ba' is close to a in Ik- Hence ■ D is dense in Ik- □ 

Proposition 4.7 For every finite solvable extension L/K with Galois group G, and ev- 
ery finite set of prime ideals T of L including those that ramify from K, the Frobenius 
elements L/K) for *p ^ T generate G. 

Proof. Let H be the subgroup generated by the Frobenius elements at the *p ^ T, and let 
E = L^- Recall (V.l.ll)that 

{^,E/K) = {^,L/K)\e, 

which is the identity map. Therefore all primes p ^ S split in E, which shows that E = K- 
By the main theorem of Galois theory, this implies that H = G- □ 

Corollary 4.8 For every abelian extension L/K and finite set of primes S D Soo of K 
including the primes that ramify in L, the map 

p ^ (p, L/K): ^ Ga\{L/K) 

is surjective. (Recall that I ^ is the group of fractional ideals generated by prime ideals not 
in S.) 

Proof. The image contains the Frobenius elements L/K) for all *P dividing a prime 
p not in S, and these generate Gal(L/ K)- □ 

Remark 4.9 Of course. Proposition 4.6 is much weaker than the result available using 
complex analysis — see Theorem VI.3.4 — but it suffices for the proof of the Reciprocity 
Law. 

5 Cohomology of the Idele Classes II: The Second Inequality 

Theorem 5 . 1 Let L/ Kbea Galois extension of number fields with Galois group G . Then 

(a) (second inequality) the index (Ik ■ K^ ■ Nm(I/,)) is finite, and divides [L : K]; 

(b) the group hHG,C l) = 0; 

(c) the group H-^(G, C l) is finite, and its order divides [L : K]. 
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Lemma 5.2 If G is cyclic, then statements (a), (b), and (c) of the theorem are equivalent 
(and (Ik : • Nm(lL)) = (H^(G, Cl) : 1) = [L : K]). 

Proof. Without restriction on G, 

Ik/K"" -NuiL/KiU) - Ck/^i^l/k(Cl) = H^(G,Cl). 

If G is cyclic, its cohomology is periodic, and so H^(G, C l) ^ H^{G, C l)- This proves 
that (a) and (c) are equivalent. Theorem 4.3 states that the Herbrand quotient h(C l) = [L : 
K], and so each of (a) and (c) is equivalent to (b). □ 

Lemma 5.3 It suffices to prove the theorem in the case that G is a p -group, p prime. 

Proof. Recall (II 1.33), that if H is the Sylow /(-subgroup of G then, for every G-module 
M, the maps 

Res : H^{G, M) H^{H, M) 

are injective on the /^-primary components. Therefore, if the theorem holds for L/L^ , 
then p does not divide the order of Hj{G, C l) and the power of p dividing the orders 
Hj{G, C l) and H^(G, C^) is less than the power of p dividing [L : K]. On applying 
this for all p, we obtain the lemma. □ 

Lemma 5.4 It suffices to prove the theorem in the case that G is a cyclic group of prime 
order p. 

Proof. After the last lemma, we may assume that G is a /7-group. We shall prove the 
theorem for G by induction on (G : 1). Because G is a /7-group, it has a normal subgroup 
H of index p (see GT 4.17). Consider the exact sequence (II 1.34) 

^ HHG/H, Ck') ^HHGXl)^ H\HXl) 

where K' = . By assumption H^{G/H, C k') = and by induction H^{H, C l) = 0. 
Therefore H^(G,C ]_) = — statement (b) is true. 
Because H^(H, C l) = 0» the sequence 

^ H^{G/H, Ck') H^iG, Cl) ^ H^{H,Cl) 

is exact, from which it follows that statement (c) is true. 
Finally, note that 

(Ck : NuiL/KiCL)) = {C k : NrnK'/xiC K')miTiK'/K(C k') : NmL/xiCL)), 
which divides p[L : K'] because Nuif^/fj^ defines a surjection 

C K'f^^L/K'iC l) ^^k'/k(C k')/'^t^l/k(C l)- □ 

To finish the proof of Theorem 5. 1 using Lemma 5.2, it therefore remains to prove that 
the Second Inequality holds for a cyclic extension of degree p, but in VI 4.9 we proved that 
the Second Inequality holds for all finite Galois extensions. (For the translation between 
the idealic and the idelic form of the statement, see Proposition V 4.6). In the next section, 
we give an algebraic proof of the Second Inequality, independent of Chapter VI. 
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Remark 5.5 To a finite Galois extension L/K of number fields, we have attached the 
group Cx^/ Nm(C l) and H^(G, C l). When L/K is cyclic, they are canonically (up to 

a choice of a generator for G) isomorphic, but not otherwise. The first group is always 
isomorphic to G'^^\ and the second is always cyclic of order [L : K]. Thus, when G is 
abelian but not cyclic, the two groups have the same order but are not isomorphic, and 
when G is nonabelian, they have different orders. 

6 The Algebraic Proof of the Second Inequality 

We shall prove the Second Inequality in the case that L/K is cyclic of prime degree p. 

Lemma 6. 1 It suffices to prove the Second Inequality in the case that K contains a pth 
root of 1. 



Proof. Let ^ be a primitive pth root of 1 (in some fixed algebraic closure of K containing 
L), and let K' = K[S;] and V = K' ■ L = L[^]. Then [K' : K] = m\p - 1, and so is 
relatively prime to p. Hence K' r\ L — K, and we have the picture: 

L' 



K' 





K 



The map 



G&\{L'/K) Ga\{L/K) x Gal{K' / K) 
is an isomorphism. Consider the diagram: 



Cl 



-> Ck 



Nm 



L'/K' 



Nm 



L'/L 



K' 



-> Cx/NmCz, > 



-> Ck'/'^^Cl' > 



-> Ci^/NmCL > 



> Ck - 

Here il and ix are the maps induced by the inclusions II II' and Ik ^t^l/k 
and Nm^/ jk' are the maps 

X ^ ^ ax, a e G&l{L/K) ~ G&\{L'/K'), 

and Nm^/ and Nmjj^/ jk are the maps 

x^^ox, a e Gal(L7L) ~ Gal(ii:7^). 
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Clearly the squares at left commute, and this implies that the rest of the diagram exists. The 
composites 

NniL'/L OIL and Nuik'/k °iK 
are both multiplication by m. Therefore the composite 

is also multiplication by m, and hence is an isomorphism (clearly, ptYi powers in C a: are 
norms, and so C/^/ Nm Cl is killed by p). In particular, the second map is surjective, and 
so 

{Ck ■ NmCi) divides (C k' ■ Nm Cl'), 
which by assumption, divides □ 

We shall prove the Second Inequality in the case the K contains a primitive pth root 
of 1 and L is a finite abelian extension of K of exponent p with Galois group G. Let 
[L : K] = p'' , so that G ^ {T,/ p'LY . By Kummer theory (see the appendix to this 
chapter), there exist a\, . . . ,ar e K such that 

L = K[a( ,...,a}\. 

Let 5 be a finite set of primes of K such that 

(a) S contains the infinite primes; 

(b) S contains all divisors of p; 

(c) S is so large that all at are 5-units. 

(d) S contains a set of generators for the ideal class group of K, and so Ix = ■ 
(see 4.2). 

Note that, according to (A.5), conditions (b) and (c) imply that S contains all primes that 
ramify in L. 

As usual, we write U{S) for the group of 5-units, i.e., the group of elements of that 
are units for all primes outside S. Recall that the unit theorem says that 

i7(5) Z^"^ X C/(5)tors, ^=l'^|. 

The group U{S) tors is cyclic, and in our case its order is divisible by p (because it contains 
jXp), and so 

U{S)/U{S)P ^ {'L/p'Ly. 
Let M = K[U{S) p\. This is the Kummer extension corresponding to the group 
U{S) ■ K''P/K''P ~ U(S)/U(S) n K^'P = u(S)/uisy ^ (I'/pi^y. 
We therefore have extensions 

p' P'' 

M D L D K, r + t = s. 
Lemma 6.2 There exists a finite set of primes T of K, disjoint from S, such that 

{(PvM/K) \v€T} 
is a basis for Gal(M/L) (regarded as an ¥p -vector space). 
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Proof. Note S contains all primes of K ramified in M (by A.5). Therefore, for a prime 
w of M lying over a prime v not in S, the extension Mw/Ky is unramified, and hence 
is cyclic of exponent p. Therefore, it is either cyclic of order p or it is trivial. Thus, if 
Mu) Lyj, then = Ky (here I'm using w both for the prime of M and the prime of L 
it divides). 

According to (4.7), there exists a finite set T' of primes of L, none dividing a prime 
in S, such that the Frobenius elements (p^, M/L) for w e T' generate Gal(M/L). After 
replacing T' with a subset (if necessary), we may suppose that these Frobenius elements 
form a basis for Gal(M/ K). Let w € T' divide the prime wl of L and the prime wk of K. 
Because ^ ^ui^, we have L^j^ = K^j^, and therefore (pw, M/L) = (pwj^,M/K). 
Thus T = {wk \ w e T'} has the required property. □ 

Note that the order of T is ? where p^ = [M : L], and that if if is a prime of M such 
that w\v e T, then L^ = K^. 

Lemma 6.3 With the above notations, an element a e U(S) becomes a pth power in L if 
and only if it becomes a pth power in Ky for allveT. 

Proof. =^ : Let a e U{S). If a becomes pth power in L, then it becomes a pth power 
in for all w. But if w;|w e T, then Lw = Ky, and so it becomes a pth power in Ky. 

<^= : Let a e U(S). Then up e M. If up e Ky for all v e T, then ap is fixed by 

_L 

{py, M/K) for all v e T, and hence by Gal(M/L). Thus, a p Ues in L, and so a e L^. □ 
Lemma 6.4 The subgroup 

e = y\k:^xY\k:x n Uy 

veS v€T v^SUT 

ofix is contained in Nm^/^(I/^). 

Proof. Let a = (oy) e E. We have to show that each component a u of a is a norm. 

V € S: From local class field theory, we know that 

K^/NmLl ^GaliLy,/Ky). 

Because the second group is killed by p, so also must be the first group, which means that 
CNmL^. 

V € T: Here L^ = Ky, and so every element of Ky is a norm from L ^ . 

V ^ S U T: Because L^ is unramified over Ky, the norm map Uw Uy is surjective 
(see III 1.2) □ 

Now 

(Ck : Nm Cl) = (Ik : K"" ■ NirIl), 
which divides (Ix '■ K^ E), and so it remains to show that 

ilK:K'<E)\p'-. 



Butlj^ = K"" -Is = K"" - IsUT, and so 

(Ik : K^'E) = (K^'lsuT : K^'E). 
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Lemma 6.5 Let A, B, andC be subgroups of some abelian group, and assume that A D B. 
Then 

(AC : BC)(A DC : B nC) = (A: B) 
in the sense that, if two of the indexes are finite, so is the third, and the equality holds. 

Proof. In the following commutative diagram, the columns and the top two rows are ob- 
viously exact, and it follows (from the snake lemma for example) that the bottom row is 
exact. This implies the statement. 







> Bnc 



> Anc 







-> B 



-> A 







BC/C 



AC/C 



-> 







> AnC/BnC > A/B > AC/BC > 















On applying the lemma with A = IsuT^ ^ = E, and C = we find that 

(IsuT ■ E) 



{Ik : K^E) 



Lemma 6.6 With the above notations: 



(U(S UT): KT\Ey 



{IsvjT : E) = 

Lemma 6.7 With the above notations: 

iU(S U T) : K"" n E) = p'+'. 

Since r + t = s, this will prove the boxed formula. 

Proof (of 6.6) Obviously (IsuT ■ E) = W^^s^^v ■ f^v^)- Since there are s primes in 
S and K contains p distinct pth roots of 1, the next proposition shows that 



^2s 



(IsuT ■ E) 



Wv^S \P\v' 

By assumption, S contains all the primes for which \p\^ ^ 1 , and so 



all V 



which equals 1 by the product formula. 
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Proposition 6.8 Let K be a local Held of characteristic zero, and let iXn he the group of 
nth roots oflinK^. Then 

\n\ 

If K is nonarchimedean and U is the group of units in K, then 

■ U") = 

\n\ 

Proof. If ^ = C, the first equation becomes 1 = « and if A" = M, it becomes ^ = nji 
when n is odd and 2 = when n is even. If K is nonarchimedean, ^ x Z, and so 

(Z:^ : Z:^") = (U : : nZ) = (U : U")n. 

Therefore, it remains to prove the second equation. 
For an abelian group M, we write 

hniM) = (M : nM)/{Mn : 1), M„ = {x e M | «x = 0}. 

Then hn (M) is the Herbrand quotient of M regarded as a Z/nZ-module with trivial action, 
and so we may apply the results in II, §2. 

As we saw in the proof of (III 2.4), the exponential map defines an isomorphism from a 
subgroup of finite index in Ok onto a subgroup of finite index in U . Therefore 

K{U) = hn(OK) = (Ok : nOK) = \n\-' . 

Hence 

\n\ 

As Un = fJ-n, this proves the second equation. □ 

Proof (of 6.7) Clearly K"" n E D 11(5 U T)P. It follows from the unit theorem (as 
before) that (U{S U T) : U(S U T)P) = p^+' , and so it remains to prove that 

K"" n E c u(s u ry. 

This is accomplished by the next two lemmas (the first shows that the second may be applied 
to prove the inclusion). □ 

Lemma 6.9 With the above hypotheses, the obvious map 

U(S)^Y\U,/UP 
veT 

is surjective. 

Proof. Let H be the kernel of the map. To prove that the map is surjective, we shall show 
that 

(U(S):H)= Yl(U,:UP). 
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Because T is disjoint from S,\p\y = 1 for all v e T, and so (6.8) shows that the right hand 
side is p' . On the other hand, by Lemma 6.3, H = U(S) n L^^, and so 

U(S)/H = UiS)/U{S) n L^'P ~ U(S) ■ L^^/L^^. 

This last group corresponds by Kummer theory (see A. 3) to the extension M/ L, and hence 
has order [M : L] = p' . □ 

Proposition 6.10 Let K be a number field containing a primitive n th root of 1 . Let S be 
a set primes containing the infinite primes, the divisors of n, and a set of representatives of 
the ideal class group of K. Let T be a set of primes disjoint from S and such that 

u(S)^Y\ u,/u: 

is surjective. Suppose that b e is an nth power in for all v € S and a unit outside 
SUT. Thenb € K""" . 

Proof. Let L = K[b"] — we have to show that L = K. Put 

^=n^^'xn^"x n 

i;€5' v^T viSUT 

By Lemma 4.5, in order to show that L = K,it suffices to shows that 

(a) D C Nm^/^I/^, and 

(b) D K'' = Ik. 

(a) Let d = (dv) e D. We have to check that dy is a norm from Ky[bn] for all v. 

V € S:ln this case Ky[b"] — Ky, and so every element of is a norm. 

V e T: By local class field theory, the index (K^ : Nm Kv[b"]^) is equal to the degree 

: Ky], which divides n. Hence every wth power in Ky is a norm. 

V ^ SUT: Because nb is a. unit at v, the field Kylb"] is unramified over Ky, and hence 
every unit is a norm. 

(b) Obviously 15/^ = n.er Uv/U^^, and by hypothesis U(S) ^ UveT ^v/U^ is 
surjective. Hence 1$ =■ D ■ U(S), and therefore 

Ik = Is ■ K"" = D -UiS)- K"" = D ■ K"". □ 
This completes the proof of Theorem 5.1 (the Second Inequality). 

7 Application to the Brauer Group 

Welet H^(L/K) = H^(Gal(L/ K), L"") and H^(/ K) = H^(GaliK^^/ K), K^^""). Those 
who have read Chapter IV will recognize that H^(L/K) ~ Bv(L/K) and H^(/K) = 
Bt{K). 

Theorem 7.1 For every Galois extension L/ K of number fields (possibly infinite), the 
canonical map 

H\L/K)^^^H\L''/Ky) 

is injective. 
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Proof. Assume initially that L/K is a finite Galois extension with Galois group G. Be- 
cause H^(G, C l) = 0, the cohomology sequence of 

is 

H^iG, L^) H^(G, II) ^ • • ■ . 

But 

H^(G,L'') = H^(L/K) 

and (see 2.5) 

and so this proves the theorem in this case. To obtain the theorem for an infinite extension, 
pass to the limit over the finite Galois subextensions. □ 

An extension L/K of fields is said to be cyclotomic if L C K{t,] for some root ^ of 1. 
The next proposition will play a role in the proof of the global reciprocity law 

Proposition 7.2 For every fi e H^{/ K), there exists a cyclic cyclotomic extension L 
of K such that ^ maps to zero in H-^{/L). 

Proof. The theorem shows that is determined by its images in H^(Kv), and hence by 
the invariants imry(Py) e Q/Z (see Theorem 2.1, Chapter 111). For every finite extension 
L of K and prime w\v of L, invu;(;6|L) = [L^ ■ Ky] ■ imry(P) (ibid.), and so we have to 
find a cychc cyclotomic extension L/K such that 

[L" : Ky] ■ iuvvipy) = mod Z 

for all V. Note that, because H^{L/K) maps into the direct sum of the local groups, 
msfy{fiy) = for almost all v. Hence there exists an integer m such that m ui\y{fiy) = 
for all V. The existence of an L with the correct properties is ensured by the next lemma. □ 

Lemma 7.3 Given a number field K, a finite set S of finite primes of K, and an integer 
m > 0, there exists a totally complex cyclic cyclotomic extension L of K such thatm\[L^ : 
Ky] for all V € S. 

Proof. It suffices to prove this for Q and m ■ [K : Q]. Hence we can simply assume 
K = Q. 

Let / be a prime, and let ^ be a primitive rth root of 1 with r > 2. Then Gal(Q[^]/Q) ~ 
(Z//''Z)^,and 

A X ar-^) I odd 
A X C(2'-3) / = 2 

where A is of order / — 1 and 2 in the two cases and C(t) denotes a cyclic group of order 
t (Serre 1970, 11 3.2). Therefore L(r) = Q[^]^ is a cyclic cyclotomic extension of Q of 
degree /''"•^ or F^^. 

Next consider Q/7[t]- if P = I, then Q[^] is totally ramified over p, and so [Q/7[^] : 
Qp] = [Q[?] : Q] = (pil')- if P ^ I, then Q[t] is totally unramified over p, and [Qp[^] : 
Qp] is the smallest integer / such that /'"|/?' — 1. In either case, we see that [Q;7[^] : Q^] 



(z/rz) ^ 
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oo as r ^ oo. Thus, for every p, [L(1'')p : Qp] is a power of / that tends to oo as r tends 
to oo. 

A product of cyclic groups of distinct prime power orders is again cyclic. Therefore, 
for distinct primes /i , . . . , , L = L(/[' ) • • • will be cyclic, and clearly, by choosing 

/['... Is'^ to be sufficiently large, we can ensure that the local degrees m\[LP : Qp] are 
divisible by m for all p e S. □ 

In more concrete terms, the two results say that: 

If a central simple algebra over K splits over Ky for all v, then it splits over K. 
and 

Every central simple algebra over K splits over a cyclic cyclotomic extension 
ofK. 

8 Completion of the Proof of the Reciprocity Law 

Recall that, for a finite abelian extension L/ K of number fields with Galois group G, we 
have defined a homomorphism <pL/x ■ ^ G such that (pL/Ki^) = Yiv ^v(civ)- 

Theorem 8.1 (a) Let L/ K be a finite abelian extension of number fields. Then (p^/K 
takes the value 1 on the principal ideles C 1^:. 
(b) Let L/ K be a finite Galois extension of number fields. Then ^ inv^, (a) = for all 
a e H^{L/K). 

Before proving this theorem, we explain why (a) implies the Reciprocity Law for L/K. 
Statement (a) says that ^l/k '■ Gal{L/K) contains in its kernel. We know 

already that it contains Nm^/j5:(I/,) in its kernel'*, and therefore it defines a homomorphism 

Ik/K"" ■ NuiL/K II ^ GaliL/K) (*). 

For any finite prime v of K unramified in L, ^l/k maps the idele with a prime element in 
v-position to the Frobenius element (p^, L/K), and so (4.7) shows that ^l/k is surjective. 
On the other hand, the Second Inequality (5.1) states that 

and so the homomorphism (*) is an isomorphism. 

Example 8.2 We verify (8.1a) for the extension Q[^ot]/Q> where a primitive mth root 
of 1. We identify Gal(Q[^^]/Q) with (Z/mZ)^. Thus, for n an integer relatively prime 
to m, [n] denotes the automorphism of Q[^ot] sending to It suffices to show that 
(p{a)\Q[^[r] = 1 for all l\m. Thus, we may assume that m = F ,m ^ 2. 

The homomorphism ^oo '■ M^/Nm(C^) Gal(Q[^OT]/Q) sends any negative real 
number to complex conjugation. Therefore 0c>o ('3') = [sign(a)]. 

Let a = up^ e Q^. \f p ^ I, then p is unramified in Q[^OT]^ and (f>p{a) acts as the sih 
power of the Frobenius at p: 

cPpiup') = [/]. 

^Because this is true locally. 
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The prime / is totally ramified in Q[^ot] and 
(see 13.13).^ 

It suffices to show that ^(a) = I in the three cases: a = —I, a = I, a = a prime q ^ I. 
We have: 

In each case, Wcppia) = 1. 



-n 



if 


p = oo 


if 


p = l 


if 


p ^ l,oo 


if 


p = l 


if 


p^l 


if 


p = q 


if 


p = l 


if 


p ^ l,q. 



Remark 8.3 InExample V4.10, weshowedthatthehomomorphism^ : Iq Gal(Q[^OT]/Q) 
attached to the Artin map : C^^m) ~^ Gal(Q[^m]/Q) has local components equal to the 
local Artin maps. Since, by definition, (p(Q^) — 1, this gives an alternative proof of (8.1a) 
in the case Q[U]/Q- 

Lemma 8.4 (a) If (8.1a) holds for L/ K, then it holds for every subextension. 
(b) If (8.1a) holds forL/K, then it holds for L ■ K'/K' for every number field K' D K. 

Proof, (a) Suppose L D K' D K. Then ^k'/k is the composite of (I)l/k and the restric- 
tion map Gal(L / K) Gai{K' / K) (because this is true for the local Artin maps), 
(b) Let L' = L ■ K' . For each prime w of K' , we have a commutative diagram 



Nm inclusion 

Gal(L7/:„). 



On combining them, we get a commutative diagram: 

4>L'/K 



I'. 



K 



Nm 



» Gsl(L'/K') 

inclusion 



\k — ^ Gal(L//:). 

Because the norm map on ideles carries into Q^, we see that this lemma follows from 
the previous one. □ 



^As Catherine O'Neil pointed out to me, here I'm making use of a result from I §3, contrary to my promise 
that §§2^ of Chapter I can be skipped. However, it is possible to prove (a) of Theorem 8.1 in an elementary 
fashion for the cyclotomic extensions of Q. For example, use the diagram in (5.10) to define i/iq, and then 
verify that its local components are correct. This will be clarified in a future version. (See also Remark 8.3.) 
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From the Example 8.2 and Lemma 8.4 (or Remark 8.3 and Lemma 8.4??), we find that 
(8.1a) holds for all cyclotomic extensions^ of a number field K. 
We next need to relate the two statements in Theorem 8. 1. 

Lemma 8.5 Let L/K be an abelian extension of number fields. If (8.1b) holds for L/K, 
then so also does (8.1a). Conversely, if L/ K is cyclic and (8.1a) holds for L/K, then so 
also does (8.1b). 



Proof. Let / £ Hom(G, Q/Z). We can regard x as an element of H^{G,^ 
its image under the boundary map arising from the sequence 



^Z), and then 



^ Z ^ Q ^ Q/Z 
is an element 8x e H^(G, Z). Consider the diagram: 







<t>L/K 



G 



U5v 



-> H^{G,Il) 



X 

-> Q/z. 



The first two vertical arrows are cup-product by Sx- if 8x is represented by the 2-cocycle 
«CT,T then the image of x is represented by the 2-cocycle ct, r i-> x"'^-'^ . Clearly, the left- 
hand square commutes. The right-hand vertical map is x itself. That the right hand square 
commutes follows from (III 3.6). Now assume 8.1b is true for L/ AT. Then x(^l/k(^)) = 
for all characters ;f of G, and so ^L/Ki'^) itself is zero. Conversely, when G is cyclic, we 
can choose / to be injective, and then 8.1a implies 8.1b since U8x is then an isomorphism 
(II 3.5). □ 



Since we know 8.1a for cyclotomic extensions, it follows that we know 8.1b for cyclic 
cyclotomic extensions. Moreover, we will have proved the whole theorem once we have 
proved (b) of the theorem. Thus, the next result completes the proof of the theorem 

Lemma 8.6 If (8.1b) is true for cyclic cyclotomic extensions, then it is true for all finite 
Galois extensions. 



Proof. Let /3 e H-^{K). We are given that, if |6 e H-^(L/K) for some cyclic cyclotomic 
extension L/K, then '^m'Vy(P) = 0, where fiy is the image of P in H^{Kv), but Proposi- 
tion 7.2 says that every fi in H-^(K) lies in H^{L/ K) for some cyclic cyclotomic extension 
L/K. 

[Mention that we are using the inflation-restriction sequence 

H^(GaliL/K), L^) H^(Gk, K"") H^(Gl,L''), 
and that as above is in the middle group and vanishes in the right-hand group.] □ 
*An extension L/K is said to be cyclotomic if L C K[^] for some root ^ of 1. 
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9 The Existence Theorem 

In this section we prove the Existence Theorem: every open subgroup of finite index in the 
idele class group is a norm group. A large part of the proof can be extracted from Section 
6. However, at the cost of some repetition, I give a proof independent of Section 6 (except 
for some elementary statements). 

Lemma 9.1 If U is a norm group, and V D U, then V also is a norm group. 

Proof. Suppose U = Nm C l- According to the Reciprocity Law, the Artin map defines 
an isomorphism 

<I>:Ck/U ^ Gal(L/K). 
If M is the fixed field of (p(V), then cj) defines an isomorphism 

Ck/V Gal(M/K), 

but, according to the Reciprocity Law, the kernel of ^ : Ck Gal(M/ K)is'Nm.M/K C M-a 

It is obvious from its factorization into primes, that a rational number a is an nth power 
if and only if it is an «th power in M and in Qp for all primes p\a. The proof of the 
analogous statement for number fields requires the Reciprocity Law (or complex analysis). 

Proposition 9.2 Let K be a number Geld containing a primitive nth root of 1, and let 
S D Soo be a finite set of primes of K containing all those dividing n and enough primes 
to generate the class group of K. Any a e such that 

a is an nth power in Ky for allv e S; 

a is a unit in Ky for allv ^ S. 

is an nth power in K. 

Proof. Let L — K[a^^"] — ^because ^„ e K, this is an abelian extension of K. For every 
prime v e S, — a splits completely in and so Ly^ = Ky for all w\v. Hence 

the norm map Ky is onto. On the other hand, L is unramified over K at any prime 

V ^ S, and so the norm map Nm^/j^ : Uu) ^ 11^ is onto. Therefore, Nm^^xi^L) ^ Is> 
and so 

The Reciprocity Law now shows that L = K, and so a is an rath power in K. □ 

Lemma 9.3 (Key case of the Existence Theorem) Let K be a number field con- 
taining a primitive pth root of 1 (p prime). Then every open subgroup V of C k such that 
C k/V is a finite group killed by p is a norm group. 

Proof. Let S D Soo be a finite set of primes of K containing the infinite primes, those 
dividing p, and enough primes so that Ik = ■ Is- Let L be the extension of K corre- 
sponding by Kummer theory to the group U{S) ■ K^p , i.e., L = K[U{S)^\, and let 

veS vfS 
We shall prove that ■ E = ■ Nm(I/^) by verifying that 
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(a) £cNm(lL); 

(b) (Ik ■.K''-E) = = {Ik ■ ■ ^mLiKiU)). 

For any prime v of K and prime w; of L lying over it, the local Artin map is an isomor- 
phism 

Because L/ K is has exponent p, Nm(L^) D Ky^ . 

For any prime d ^ S, L is unramified over K and f , and so the norm map Uw Uy is 
onto. 

On combining the statements in the last two paragraphs, we obtain (a). 
From the Reciprocity Law, 

ilK:K''-NmilL))^[L:K], 

and from Kummer theory, 

[L: K] = (U(S) ■ K^'P : K^'P). 

But 

U{S) ■ K''P/K''P ^ U(S)/U(S) n K^'P. 

If aP € U(S), then a e U{S), and so UiS) n K^'p = U(S)P. Now, by the Dirichlet Unit 
Theorem (ANT 5.9), 

U{S) ^ (7(5) torsion e Z^-\ 

and U(S) 

torsion is the group of roots of 1 in K, which is a cyclic group whose order is 
divisible by p. Hence (U(S) : U{S)P) = p' . 
On the other hand, 

(Ik : K"" ■ E) = (Is ■ K"" : E ■ K""), 

which, by (6.5), equals 

(Is : E)/(Is nK"" : En K""). 

Therefore (see 6.8), 

(Is:E)=YI(K::K:p)=Y\-^P = P^\ 

v€S v€S 1^1" 

Here, we have used that K contains a primitive pth root of 1 and that S contains all v for 
which \p\v ^ 1, and so fives \P\v = all u \P\v — ^ product formula. It follows 

thatii:'' - E = K"" -Nmlz,- 

Now let V be an open subgroup of C j^: such that C k/V killed by p, and let U be the 
inverse image of K in I^. Then U is open in Ik and so there is a finite set of primes S such 
that U D Hue^ ^ ^ Hu^^ Moreover, Ik/U has exponent p, and so U D I^. Hence 
U D E ■ K^, and because E ■ / is a norm group, so also must be U/ = V . □ 

For simplicity, in the proof of the next lemma, we assume the Norm Limitation Theo- 
rem, which is not proved until the next chapter. For a proof avoiding that theorem, see p202 
of Tate's article in Cassels and Frohlich, 1967. 
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Lemma 9.4 Let U be an open subgroup of finite index in C k- If there exists a finite 
extension K' / K such that Nm^J /a-(^) ^ norm group, then so also is U . 

Proof. Write U' for Nm^!^^ (J7), and let L be the abelian extension of K' with Nm C l = 
U'. If M is the maximum abelian subextension of L/ K, then we have 

^m.MiK Cm = Nm^/^ Cl = Nm^//^ U' C U 
and we can apply Lemma 8.6. □ 

Theorem 9.5 Every subgroup U of finite index in C k is a norm group. 

Proof. We prove this by induction on the index of ^7. If the index is 1, then there is 
nothing to prove. Otherwise, there exists a prime p dividing (C k '■ U). After (9.4) we 
may assume that K contains a pth root of 1 . Choose a subgroup Ui of C k containing U 
and of index p in C k- After (9.3), there exists an abelian extension K' of K such that 
Nmj^/ fx '^K' = Ui; moreover K' is cyclic of degree p over K. Put U' = Nm^)^^ U . The 
map 

^"oiK'/K : C K' C k/U 
has image Ui/U and kernel U'. Hence 

{Ck' ■ U') = {Ck : U)/p 

and so, by induction, U' is a norm group. Now we can apply (9.4) to deduce that is a 
norm group. □ 

A Appendix: Kummer theory 

Throughout this subsection, K is afield containing a primitive nth root of 1, ^. In particular, 
K either has characteristic or characteristic p not dividing n. Write /x„ for the group of 
«th roots of 1 in K. Then /x„ is a cyclic subgroup of of order n with generator t,. 

Proposition A. 1 Let L = K[ci\ where a" e K and no smaller power of a is in K. Then 
L is a Galois extension of K with cyclic Galois group of order n. Conversely, if L is cyclic 
extension of K of degree n, then L — K\a\ for some a with a" e K. 

Proof. See FT 5.26. □ 

Proposition A. 2 Two cyclic extensions K\a~^ \ and K^n \ of K of degree n are equal if 
and only if a = for some r e Z relatively prime to n and some c e K^, i.e., if and 
only if a and b generate the same subgroup of / K^". 

Proof. See FT 5.28. □ 

The last two results give us a complete classification of the cyclic extensions of K of 
degree n when K contains a primitive «th root of 1. It is not difficult to extend this to a 
classification of all abelian extensions of exponent n . 
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Theorem A. 3 The map 

defines a one-to-one correspondence between the finite abelian extensions of K of exponent 
n contained in some fixed algebraic closure QofK and the finite subgroups B of / K^" . 
The extension corresponding to B is K[Bn], the smallest subfield of Q containing K and 
an nth root of each element of B.IfL^ B, then [L : K] = {B : K^"). 

Proof. See FT 5.29. □ 

Example A. 4 (a) The quadratic extensions of R are in one-to-one correspondence with 
the subgroups of M^'/M''^ = {±1}. 

(b) The finite abelian extensions of Q of exponent 2 are in one-to-one correspondence 
with the finite subgroups of 

q^'/q''^ {±i}xz/2Zxz/2Zx--- 

(copies of Z/2Z indexed by the prime numbers). 

After this review of algebra, we return to some number theory. 

1 i 

Proposition A. 5 Let K be a number field, and let L = Kla^ , ■ • • , a^]- Then L is 
unramified at a finite prime v of K if nai is a unit in Ky for all i . 

Proof. We need only consider a cyclic extension K[a"], which (see A.l) we can assume 
to have degree n. Let a = a" and / = X" — a. Then 

disc / = ±NmL/K f'(oi) = iNnii/^wa""! = ±n"a"-\ 

Thus if pu does not divide na, it does not divide disc /, and, a fortiori, it does not divide 
disc(OL/OK)- (See ANT, Chapter 2.) □ 

Remark A. 6 Determining the ramification in K[a"]/ K at prime p dividing n can be 
quite complicated. The following summarizes what happens when n = p, a prime, and 
K contains a primitive pth root ^ of 1. Let jt = ^ — I, and let a e be relatively prime 
to p and not a pth power in K. 

(a) A prime p\p splits completely in the extension K[ap]/K if and only if = a 
mod pjrp has a nonzero solution in Ok (a is then said to be hyperprimary at p). 

(b) A prime pi/* is unramified in the extension K[ap]/K if and only if X^ = a 
mod pn has a nonzero solution in Ok {ct is then said to be primary at p). 

(c) The extension K[ap]/ K is unramified at all finite primes of K if and only if a is 
primary and (a) = for some ideal o. 

For hints of proofs of these statements, see Washington 1997, Exercise 9.3, and Cassels 
and Frohlich 1967, Exercise 2.12, p353. In the case K = Q[^], see also Cassels 1986, pp 
139-140, and Frohlich and Taylor 1991, III 3.11. 
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In this Chapter, we add some complements to the theory of class fields, and we give some 
applications. In particular, we extend the results proved in SeiTC 1970 Chapters I-IV, VI to 
arbitrary number fields. 

1 When are local nth powers global nth powers? 

Obviously, if an element a of a number field K is an nth power in K, then it is an nth power 
in for all primes v of K. In this section, we investigate whether there is a converse. 

Theorem 1.1 Let K be a number field containing a primitive nth root of I. A nonzero 
element of K is an nth power in K if it is an nth power in Ky for all but possibly finitely 
many primes v. 

Proof. Recall that, for a field k containing a primitive nth root of 1, a polynomial X" — a 
splits completely in k[X] if it has a root k. Let a be a nonzero element of K, and let be 
an «th root of a in some extension field. If a is an nth power in Ky for almost all v, then 
X" — a splits completely in for almost all v, and so v splits completely in K[fi]. 

Since this holds for almost all v, (VII 4.6) shows that K[f}] = K. □ 

Remark 1.2 If we use (VI 3.4) rather than (VII 4.6), we obtain the stronger result: under 
the hypothesis of the theorem, a nonzero element of K is an nth power in K if it becomes 
an «th power in Ky for a set of primes i; of density > 1/2. 

One may hope that the theorem is true even when K doesn't contain a primitive «th 
root of 1, but the following exercise shows that it isn't, even for = Q and n = 8. 

Exercise 1.3 Show that 16 is an 8th power in M and Qp for all odd p, but (as the ancient 
Greeks knew) not in Q. (Hint: Show that Q[^s] = V2] is unramified at all odd p, and 
deduce that, for p odd, Qp contains at least one of 1 + / , V2, or V— 2.) 

The field Ql^s] is not cyclic over Q, and so the exercise doesn't contradict the following 
theorem. 

Theorem 1 .4 Let K be a number field, and let n be an integer such that K[^2'] is cyclic 
over K where 2' is the power of 2 dividing n. A nonzero element of K is an nth power in 
K if it is an n th power in Ky for all but possibly finitely many primes v . 
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Proof. Step 1. It suffices to prove the theorem with n a prime power. Suppose n = «i«2 
with ni and «2 relatively prime, and assume that the theorem holds for n\ and 1x2. Then 
a nonzero element a oi K that is an «th power in for almost all v is both an nith and 
an «2th power in K, say, a =■ b"^, a = c"^. Now, there exist integers r and s such that 
rni + sn2 = 1, and so 

Step 2. The theorem is true if n is a power of a prime p and K[i,n\/K is a cyclic 
extension of p-power order. Let K' = K[t,n\, and let a be a nonzero element of K that 
becomes an «th power in for almost all i;. According to Theorem 1.1, a becomes an «th 
power in K' , say, a = fi", and so 

n-l 

Let 

X"-a = Y\fdX) 

i 

be the decomposition of X" — a into irreducible factors in -^^[X]. For each /, choose a root 
pi = p^l^'~^ of fi{X). Then K[pi] C K' , and so K[Pi] is an abelian extension of K — 
in particular, it is Galois over K, and so is the splitting field of fi(X). Let u be a prime 
of K such that a is an «th power in K^. By hypothesis, X" — a has a root in Ky, and 
hence at least one of the f (X) has a root in Ky. For that particular /, v splits completely 
in K[fii]. Thus we see that every v not in S splits completely in at least one of the fields 
K[fii], but different v may split in different fields, and so we can conclude nothing from 
this. To see that all the v split in a single K[fii] we have to use the hypothesis that K' is 
cyclic of prime power order over K. This hypothesis implies that the intermediate fields are 
hnearly ordered: 

K' D ■■■ D K3D K2D Ki D K. 

Choose io so that K[Pi^] is the smallest of the K[fii]. Then every v ^ S splits completely 
in a field containing K[fiiQ], and hence in Kl^j^]. Thus KlPi^] = K, and X" — a has at 
least one root in K. 

Step 3. The theorem is true. After Step 1, we may assume n = p'' , and after Step 2, 
that p is odd. Suppose that a is an «th power in for almost all v. Because ^[^p' ] is 
cyclic of /(-power order over Step 3 shows that a becomes an «th power in ^[^p], 

say, a = b". On taking norms, we find that is an nth power in K^, where d = [K[i^p] : 
K] < p. But d is relatively prime to p, and so this implies that a is an nth power in 
(we know that = 1 in K^/K^p\ and this implies that a = 1 in K^/K^p' ). □ 

Remark 1.5 (a) For a finite set S of primes of K and an integer « , let P (« , 5) be the group 
of all a € such that a e K^" for all u ^ 5. On analysing the 2^ case further, one finds 
that either P(n,S) = K^" or there exists anao € such that P(n, 5) = K^" UaoK^". 
For example, for K = Q, P(8, 5") = Q""^ U 16Q''^ (Artin and Tate 1961, p. 96)'. Note 
that P{n, S)/ K^"' is the group making 

^ P(n, 5)//:^" ^ K^'/K''" Ik/IIc ^ Ck/C\ 



'p. 75 in the 2009 edition 
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exact. 

(b) The fact that the statement of the theorem doesn't hold for all K, S, n can be re- 
garded as a pathology of small number fields. For example, if V— T e K, then A' [^2'] is 
cyclic over K. 

(c) The key step in the proof is Step 2, and is a little subtle. This is where Whaples 
went astray in his proof of Grunwald's "theorem" — he let a " denote a root of X" — a, and 
forgot that the different roots may have quite different properties relative to K (e.g., their 
minimum polynomials are the fi which may even have different degrees). Artin and Tate 
explicitly warn against trying to shorten the above argument. 

2 The Grunwald-Wang Theorem 

Class field theory "solves" all questions about abelian extensions by translating them into 
questions about open subgroups of finite index in the idele class group. Unfortunately, 
questions about open subgroups of finite index in the idele class group can also be difficult. 
In this section, we consider the following question. 

Question 2. 1 Let K be an algebraic number field, and suppose that, for each prime v in 
a finite set S, we are given a finite cyclic extension of Ky of degree riy. Does there exist 
a finite cyclic extension L/ K of degree n = lcm(«i,) such that K"7 (This condition 

means that there exists a prime w; of L dividing v and a /i"!, -isomorphism L^j K".) 

The next example shows that the answer is not always yes, but, nevertheless, we shall 
see that it is usually yes. 

Example 2.2 Let Q'^ be the unramified extension of Q2 of degree 8. It is easy to construct 
extensions L of Q of degree 8 such that (2) remains prime in L, and hence such that k, 
K for the unique w\2 — take L = Q[X\/ {g{X)) where g{X) is any monic polynomial 
of degree 8 in that is irreducible modulo 2. However, I claim that it is impossible to 
construct a cyclic such extension . More precisely: 

Let L be a cyclic extension of Q of degree 8; then it is not possible for (2) to 

remain prime in L. 
This follows from the three statements: 

(i) 16 is an 8th power in Qj, for all 7^ 2 (including p = 00), but not in Q2- 

(ii) Let L/Q be a finite abelian extension; if a € Q becomes a norm in for all but one 
p, then it is a norm for all p. 

(iii) 16 is not a norm from Q^. 

Let L be a cyclic extension of Q of degree 8. As the degree of over Qp divides 8, (i) 
shows that 16 becomes a norm in for all p ^ 2. According to (ii), this implies that 16 
is a norm in Qa- Now (iii) shows that L? is not isomorphic to Q^. 

For the proof of statement (i), see Exercise 1.3 (and its solution). For (ii), consider the 
diagram: 

Qx Gal(L^/Qp) 



> Iq — ^ Gal(L/Q). 
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Here is the local Artin map into the decomposition group at a prime dividing p and is 
the global Artin map (we allow p = oo,m which case Qp = M). The diagram commutes 
(this is how we defined the global Artin map). For every a e Q^, there is the product 
formula 

n Ma) = 1 

p=2,3,5,...,oo 

(VII, Theorem 8.1). Now (pp(a) = 1 if and only if a becomes a norm in Qp, and so the 
product formula implies (ii). For (iii), we use that, because is unramified over Q2, the 
normalized ord on Q2 extends to the normalized ord on Q2- If 16 = Nm(Q;), then 

4 = ord2(16) = ord2(Nm(a)) = 8ord2(c>!), 

which is impossible. 

I now briefly explain the positive results (Artin and Tate 1961, Chapters 9 and 10). Let 
5 be a finite set of primes of K. The composite of the maps 

is injective, and it is continuous when we endow P = fives "^^^^ product topology. 
When S contains more than one prime, the product topology doesn't coincide with the 
topology induced by Ck (ibid. p98). Nevertheless, a subgroup of finite index in P is open 
for one topology if and only if it is open for the other, and an open subgroup of P of finite 
index is the intersection of P with an open subgroup of finite index in Cj^: (ibid. p99). 
Using the reciprocity laws, this implies the following. 

Theorem 2.3 For each v e S, let Ny be an open subgroup of finite index in . Then 
there exists an abelian extension L of K such that, for all v € S, is the extension of Ky 
corresponding (by local class field theory) to Ny. 

A more careful analysis, proves the following ("character" means "continuous charac- 
ter"). 

Theorem 2.4 (Grunwald-Wang) For each v e S, let Xv be a character of K^. There 
exists a character x of whose restriction to is Xv, aii v s S. Let riy be the order of 
Xv ^nd n = lcm(nv). Then it is possible to choose x to have order n, except possibly when 
2' \n for some t with K[t,2' \ ^ot cyclic over K. 

Proof. See Artin and Tate 1961, Chaper X, Theorem 5. Alternatively, it is possible to 
prove a more precise version of the theorem by comparing the Poitou-Tate theorem for S 
and for the set of all primes — see a future version of the notes. □ 

Example 2.2 shows that the second statement may fail without the condition on n. 

Corollary 2.5 For each v e S, letiiy be a positive integer If v is an infinite prime, then 
Hy must be a possible order for an extension of Ky. Then there exists a cyclic extension L 
of K of degree n — Icmiriy) such that the local degree is n y for all v ^ S . 
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Proof. For an infinite prime v € S, choose a character Xv on of order in the 
only way possible; for a finite prime v e S not dividing 2, choose Xv to be the canonical 
character of order that is 1 on t/i,; for u e 5* dividing 2, choose Xv of order to 
avoid the exceptional case in the theorem. See ibid. p. 105, Theorem 5 (this shouldn't be 
confused with the theorem^ of the same number on p. 103). □ 

Application. Let Z) be a central division algebra of degree d'^ over an algebraic number 
field K, and let iy be the image of the class of D <Sik Ky in Br(Ky) under the invariant map 
invy : BiiKy) Q/Z. Let iy = my/rty mod Z where my and ny are relatively prime 
integers and ity > 0. 

Because Br(Ky) Q/Z is injective (even an isomorphism if v is finite), the order of 
the class of D <Sik Ky in Bv(Ky) is tiy. Up to isomorphism, there is exactly one division 
algebra Z)/„ over Ky with invariant iy = my/iiy, and its degree is Thus, D iSik Ky ?s 
M d_{Dn^)- In particular, ny\d, and son\d. 

Because Bx{K) 0^, Br{Ky) (sum over all v) is injective, the order of the class of 
D in Bic(K) is n = lcm.(ny). 

According to the corollary, there exists a cyclic extension L of A' of degree n whose 
local dee rees are iiy for each v for which iy ^ Z. Hence L splits D. From IV 3.6, we see 
that there is a central simple algebra B over K such that 

(a) B D L ; 

(b) B is similar to Z), so that B Mr{D) for some r; and 

(c) [B :K] = [L :KY. 

From the last two statements, we see that r^d^ = . Since n\d, it follows that in fact 
r = 1 and n = d. We have shown: 

Theorem 2 . 6 For every division algebra over a number field K, the order of D in Bv{K) 
is •y/[D : K], and D contains a cyclic extension of K as a maximal subfield (and hence is 
split by it). 

From the theorem and the Noether-Skolem Theorem, it is possible to deduce that D is 
a cyclic algebra in the sense defined by Dickson on 1906, namely, that D is generated as a 
^T-algebra by the elements of L and a single element fi, with the relations 

P-a = aa-P, a e L, and fi'^ = y 

where a generates Gal(L/ K) and y 6 K^. 

These are very famous results^, with many applications, for example in the theory of 
abelian varieties. (See my notes AV, Theorem 16.8.) 

^Serge Lang took the notes. In the 2009 edition it is correctly numbered Theorem 6. 

-'"The high points of the structure theory of algebras of the 1930's were undoubtedly the theorem that every 
finite dimensional central division algebra over a number field is cyclic, and the classification of these algebras 
by a set of numerical invariants. The latter result amounts to the determination of the structure of the Brauer 
group for a number field. Besides the general theory of central simple algebras we have indicated, the proofs 
of these fundamental results required the structure theory of central simple algebras over /)-adic fields due to 
Hasse, Hasse's norm theorem ("the Hasse principle"), and the Griinwald existence theorem for certain cyclic 
extensions.... The first proof of the cyclic structure of central division algebras over number fields was given 
by Brauer, Hasse, and Noether (1931)." Nathan Jacobson, Obituary for A.A. Albert, Bull. AMS, 80 (1974), 
p.1081. 
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Notes In 1933, Grunwald proved Theorem 2.4 without the condition on «, and in 1942 Whaples 
gave a second proof. In 1948, Wang found the counterexample provided by (1.3, 2.2), and corrected 
the statement. In the fifteen years following 1933, Grunwald's "Theorem" was quite widely used, 
for example, to prove that every division algebra over a number field is cyclic. See Roquette 2005, 
5.3. 

In fact, as Brian Conrad pointed out to me, effectively, a counterexample to Grunwald's theorem 
was published in 1934, 14 years before Wang, but (apparently) no one, including the author, noticed. 
Specifically, let a and n be integers; for a prime p not dividing an, a is an «th power in Qp if and 
only if it is an nth power mod p. Trost (1934)"* proved by elementary means the following theorem: 

if a is an «th power for almost all primes and 8 doesn't divide n, then a is an nth 
power; when 8 does divide n, then a is either an nth power or it is 2"/^ times an «th 
power (and both occur). 

For example, when n = 8, it is possible that is an 8th power (and hence that a is not an 8th 
power). This happens with a = 16. In other words, Trost already knew the statement (i) of Example 
2.2 that leads by standard arguments to the counterexample to Grunwald's theorem. 

Incidentally, Olga Taussky reviewed Grunwald's paper Chevalley reviewed Whaples's paper for 
Mathematical Reviews, and even read it carefully enough to note that "some typographical errors 
are to be guarded against in reading the proof of the fundamental lemma", but not carefully enough 
to note that the main result was false. 

3 The local-global principle for norms and quadratic forms 

The local-global (or Hasse) principle asks whether a statement is true over a number field 
K whenever it is true over each of the completions of K. In this section, we give two cases 
where class field theory allows us to prove that the principle holds. 

Norms 

Theorem 3 . 1 Let L/ K be a cyclic extension of number fields, and let a e . Then the 
image of a in is a norm from for all but finitely many v, and if it is a norm for all v, 
then it is a norm in K. 

Proof. According to Theorem VII 5.1, H^(G, C^) = 0. Because of the periodicity of 
the cohomology of cyclic groups, this implies that Hj^{G, C i,) = Q. Therefore, from the 
cohomology sequence of 

I^L^^Iz^^Cl^O 

we find that 

is injective. But (see VII 2.5), this is the map 

Remark 3.2 The proof fails for noncyclic extension, and, in fact, the statement is not true 
for noncyclic extensions. For example, 5^ is a local norm from Q[vT3, VP/] at all primes 
but is not a global norm (see Cassels and Frohlich 1967, Exercise 5.3, p. 360). 



'^E. Trost, Zur Theorie der Potenzreste, Nieuw Arch. Wisk. 18 (1934), 58-61. 
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Quadratic Forms 

Recall that a quadratic form on a vector space V over a field A: is a map Q:V ^ k such 
that 

(a) Q{av) = a^Q{vy, 

def 

(b) B(v, w) — Q(v + w) — Q(v) — Q{w) is a bilinear form on V. 

The quadratic form Q is said to be nondegenerate if its associated bilinear form B is 
nondegenerate.^ Let c s k. A nondegenerate quadratic form Q is said to represent c if 
there exists a nonzero v sV such that Q{v) = c. 

Lemma 3.3 If a nondegenerate quadratic form Q represents 0, then it represents all c e k. 

Proof. Note that, for t e k, 

Q(tv + w) = t^Q(v) + tB(v, w) + Q(w). 

If Wo is a nonzero vector such that Qivo) = 0, then, because B is nondegenerate, there 
exists a vector wq such that B(vo, Wq) 0. As t runs through all values of k, so also does 
Q(tvo + Wo) = tB(vo, Wo) + Q(wo). □ 

When k has characteristic ^ 2, there exists a basis {^i , . . . , e„} for K such that B(ei , ej) 
for i ^ j . Then 

n 

Qi^XiCj) = '^aixf, rt = dimK. 
1 = 1 

Henceforth, we shall write the quadratic form as 

q(Xu...,X„) = aiX^ + --- + anX^, 
and keep in mind that an invertible change of variables will change none of our statements. 

Lemma 3.4 A nondegenerate quadratic form q(Xi, . . . , X„) represents a if and only if 
r = q — aY^ represents 0. 

Proof. If ^(xi, . . . , x„) = a, then r(xi, . . . , 1) = 0. Conversely, suppose r(xi, . . . , x„ 
0. If J = 0, then q represents and hence represents every element ink. \f y ^ Q, then 
q{^r-- ,^) = q{xi,...,xn)/y^ =a. □ 

Theorem 3 . 5 Let qhea nondegenerate quadratic form in n variables with coefficients in 
a number field K. 

(a) Ifn>3, then q represents in Ky for all but finitely many v. 

(b) The form q represents in K if it represents in Ky for all v. 

Before beginning the proof, we note a consequence. 

Corollary 3.6 Let c e K. A nondegenerate quadratic form q with coefficients in K 
represents c in K if and only if it represents c in Ky for all v. 

^When k has characteristic 7^ 2, it is customary to set B(v, w) = ^ iQ(v + w) — Q(v) — Q(w)) . 
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Proof. Let r — q — cY'^. Then r represents if and only if q represents c. □ 

We begin the proof with a purely algebraic result. 

Proposition 3.7 Letk be a Held of characteristic ^ 2. 

(a) The form q = does not represent 0. 

(b) The form q = X'^ — aY^ represents if and only if a is a square. 

(c) The form q = X^ — aY^ — bZ^ represents if and only if b is a norm from the field 

(d) The form q = X'^ — bY^ — cZ^ + acT^ represents in k if and only if c, as an 
element ofk[\/ab], is a norm fromk[s/a, y/b\. 

Proof, (a) This is obvious. 

(b) According to Lemma X^ — aY^ represents if and only if represents a. 

(c) According to 3.4, X'^ — aY-^ — bZ^ represents if and only if X'^ — aY^ represents 
b, i.e., if and only if Z> is a norm immk[^]. 

(d) Clearly, 

q{x,y,z,t) = <^=^ c = — — — . 

Nm;t[V^/;t(z + Vat) 

Because the inverse of a norm is also a norm, this shows that q represents zero if and only 
if c is the product of norm from and a norm from k[Vb]. Thus (d) follows from the 

next lemma. □ 

Lemma 3.8 Let k be a field of characteristic ^ 2. An element c e k^ is the product of a 
norm from k[^/a] and a norm from k[Vb] if and only if, as an element ofk[\/ab], it is a 
norm from L = k[Va, Vb]. 

Proof. We leave the degenerate cases, in which one of a, b, or ab is a square in k to the 
reader. Thus, we may suppose that Gal{k[Va, Vb]/ k) = {1, a, r, ax} where each of a, x, 
and a T is of order 2, and fix respectively ^/a, Vb, and \/ab. The first condition asserts, 

(*) There exist x,y e k\Va, \fb\ such that ax = x, xy = y, and xy ■ ax{xy) = c. 

and the second asserts, 

(**) There exists z e k[^/a, Vb] such that z • ax{z) = c. 
Clearly, (*) =^ (**). For the converse, note that 

z ■ az = Nm^f^^^j/^^^^ z e k[M- 

Moreover, 

Nm^[^]/^(z • az) = z ■ az ■ rz • arz € k. 
As z • arz = c e k, this implies that az • rz e k, and so 

az • Tz = a(az • rz) — z ■ axz — c. 



Therefore, 



Nm;t[V^]/;t(z-(7z) = c^- 
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Now Hubert's theorem 90 (II 1.23), applied to z ■ az/c e shows that there exists an 

X e k[-s/a]^ such that rx/x = z ■ az/c. Let y = arz/x. Then 

ry = az/xx = c/z ■ x = z ■ axzjz ■ x = y 
(use: definition of y; definition of x; definition of z; definition of y) and 

xy ■ ar(xy) = arz ■ ariazz) = axz ■ z = c 
(use: definition of y; (ar)^ = 1; definition of z) as required. □ 

Proof (of Theorem 3.5a) If ^ = qi{Xi, . . ., X^) + qiiXm+i, ■ ■ ■, X„) and qi repre- 
sents zero, then so also does q. Therefore, it suffices to prove (3.5a) for a quadratic form in 3 
variables. After multiplying ^ by a nonzero scalar, we may suppose q = X^ — aY^ — bZ^, 
and for such a quadratic form, the statement follows from (3.7) and Theorem 3. 1. □ 

Proof (of Theorem 3.5b) We prove this by induction on the number n of variables. 

When « = 1 , there is nothing to prove, because the hypothesis is never fulfilled. 

When n = 2, then, after multiplying q by nonzero scalar, we may suppose that q = 
X^ — aY^, and for such a quadratic form, the statement follows from (3.7) and Theorem 
1.1. 

When n = 3,4 the statement follows in a similar fashion from (3.7c,d) and Theorem 

1.1. 

Before proving the general case, we make some elementary observations. 

(a) A nondegenerate quadratic form qi{Xi, . . . , Xm) — qiiXm+i, ■ ■ ■ , Xn) represents 
in a field k if and only if there is a c e A: such that both qi and q2 represent c. 

(b) If q represents c in A:^, then q represents every element in the coset c -k^^. 

(c) The subgroup K^^ of is open. When v is real or complex, this is obvious. When 
V is nonarchimedean, Newton's Lemma (ANT 7.32) shows that 1 can be refined to a 
root of — a for any a with 1 1 — < |2|^. 

On combining (b) and (c), we see that a quadratic form q with coefficients in repre- 
sents the elements in a nonempty open subset of . 

Assume now that « > 5 and that Theorem 3.1b has been proved for n — 1. Let 

q{Xi,. ..,Xn) = aXl + bXl - riX^, . . . , « - 2 > 3. 

From (a) of the theorem, we know that, except for u in a certain finite set 5, 7? represents 
in Ky. Let v s S. Because q represents Qm K^, there exists an element e that is 
represented by both aX^ + and r, i.e., there exist x, (u) e such that 

axi{v)^ + bx2(vf = Cv = r(x3(f), . . . ,x„(i;)). 

Now apply the weak approximation theorem (ANT 7.20), to find elements xi,X2 ^ K that 
are close to xi{v), X2(v) in Ky for all v € S. Then 

c = axj -|- ox| 

will be close to Cy for each v 6 5; in particular, we may suppose that c/cy € K^^ for all 
veS. 
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Consider the quadratic form cY-^ — r. It represents in for f ^ S because r 
represents zero in Ky, and it represents in Ky for j; e S because r represents c in Ky. By 
induction, cY'^ — r represents zero in K. It follows that q represents in ^ because each 
of aX^ + and r represents c in K. □ 

Proposition 3.9 A nondegenerate quadratic form q in 4 variables over a finite extension 
K ofQp represents every nonzero element of . 

Proof. If q represents 0, then it represents every element of K. We assume the contrary. 
After multiplying ^ by a nonzero element of K, we may suppose that 

q = -bY^ -cZ^ + acT^. 

Because q does not represent in K, neither b nor a is a square. 

If K[^] ^ K[Vb], then (by local class field theory, Theorem 1. 1.1), ^m{K[^]'') 
and Nm(/:[V^]^) are distinct subgroups of index 2 in K^-^, and therefore = Nin{K[y/a]^)- 
l<im(K[Vbf). Since the inverse of a norm is also a norm, this means that we can write c 
as 

x2 - by^ 

C = — ^ 5", 

— fl?^ 

some x,y,z,t e K. On multiplying out, we find that q represents 0, contradicting our 
assumption. Therefore ^[^fl] = -^^[V^], and a = b x (square) (see VII A. 1). The square 
may be absorbed into the T-^, and so we may write 

q = X^ -bY^ -cZ^ + bcT^. 

Consider the quaternion algebra H(b. c) (see IV.5.1). For 

a = X + yi + zj + tk 

we define 

a = X — yi — zj — tk 

so that 

^ ^ def _ 2x2 2 T 2 

JNm(a) = aa = X —by — cz + bet . 

The map a Nm(Q!) : H{b, c)^ is a homomorphism, which we must show to be 

surjective. 

For every a e H{b, c), 

P„(Z) = (X -a)(X -a) = X^-(a + a)X + Nm(a) e K[X]. 

Therefore, Pa (X) is the characteristic polynomial of a in the extension -^'[0;]/ K. In partic- 
ular, 

Nm(o!) = NmK[a]/K(oi). 

Now (see IV.4.4), H(b, c) contains copies of every quadratic extension of K, for example, 
the unramified quadratic extension of K and a totally ramified quadratic extension of K. 
Therefore Nm(H(b,c)^) contains the norm groups of these two distinct quadratic exten- 
sions, and so (as above) equals AT ^. □ 
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Corollary 3.10 Every nondegenerate quadratic form q in > 5 variables over a finite 
extension of Qp represents 0. 

Proof. Wecan writer = r(Xi, X4) — aX^ + q'(Xe. ...), where r is anondegemrate 
quadratic form in 4 variables and a 0. Then r represents a and so q represents 0. □ 

Corollary 3.11 A nondegenerate quadratic form q in> 5 variables over a number field 
K represents if and only if it represents in every real completion of K. 

Proof. Combine (3.10) with (3.5). □ 

Remark 3.12 The proof of Proposition 3.9 works also for ^ = M down to the last step: 
the only quadratic extension of M is C, and so 

Nm(H(/),c)^) = NmCC") = M>o. 

It shows therefore, that a nondegenerate form in 4 variables over M that does not represent 
zero represents all strictly positive real numbers. 

4 The Fundamental Exact Sequence and the Fundamental 
Class 

For a Galois extension L/ K,we write 

Bt{L/K) = //2(Gal(L/^),L^), 
and for a Galois extension L/K of number fields, we write 

H^(L/K) = H^{Ga\{L/K),CL)- 

Because H^{G,L'') = Q (see II 1.22) and //^G, Cl) = (see VII 5.1), for every tower 
of Galois extensions E D L D K, we get exact sequences 

Br(L/K) BriE/K) Br(E/L) 

and 

H^(L/K) H^(E/K) H^{E/L). 
On passing to the direct limit over larger fields E C K^^, we obtain exact sequences 

Bv(L/K) BriK) Br(L) 

and 

H^(L/K) H^(K''^/K) H^iK^'^/L). 

Thus, we can regard Bt{L/ K) as the subgroup of Br(^) of elements split by L, and simi- 
larly for 

Let L/ K he a Galois extension of number fields of finite degree n , and consider the 
diagram: 
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H^{L/K) 



> Bt{L/K) > 0, Bi{L^/K^) 



The top row is part of the cohomology sequence of 

The zero at left comes from the fact that H^(G,C l) = 0. The top row is exact, but the 
map 0y Bt{L" / Ky) H^{L/ K) will not in general be surjective — we denote its image 
by H^{L/K)'. 

Recall (III 2. 1), that for each prime v, we have a homomorphism 

inv„ : Br(^„) Q/Z. 

If V is nonarchimedean, it is an isomorphism of Bv{Ky) onto Q/Z, and if v is real, it is an 
isomorphism of Jiv{Ky) onto ^Z/Z. Moreover, if Lyj/ has degree riv, then \iWyj(fi) = 
riy ■ iiWy(P), and so invn defines an isomorphism 

inv„ : BriLy,/Ky) — Z/Z. 

The southeast arrow in the diagram is 

S : 0^Br(L7^,) ^Q/Z, (^6,) ^ ^inv„(;6,). 

The image of invn is the cyclic subgroup of order rij, in the cyclic group ^Z/Z, and there- 
fore the image of S is the cyclic subgroup ^Z/Z, where no = lcm(«i,)- 

According to Theorem VII 5.1, the order of H^{L/ K) divides n. According to Theo- 
rem VII 8.1, the bottom row of the diagram is a complex, and so the maps in the diagram 
induce a surjective homomorphism 

H'^{L/K)' 

no 

The 1cm «o of the local degrees always divides n, but need not equal it (see Example 4.5 
below). Suppose, however, that the extension Lj K has the property that n = «o. Then: 

(a) Themap H^{L/ K)' ^Z/Z is an isomorphism. (It is surjective, and (//^(L/ZT)' : 

1) < (H^L/K) : 1) < n.) 

(b) H^{L/K)' = H^{L/K), and each has order n. 

(c) The bottom row is an exact sequence 

^ Bt{L/K) ®y BiiL^/Ky) ^ -'L/'L 

n 

(because it is isomorphic to the top row). 
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Lemma 4. 1 IfL/Kis cyclic, then n = hq. 

Proof. Let S D 5*00 be a set of primes of K including all those that ramify in L. For 
V ^ S, (pv, L/ K) is an element of Gal{L/ K) of order (= f^), and so the image of 
the Artin map Gal{L/K) has order «o = lcm{ny). According to , the Artin map is 

onto, which implies that «o = n- [Using complex analysis, one can show more, namely, 
that for all i; in a set of density (p(n)/n, L" / Ky is cyclic of order n: let m be the modulus 
of L/K, and let a be an ideal in such that (a, L/K) generates Gal(L / K); then the set 
of prime ideals p = a in C„x has density l/n.] □ 

Let Q'' be the infinite cyclic cyclotomic extension of Q defined in (I A.5d) (see also 
(VII 7.3)), and let ^2 = Q'^ ■ K. For every n, 12 contains a unique cyclic extension of ^2„ 
of degree n . The preceding lemma and remarks show that 

^ Bri^n/K) ^ 0^ Bi(n^/Ky) ^ ^Z/Z ^ 

is exact. On passing to the direct limit (actually, directed union) over all n, we obtain an 
exact sequence 

Br(^2/^) 0^ BrinyKy) Q/Z 0. 
Theorem 4.2 For every number field K, the sequence 

^ Br(K) ^ 0^ Br(^,) ^ Q/Z ^ 

is exact. 

Proof. According to Proposition VII 7.2, Br(^2/^) = BriK). Moreover, Bt{^2'' / K^) = 
BT{Ky) because, in the nonarchimedean case, [^2^ : Ky] — ^ 00 as « — ^ 00 (see VII 7.3). □ 

The sequence in the theorem is called the fundamental exact sequence of global class 
field theory. 

Corollary 4.3 For every finite extension L/K, the sequence 

^ Br(L/i^) ^ 0^ BriL'/Ky) ^ ^Z/Z ^0, «o = icm(n„), 

is exact. 

Proof. Apply the snake lemma to the diagram obtained by mapping the fundamental exact 
sequence for to that for L. □ 

Example 4.4 (a) For a finite cyclic extension of number fields L/K, the fundamental 
exact sequence becomes identified with 

ii:^/ Nm(L^) 0^ K^/ Nm(L'^^) ^Z/Z ^0, n = [L : K]. 

(b) Let D he a division algebra over a number field K, and let iy = invu(D <Sik Ky). 
Then: iy = for all but finitely many v; iv = if t; is complex; iy e ^Z/Z if v is real; and 
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^ =0 mod Z. The family determines the isomorphism class of D, and any family 
(iv) satisfying the conditions is the family of invariants of the division algebra. Clearly, the 
order of the class of D in Br(K) is the least common denominator n of the iy. One can also 
prove that [D : K] = n^. For example, to give a quaternion algebra over Q is the same as 
to give a set of primes of Q having an even finite number of elements. 

Example 4.5 Let L = Q[\/l3, vT/]. Clearly n = A, but I claim that = 1 or 2 for all 
V. Because both 13 and 17 are congruent to 1 modulo 4, 2 is unramified in L. Therefore, 
for It) 1/7, /> ^ 13, 17, Liu is an unramfied extension of Q^. In particular, its Galois group 
is cyclic. Since it is a subgroup of Gal(L/Q), it is killed by 2, and therefore has order 1 or 
2. On the other hand, (33) = 1 (obviously) and (||) — (H) = 1. Hence, 17 is a square 
modulo 13, and Hensel's lemma implies that it is a square in Q13. Similarly, 13 is a square 
inQi7. 

The fundamental class 

It follows from the above discussion that there is an isomorphism 

invi^ : H^{^2/K) Q/Z 
uniquely characterized by having the property that the composite 

0^ Br(^,) ^ H^{Q/K) ^ Q/Z 

is (pv) Y.mVy(Pv)- 

Lemma 4.6 For every finite extension L/K of number fields and y e H^(^2 / K),imrL(Y) = 
n inv^()/), n = [L : K]. 

Proof. Use that the sum of the local degrees is the global degree. □ 

Therefore, for every L/K finite and Galois, we obtain an isomorphism 

invL/K : H\L/K) ^ -Z/Z. 

n 

On passing to the direct limit over all L C K^^, we obtain an isomorphism 

invK : H^iK^'^/K) Q/Z. 

Theorem 4.7 For every finite Galois extension L/K of number fields, H'^{L/K) is 
cyclic of order n — [L : K\ having a canonical generator Uj^jx- 

Proof. Take m^/^^^ to be the element such that inv/^//^(M^/j^) = ^ mod Z. □ 

The generator uj^jx of H^{L/ K) is called th& fundamental class. One shows as in the 
local case (see III 2.7) that for every tower E D L D K of finite Galois extensions, 

Res(uE/K) = ue/l 
lni{uLiK) = [E : L]ueik- 
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Therefore, one may apply Tate's theorem (II 3.11) to obtain an isomorphism 

That this is inverse to the global Artin map ^l/k defined in the last chapter follows from the 
fact that the global fundamental classes are compatible with the local fundamental classes. 



The norm limitation theorem 

Theorem 4.8 Let E be a finite extension of K (not necessarily Galois), and let M be the 
maximal subextension of E such that M/ K is an abelian Galois extension. Then 

^niE/K Ce = Nmyi//^ Cm- 



Proof. Let L be a Galois extension of K containing E, and let G = Gal(L/^) and 
H = Gal(L/£'). Consider the commutative diagram 



Cor 



-> H^{H,Cl) 

Cor 

H^(G,Cl) 



in which the horizontal arrows are cup-product with the fundamental classes. This can be 
identified with the commutative diagram: 



•■ab 



Hence the cokernel of H^^ G'"^^ is isomorphic to C k/^^e/k(C e)- But the cokernel 
is equal to Ga\{M/K), which is isomorphic to C k / ^'^M I k{C m)- Since Nm(CM) I) 
Nm(C£:), the two groups must be equal. □ 



5 Higher Reciprocity Laws 

Recall that, an odd prime p and integer a not divisible by p, the Legendre symbol (or 
quadratic residue symbol) 

/ « \ def ( 1 if « is a square modulo p 
\pj I ~1 otherwise. 

The group is cyclic of order p — I with — 1 as its unique element of order 2. Therefore, 
for u € ¥p, is 1 or —1 according as u is a square or not, and so is the unique 
square root of 1 such that 
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The quadratic reciprocity law says that, for odd primes p and q, 
The supplement to the quadratic reciprocity law says that 

For a a Gaussian integer (i.e., element of and n an odd Gaussian prime (i.e., prime 
element of not dividing 2), Gauss defined (-) (quartic residue symbol) to be the 
unique 4th root of 1 such that 

y—j =01 4 mod 71 

and proved a quartic reciprocity law for these symbols. Later Eisenstein proved a cubic 
reciprocity law. Emil Artin remarked that his theorem (V 3.5) implied all possible such 
reciprocity laws, and therefore can be considered as a "reciprocity law for fields not con- 
taining an nth root of 1". In the remainder of this section, we explain this remark. 

The power residue symbol 

Let ^ be a number field containing a primitive nth root of 1. For every finite set a, b, ... of 
elements of K, we define S(a, b, . . .) to be the set of prime ideals of K such that ordp(«) ^ 
0, or ordp(a) ^ 0, or oTdp{b) ^ 0,... . In particular, S itself consists only of the divisors of 
n. 

Recall that the discriminant of X" — 1 is divisible only by the primes dividing n. There- 
fore X" — I has n distinct roots in F^' for any p \n, and the map 

t ^ mod p : iiniK) iXniOx/p) 

def 

is bijective for any prime ideal p f n. For such a prime p, let = Np = {Ok '■ p)- Then F^ 
is cychc of order q — I, and so n\q — 1 and e /x„ C F^. 

For a e and p ^ S{a), define to be the unique «th root of 1 such that 

- = a " mod p. 
\PJ 

5.1 For every a, b e andp ^ S(a,b), 

This is obvious from the definition. 

5.2 For a e andp ^ S{a), the following are equivalent: 

(a) (f) = l; 

(b) a becomes an n th power inOx/p; 
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(c) a becomes an nth power in Kp. 
The equivalence of (a) and (b) follows from the exactness of 



1 ^ F^" ^ . fXn^l, q = Np. 

If X" — a has a solution modulo p, then Hensel's lemma (ANT 7.33) shows that it has a 
solution in Kp. Conversely, if a = a" , a ^ Kp, then ordp(c>;) = ^ ordp(a) = 0, and so 
a € OKp- The map Ok Ok^/^ is surjective, and so there is an ao e Ok mapping to a 
modulo p. 

We extend the mapping p to I^^"^ by Unearity: thus, for b = ]~[ p[' 6 /-^("^ 

We abbreviate ((fy) to (f ). 

For an abelian extension L/ K in which the primes in S' do not ramify, "fL/K '■ ~^ 
GdX{L/ K) denotes the Artin map (see Chapter V). 

5.3 For every a e K^ andb e 

From Galois theory, we know that there is an «th root ^(b) of 1 such that i/f(b)(fln) = 
f (b) • a n and that the map b ^(b) is a homomorphism. Therefore, it suffices to prove the 
equality with b = p, a prime ideal. By definition, 

f(p)(x) = x^P mod p. 

From 

V^(p)(fl") = ^(p)-an 

we find that 

^(p) - a" = X " mod p, 



from which it follows that 



m = (f). 



5.4 Let a e Ok, ^nd let b be an integral ideal in If a' e Ok, a' = a mod b, then 

b e /•^("'^ and 



For every prime ideal p dividing b,a' = a mod p, and so — (^y^ 

The Artin Reciprocity Law allows us to prove a similar, but weaker, result for (^) 
regarded as a function of b. 

5.5 Let a e K^ . There exists a modulus m with support in S(a) such that (^) depends 
only on the class of b in the ray class group Cm. 

According to Proposition VII A.5, S(a) contains all primes ramifying in ^[a«]. There- 
fore, Artin's Reciprocity Law (V 3.5) shows that there exists a modulus m with support in 
5(a) such that i/^(b) depends only on the class of b in the ray class group Cm- 
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The Hilbert symbol 

Let Ky be a local field containing a primitive nth root of 1. The Hilbert symbol is a pairing 

a,b^ {a,b)v : K / x ^^/^^ ^ 

where /x„ is the group of nth roots of I m K^. Probably the most natural way of defining 
this is as the cup-product map 

//i(G,/x„) X H\G,IXn) H^iCiin® lin), G = GsliK^'^/K), 

followed by the isomorphism 

H^{G, jX„ (g) IXn) = H^(G, jln) <Si fin ^ fin 

defined by the invariant map inv^,. However, in the spirit of the 1920s and 1930s, I'll define 
it in terms of central simple algebras. 

Recall (IV.5) that for any a,b e K^, we define A(a, b; ^) to be the Ky-algehra. with 
generators elements / , j and relations 

i" = a, j" = b, ij = Ui- 

It is a central simple algebra of degree n over Ky. In the case that n = 2, ^(a, ^; — 1) is the 
quaternion algebra H(a, b). We define 

{a b)v = S^~"'^"^^v([A(a,b;^)]) 

where [A(a,b; ^)] is the class of A(a, b; ^) in Br(Kv). Because A(a,b; ^) is split by a field 
of degree n (in fact, by any maximal subfield, for example, Q[/]), its invariant is an element 
of ^Z/Z, and hence n ■ mvv([A(a, b; ^)]) is an element of Z/ nZ. Clearly the isomorphism 
class of A{a, b; ^) depends only on a and b as elements of / K^", and so we do have a 
pairing 

However, it is not obvious from this perspective that the pairing is bilinear. 

Example 5.6 Consider the case = Qp, p an odd prime, and n = 2. Then {a, b)p = 
±1, and 

{a,b)p = \ ^ H{a,b) ^ M2{Kyy, 

- aY^ - bZ^ + abT^ represents in K^; 
b is a. norm from ^[Va]; 
■^=^ — aY^ — bZ^ represents in Ky. 

To prove the equivalences use (respectively) that: a quaternion algebra has invariant | if 
and only if it is a division algebra; Exercise IV.5.1; Proposition 3.7d; Proposition 3.7c. The 
last condition shows that our definition of the Hilbert symbol agrees with that, for example, 
in SeiTC 1970, III 

5.7 For any a, b, 

A(b, a; t) ^ A(a, b; T^) ^ A(a,b; i;) "pp. 

Therefore 

(b,a)y = (a,b)y^. 
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By definition A(b,a\ ^) is the ^^-algebra with generators j' and relations i'" = h, 
j'" = a, and i'j' = j'. The map i' \-> j , j' \-> i is an isomorphism A{b,a;t,) — > 
A{a, b; The map i i , j j is an isomorphism A{a, b\ t,) °pp A(a,b; ^~^). 

/ \ ord„ (b) 

5.8 Leta,b e K"" . For any v i S{a), (a,b)^ = if^ ) 

For simplicity, we assume that A{a,b;t,) is a division algebra. Recall (IV.4) that, to 
compute the invariant of a central division algebra D over a local field , we 

(a) choose a maximal unramified field L C D ; 

(b) find an element fi s D such that a f^oi^~^ is the Frobenius automorphism of L 
(such an a exists by the Noether-Skolem Theorem); 

(c) setinvu([D]) = ord^(j6). 

We apply this with L = K^^yi] = K^jlan]. Note that, because v ^ S{a), this extension 
is unramified. Let = ^'^^ so that L / K^){i) = ^''i. Since = we see 

that we can take j6 = . Then = and so ord^d^) = — ^ ord^(&). Hence 



{a b)v ^-«inv„U(a,6;?)) ^ ^r-ord„(6) ^ 



ord„(fo) 



Remark 5.9 In fact, 

fovdi\\a,b,v. See III 4.5. 
5.10 Fora,Z7 e i*:''. 



{a,b)v = ^ 



a" 



\\{a,b)^ = 1. 



In the course of proving the Reciprocity Law, we showed that, for every fi e Br(ir), 
^invi,(j6) = 0. In particular, ^ invj;(^(<3, b \ ^)) — 0, and this implies the formula. 
For a,b e K^, define 



id - n 



a \ ordi, {b) 

{b)S{a) 



viS{a) 

where (b)^^"^^ is the ideal in I^^"^ generated by b. The symbol ( j) is multiplicative in b, 
but = (I) will not always hold unless S{b) n S(<3, a') = 5". 

Theorem 5.11 (Power Reciprocity Law) Let a and b he elements of such that 
S(a) n S(b) = S (for example, a and b could he relatively prime). Then 



QG)"'^n(M). 



Moreover, if S{c) = S, then 

(l)=n(-'').- 
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Proof. Let S'{a) = S{a) \ S and S'(b) = S{b) \ S. Our assumption is that S'{a) and 
S'{b) are disjoint. Then 

0- n - n 

and 

G)^ n (fp^ n<-).. 

Therefore 

^ ^ u€5'(a)U5'(i) 

For V ^ 5 U S'(a) U S'(b), (a,b)v = (by 5.8 for example), and so the product formula 
shows that 

n ia,b)yxY[(a,b)^^L 

v€S'(a)US'{b) v€S 
This completes the proof of the first equality, and the second is obvious. □ 

To obtain a completely explicit formula, it remains to compute the Hilbert symbol for 
the V € S. For the infinite primes, this is easy: if i; is complex, then (a,b)y — 1 always, 
and if v is real, then 

(a,b)v = \ <^=^ - fl 7^ -^Z^ represents <^=^ a > or ^ > 0. 

For ^ = Q and n = 2, 

U — l D — 1 I ^ TJ^— 1 I „ 2/^ — 1 

where u and v are 2-adic units, and the exponent is to be interpreted modulo 2. For an 
elementary proof of this, see Serre 1970, III 1.2. On applying this formula successively 
to the pairs (p, q) with p and q odd primes, (2, p) with p an odd prime, and to (—1, p) 
with p an odd prime, one obtains the classical quadratic reciprocity law (including the 
supplements). 

For p an odd prime and K = Q[^] with ^ a primitive pth root of 1, one can make 
the Hilbert symbol {a, b)p completely explicit. Recall that p is totally ramified in K and 
{p) = {n)'^~^ where n = 1 — ^. Let Kj^ denote the completion of K at (tt), and let Ui 
denote the group of units in Kj^ congruent to 1 mod n' . We have a filtration 

Ol^ DUi DU2D---DUp+i D---. 

If M e Up+i, then m is a pth power in K:rc (see VII A.6a). From this, one can deduce that 
I K^^ is freely generated (as an -vector space) by the elements 

TT,^, 1 -;r^,..., 1 -TT^. 



Let rii = I — n' , i > I (e.g., rji = ^). 
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Proposition 5.12 The Hilbert pairing 

a,b^ {a, b)n : x ^ jXp 

is the unique skew-symmetric pairing satisfying 

(a) (r]i,r]j)rt = , r]i+j)jrir}i+j , r]j)j,(r]i+j , jz)~-' for alii, j > 1; 

(b) (?]/,7r), - ' 



t if i = p. 
(c) (•, ■)n = 1 on Ui X Uj if i + j > p + \. 

For hints, see Cassels and Frohlich 1967, p354. 

Example 5.13 (Cubic reciprocity law; Eisenstein). Let = 3, so that K = Q[^], ^ = 

~^ ^i^d ^ = — tV^. Then Ok = ^[t]' every nonzero element of Ok can be 
written in the form i^'n-i a with a = ±1 mod 30^^:. In this case, the reciprocity law 
becomes: 



- (^) 



if a and b are relatively prime and congruent to it 1 mod ^Ok, and 



(I) = r'"-" 
(^) - r 



if a = ±(1 + 3(m + 

Note that, if a e Z, then a = ± 1 mod 'iOK is automatic. 

Application 

Fix an odd prime p and a primitive /7th root ^ of 1. If x,y,z are integers such that + 
_yP = z-P, then 

p-\ 

Y\ix + ^'y)^zP. 
i=Q 

We may suppose that x, y, z have no common factor. If p \ xyz, then the elements x + y 
of are relatively prime (ANT 6.9). Therefore, each generates an ideal that is a pth 
power, and the same is true of 

a = = 1 , Ti = I — C,. 

X + y X + y 

Hence = 1 for all |6 e Z[^] relatively prime to a. 

Theorem 5.14 Letx, y,z be relative prime positive integers such that p f xyz andx^ + 
yP = zP . Eor every prime q dividing xy z , qP^^ = 1 mod p^ . 

Proof. In this case, the Power Reciprocity Law becomes 



m) 



^TrQ[f]/Q(;7) 
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where rj = We apply this equation with fi = . Without loss of generality, 

we may assume that q\y, so that a = 1 mod q and = 1. Moreover, 

qP-^-l a-l 
p n 

but 

a — \ yn y 

Tr = Tr ^- = ^—{p-\), 

Jl X + y X + y 

which is not divisible by p. Therefore - — - — is divisible by p. □ 

Corollary 5.15 (Wieferich's Condition) If XP + JP = ZP admits a solution 
x,y,z with x,y,z positive integers none of wtiictt is divisible by p, then 2P~^ = 1 
mod p'^. 

Proof. If xP + yP — zP , then at least one of x, j, or z must be even. □ 

A similar argument (with a different fi) proves Mirimanoff's condition: 3^~^ ^ 1 
mod p-^. 

The only primes < 3 x 10^ satisfying Wieferich's condition are 1093 and 3511, and 
they fail Mirimanoff's condition. Thus this proves the first case of Fermat's last theorem 
for /> < 3 X 10^. 

Exercise 5.16 Let p e Z be a prime congruent to 1 modulo 3 (so that ¥p contains the 
cube roots of 1). Show that 2 is a cube modulo p if and only if p is of the form x-^ + 27_y^, 
x,y sZ. 

Notes Theorem 5.14 was proved by Furtwangler (see Hasse 1970, II, 22); see also Koch 1992, II 
6.3, and Herbrand 1936, p47. Class field theory also allows one to simplify the proof of Kummer's 
second criterion when the second case of Fermat's theorem holds (J. Herbrand, Sur les classes des 
corps circulaires, J. Math. Pures Appl., IX. Ser. 1 1, 417^41. 

6 The Classification of Quadratic Forms over a Number Field 

Earlier we showed that a nondegenerate quadratic form over a number field represents in 
the field if and only if it represents zero in every completion of the field. In this section, we 
completely classify the quadratic forms over a number field. Specifically, we shall: 

(a) Show that two quadratic forms over a number field K are equivalent if and only if 
they are equivalent over every completion of K. 

(b) Give a complete list of invariants for the quadratic forms over a local field. 

(c) Determine which families of local invariants arise from a global quadratic form. 
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Generalities on quadratic forms 

In this subsection, k is an arbitrary field of characteristic 7^ 2. Let (V, Q) be a quadratic 
space over k with corresponding bilinear form B, 

Biv, w) = ^ (Q{v + w)- Q{v) - Qiw)) , 

and let Ui and U2 be subspaces of F. If every element of V can be written uniquely in the 
form V = u\ + U2 with u\ € Ui and U2 € U2, then we write F = f/i ® U2- If, addition, 
B(ui,U2) = for all mi e J7i and M2 e f/a, then we write V = Ui 1. U2. For every 
subspace U of K, 

[/^ = {i; e F I S(m, = for all m € U}. 

If 21 is nondegenerate, then V = U -L U-^. 

Let (F, 2) and (F', Q') be quadratic spaces over k. A morphism s : (F, Q) 
{V , Q') is a linear map ^ : F ^ F' of A: -vector spaces such that Q'is{v)) — Qiv) 
for all u e F. A morphism is an isomorphism if it admits an inverse that is also morphism. 
An isomorphism (F, Q) — > (F', Q') will also be called an isometry. 

Proposition 6.1 Let (F, g) be a quadratic space. If Q represents a e k^, then there 
exists ane e V with Qie) — a and a subspace UofV such that V — U J- k ■ e. 



Proof. Because Q represents a, there does exist ane e V such that Qie) = a, and we 
can take U to be the orthogonal complement ofk-e. □ 



Let (F, Q) be a quadratic space. For every y e V with Qiy) 7^ 0, we define the 
symmetry with respect to y (or with respect to the line k • y)tohe the map 

Note that ty is a morphism (F, Q) (F, Q) and that tyOXy = id, and so ty is an isometry. 
It reverses every vector in the line k ■ y, and leaves every vector in the hyperplane ik ■ y)-^ 
fixed. It is therefore reflection in the hyperplane (k • y)-^. 

Proposition 6.2 Let U and W be isometric subspaces of a quadratic space (F, Q) and 
assume that Q\U is nondegenerate. Then and are isometric. 



Proof. We prove this by induction on the dimension of U . Suppose first that U and W 
are lines, say U = ku and W = kw. Then Qiu) ^ 0, Qiw) ^ 0, and we may suppose 
that Qiu) — Q{w). From 

Qiu + w) + Qiu -w) = 2Qiu) + 2Qiw) = 4Qiu) 

we see that at least one of Qiu + w) or Q(u — w) is nonzero, and, after replacing w with —w 
if necessary, we may suppose that it is the latter. Therefore the symmetry Vu-w is defined: 

2B(x, u — w) ^ 

tu-wX = X — — (m - w). 

Qiu - w) 
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Then Tu-wiu) = w, because 

Q(u -w) = Q{u) + Q{w) - 2B(u, w) = 2Q(u) - 2B{u, w) = 2B(u, u - w), 

and so Xu—w niaps U'^ isometrically onto 

Thus, we may suppose that dim U > 2, and so admits a nontrivial decomposition 
U = Ui -L 1/2- Because W ^ U, there is a decomposition W = Wi J- W2 with Ui Wi 
and U2 ^ W2. Note that Q\Ui will be nondegenerate, and that = U2 ± U^. The 
induction hypothesis implies that U2 -L U-^ is isometric to W2 -L W-^, and the choice of 
an isometry defines a decomposition U2 -L U-^ = X A. Y with X fa W2 and Y W-^. 
But then X fa U2, and the induction hypothesis shows that Y ^ U-^. Hence W-^ ^ [/"*".□ 

On choosing a basis for a quadratic space (V, Q),we obtain a quadratic form 
q(Xi,...,Xn) = ^ajjXiXj, ajj = B{ei,ej). 

Conversely, a quadratic form q defines a quadratic space (k",q). 

Two quadratic forms q and q' are said to be equivalent, q ~ if they define isomor- 
phic quadratic spaces, i.e., if one can be obtained from the other by an invertible change of 
variables. If q and q' are quadratic forms in distinct sets of variables, then we denote q + q' 
hyql. then (^'"+",^ ± q') = {k"',q) ± ik",q'). 

From Proposition 6.2 we find that: 

Let q = r J- s and q' = r' 1. s' be two quadratic forms, and assume that r is 
nondegenerate. If ^ ~ ^' and r ^ r' , then s ^ s' . 

From Proposition 6.1 we find that 

A nondegenerate quadratic form q in n variables represents a if and only if 
^ ~ r ± aZ^ where r is a quadratic form in « — 1 variables. 

The rank of a quadratic space {V, Q) is defined to be the rank of the matrix (S(e, , ej)) 
for some basis of V . The rank of a quadratic form q is the rank of the corresponding 
quadratic space. When q is written in diagonal form, q = aiXf + • • • + UrX^, then the 
rank of q is the number of nonzero coefficients a, , i.e., the number of variables actually 
occurring in q. 

The local-global principle 

Theorem 6.3 (Hasse-Minkowski) Letq andq' be quadratic fonns over a number field 
K. If q and q' become equivalent over Ky for all primes v, then q and q' are equivalent 
over K. 

Proof. We may suppose that q and q' are nondegenerate. We use induction on the com- 
mon rank n of q and q' . If n = 0, both forms are zero, and there is nothing to prove. 
Otherwise, there exists an a e represented by q. Then q{X\, . . . , Xn) — aZ^ repre- 
sents K, and hence in for all v. On applying Theorem 3.5, to ^' — aZ-^, we find that 
q' represents a in K. Therefore, ^ ~ ^1 J_ aZ^ and q' ~ q'-^ ± aZ^ for some quadratic 
forms qi and ^2 of rank n — \. Now (6.2) shows that qi ~ q2 over for all v, and so (by 
induction) they are equivalent over K. This implies that q and q' are equivalent over K. □ 
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Remark 6.4 Let (V, Q) be a quadratic space over a field k, and let O be its group of 
isometrics. Theorem 6.3 says that 

h\k, o)^YIh\k^,o) 

V 

is injective. 

The classification of quadratic forms over a local field 

The archimedean case. Any quadratic form over C (as for any algebraically closed field of 
characteristic ^ 2) is equivalent to a unique quadratic form 

xl + --- + xl 

Thus two quadratic forms over C are equivalent if and only if they have the same rank n. 

According to Sylvester's theorem, a quadratic form q over M is equivalent to a unique 
quadratic form 

Aj -t-----t-A^ — A^ + l ^r+f ■ 

The number t of — I's is the index of negativity. Thus, two quadratic forms over M are 
equivalent if and only if they have the same rank n and the same index of negativity t. 

The nonarchimedean case. Let K be a. local field. Recall that the Hilbert symbol (■, ■) 
can defined for a,h e by 

1 <^=^ — flF-^ — ^Z^ represents <^=^ + ZjZ^ represents 1 
— 1 otherwise. 

Lemma 6.5 The Hilbert symbol has the following properties: 

(a) it is bi-multiplicative and {ac^ , bd^) — (a, b) for all a,b,c,d e ; 

(b) for any nonsquare a € K^, there exists ab e such that {a,b) — —I; 

(c) {b,a) = (a,b)-^ = (a,b); 

(d) (a, -a) = (I, a) = 1. 

Proof. Obviously, (a,b) does not change when a or & is multiplied by a square. Also, (c) 
is obvious. 

Note that (a,b) = 1 if and only if is a norm from ^[^^a]. From local class field 
theory, we know that if a is not a square in K, then lSlm.(K[y/a]^) is a subgroup of index 
2 in K^, and therefore b (a,b) is an isomorphism / Nm.(K[^]^) {±1}. This 
completes the proof of (a) and (b). Finally, aX^ - aY^ = a(X^ - Y^), and X^ - Y^ 
represents because it represents 0. □ 

If q aiX^ + ■■■ + anX^ with a i , . . . , a„ e K^, then we set 
n(q) = n 

diq) = ai---a„ {in K^/K^^) 

S{q)= Y\ (ai,aj)= Yl (ai,di) (in{±l}) 

l<i<j<n l<i<n 

where di = a\ . . .at . Thus n{q) is the rank of q and d{q) is the discriminant of q. Both 
depend only on the equivalence class of q. We shall prove that the same is true of S{q). It 
is called the Hasse invariant of q. 
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Remark 6.6 Serre 1970, defines 

i<><j<n 

Note that 

n n 

S(q) = s(q) Y\iai,ai) = e(q) = e(q)(-l,d(q)). 

i=l i=l 

Thus the knowledge of (d{q), S(q)) is equivalent to the knowledge of id(q), s{q)). 

Proposition 6.7 The element S(q) depends only on the equivalence class ofq. 

Proof. It suffices to prove that s(q) depends only on the equivalence class of q. When q 
has rank 1, there is nothing to prove: s(q) = 1 (empty product) for all q. 

Next suppose that q ~ aX-^ + bY-^ ~ a'X-^ + h'Y-^. Because they are equivalent, either 
both aX'^ + bY-^ and a'X'^ + b'Y-^ represent 1 or neither represents 1, and so (a,b) = 
(a',b'). 

Next suppose that n > 2 and that 

q -^aiXf + ■■■ + UiXf + Qi + iXf^^ + a\Xl + --- + a\Xf + a[^^Xf^^ + ■■■ 

with Qj = a' J except possibly for j = i,i + \. We then have to prove that 
{ai,di-i)(ai + i,di) = ia-,d-_i)(a-^i,d-). 

But 

(ai,di-i)(ai + i,di) = (a,-, <i,_i)(a, + i, J,_i)(<3, + i, a,) = (fl,a, + i, + 

and aiUi + i differs from a'-a'-_^^ by a square, and so it remains to show that = 

According to Proposition 6.2, ajXf + ai + iXf_^^ ~ ^/^f + + 
we already shown that this implies (a,- , a/ + i) = (a ■ , <2-_|_^). 

The following elementary lemma now completes the proof. □ 

Lemma 6.8 LetB and B' be orthogonal bases for a nondegenerate quadratic space (V, Q). 
Then there exists a chain of orthogonal bases Bi, B2, ■ . . , Bm such that Bi = B and Bm =■ 
B' , and each B, is obtained from Bj-i by altering at most two adjacent elements. 

Proof. See O'Meara 1963, Lemma 58.1. □ 

Proposition 6.9 Let q be a nondegenerate quadratic form in n variables over a nonar- 
chimedean local field K, and let a 6 . Then q represents a if and only if 

(a) n = l and a = d(q) (in K^'/K''^); 

(b) n = 2 and (a, —d)(—l, d) = S(q) (equivalently, (a, —d) = s(q)); 

(c) n = 3 and either a ^ —d{q) (modulo squares) ora = —d{q) (modulo squares) and 
(-1,-1) = S(q); 

(d) n > 4. 
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Proof, (a) Clearly dX-^ represents a if and only ifa = d (in K^/K^-^). 

(b) Let q = bX^ + cF^. Clearly bX^ + cF^ represents a if and only if abX'^ + acF^ 
represents 1, i.e., if and only if {ab, ac) = 1. But 

{ab,ac) = (a,a)(a,b)(a,c)(b,c) — (a,—l){a,d(q)){b,c) — (a,—d(q))-s(q) 

and so the condition is that 

siq) = (a,-d{q)). 

(c) Let q = aiXf + ai^f + OjX^. Then q represents a if and only if there exists an 
e e for which the equations 

aiXf + 02X2 = e = 03X2 — aX^ 

have solutions. According to (b), this will be so if and only if 

{e,—aia2) = (ai,a2), (e, osa) = (as, — a). (*) 

Consider two linear forms f,g: F ^ F2 on an F2-vector space V of dimension > 2. 
The simultaneous linear equations /(x) = ei, g(x) = S2 will have a solution unless they 
are inconsistent, i.e., unless / = and £1 = — 1; or g = and £2 = — 1; or / = g and 
£1 = -£2. 

When we apply this observation to the linear forms (•, —aia2), (•, a^a) : / K^^ — > 
{±1}, we find that there will exist an e satisfying (*) unless —aia2 = a^a (in / K^^) 
and (ai, fl2) = —(0-3,0). The first equaUty says that a = —d{q) (mod squares), and (when 
a = —d(q)) the second says that (—1,-1) = S(q). 

(d) In this case, q(Xi, . . . , X„) — aZ-^ has rank > 5, and therefore represents (see 
3.10). □ 

Theorem 6.10 Two quadratic forms over a nonarchimedean local field are equivalent if 
and only if they have the same rank, the same discriminant, and the same Hasse invariant. 

Proof. We showed in Proposition 6.7 that equivalent forms have the same invariants. For 
the converse, we use induction on the common rank n of the two forms q and q'. Two 
quadratic forms of rank 1 are obviously equivalent if they have the same discriminant, and 
so we may suppose n > I. From Proposition 6.9, we see that q and q' represent the same 
elements in In particular, there is an a e that is represented by both q and q'. 
Thus, 

q ^ qi + aZ^ , q' ~ q'-^ + aZ^ 
with qi and q\ quadratic forms of rank « — 1. Now 

d{q) = a ■ d(qi), S(q) = (a, d(qi)) ■ S(qi) 

and similarly for q' and q[ . Therefore, qi and q[ have the same invariants, and the induction 
hypothesis shows that qi q[. □ 

Proposition 6.11 Let q be a quadratic form of rank n over a nonarchimedean local field 
K. 

(a) Ifn = 1, then S(q) = (-l,d). 
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(b) Ifn = 2, thend(q) = —1 (mod squares) implies S{q) = (—1,-1). 

Apart from ttiese constraints, every triple n > I, d e / K^^, s = ±1, occurs as the set 
of invariants of a quadratic form over K. 

Proof. Case n = I. Then q = dX^, and S(q) = (d, d) = (-1, J). 
Case n = 2. For q = aX^ + bY^, S{q) = {a,a){b, d), and so 

d = -\^ S{q) = {-\,a){-\,b) = {-l,d) = (-1,-1). 

Conversely, the form — has d = —I and S = (-1,-1). 

Now suppose d ^ —I and s are given. We seek an a e such that q = aX^ + adY^ 
has S{q) = s. But 

S(q) = (a,a)(ad,d) = (a, — l)(a,d)(d,d) = (a,—d)(d,d). 

Because —d ^ 1 (in / K^'^), we can choose a so that {a, —d) = s ■ (d, d). 

Case « = 3. Choose &n a e such that a ^ —d m / K^^. Because of the 
condition on a, there exists a quadratic form qi of rank 2 such that 

d = d{q\)a, s = S(q\)(a,d). 

Take q = qi + aZ^. 

Case n > 4. There exists a quadratic form with the shape 

having the required invariants. □ 

Generalities. We define the Hasse invariant for a quadratic form q over M or C by 
the same formula as in the nonarchimedean case. For C, S(q) = 1 always, and for M, 
S{q) = (— 1)'('+^^/-^ where t is the index of negativity (because (-1,-1) = —1). Note 
that in the second case, d(q) = (—1)' (in M^/M^-^), and that d(q) and S{q) determine t 
when r < 3 but not for r > 3. 

We say that a system (n,d,s, . . .), n e N, d e K^/K^-^, s e {±1},... is realizable 
there exists a quadratic form q having n(q) = n, d(q) = d, S(q) = s, . . .. 

(a) For a nonarchimedean local field K, (n,d,s) is realizable provided s = I when 
n = I and s = (—1, —1) when n = 2 and d = —I. 

(b) For M, (n,d, s, t) is realizable provided 0<t <r,d = (-l)^ s ^ (-1)^ 

Classification of quadratic forms over global fields 

Theorem 6.12 Let « e N, and suppose that for each prime v of the number field K 
there is given a nondegenerate quadratic form q(v) of rank n over Ky . Then there exists a 
quadratic form qo over K such that {qo)v ~ qv for every v if and only if 

(a) there exists ado e such that do = d(qy) mod K^'^ for all v; 

(b) S(q(v)) = 1 for almost all v and Yly S{q(v)) = 1. 

The conditions are obviously necessary. In view of Proposition 6.11 and the following 
remarks, we can restate the theorem as follows. Suppose given: 
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o ann> I and ado e K^/K^^; 

o for each prime v, finite or real, aasy € {±1}; 

o for each real prime v, an integer tv . 

Then, there exists a quadratic form q over K of rank n, discriminant do, Hasse invariant 
Sv(q) = Sv for all v, and index of negativity tv(q) = tv for all real i; if and only if 

(a) = 1 for all but finitely many v and "^ij = 1' 

(b) if n = 1, then Sy = (—!,(/)„; if n =2, then either d 7^ —1 in / K^^ or 

(c) for all real v,0 < tv < n, dv = (-1)'" (modulo squares), and Sv = (-\yv^*v+i)/2_ 

In the case n = I, qv = d{qv)X^, and we can take ^0 = doX^ where do is the element 
of whose existence is guaranteed (a). 

The key case is n = 2, and for that we need the following lemma, whose proof requires 
class field theory. 

Lemma 6.13 Let T he finite set of real or finite primes of K, and let b e . If T has an 
even number of elements and b does not become a square in for any v e T, then there 
exists ana e such that 



(a,b)v = 



- 1 for V e T 
1 otherwise. 



Proof. (Following Tate, 1976, 5.2). Let L be the composite of all abeUan extensions of 
K of exponent 2, and let G = Gal(L/K). By class field theory, 

G ~ Ck/2Ck ^ I/K""-!^. 

The cohomology sequence of 

^ ^ L""^ ^ 

is an exact sequence 

^x PI ^X2 ^ Homco„ts(G, At2) ^ 0. 
Every element of becomes a square in L, and so we have an isomorphism 

^X/^X2 ^ Homconts(I/^'' • I^. M2). 

This map sends a e to the continuous homomorphism 

(cv) ]^(a,Ci,)„ 

(because of the relation between the Hilbert symbol and the local Artin map). Thus, finding 
a is equivalent to finding a homomorphism / : I/f^ — > /X2 such that 

(a) / = 1 on principal ideles; 

...... o=! "I — . 
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where iy is the inclusion K K^. For each v, let By be the F2-subspace of / K^^ 
generated by iv{b), and \&t B = W By C I/I^. Because ivib) is not a square for v e T, 
there exists a linear form (automatically continuous) fi : B ^ 1x2 satisfying condition 
(b), and /i will extend to a continuous linear form on I/I^ satisfying (a) if and only if fi 
takes the value 1 on every principal idele in B. The value of /i on the principal idele of 
b is Huer^l' which is 1 because of our assumption that T contains an even number of 
elements. Let c e be such that its idele lies in B. Then, for every v, iv(c) = 1 or 
iv(b) in / K^^. Therefore, iv(c) becomes a square in for all v, which (by 1.1) 

implies that c is a square in Ky-Jb]. Hence c = 1 or in /K^^, and so /i takes the 
value 1 on its idele. □ 

We now prove the case « = 2 of the theorem. We are given quadratic forms q(v) = 
a(v)X-^ + a(v)d(v)Y-^ for all v, and we seek q = aX^ + ad^Y^ such that q ~ q{v) over 
Ky for all V. Thus, we seek ma s such that 

def 

Sniq) = (a,a)v(ado,do)v = S(q{v)) 

for all V. Now 

(a,a)v(ado,do)v = (a, -l)via, do)v(-l, do)v = (a,-do)v(-'i^,do)v 

We apply the lemma with T equal to the set of primes for which S(q{v)){—\, do)y = —1 
and with b = —do. The set T is finite because of condition (b) of the theorem, and it has 
an even number of elements because 

Yl S(q(v))(-\,do)v = n S(q(v)) ■ Y[(-hdo)v = 1x1 = 1. 

V V V 

Moreover, 

S(q(v)) ■ (-1, Jo)i; = -d{v))x, 

and so —iv{do) = —d(v) 1 in / K^^ when v e T. Thus the lemma gives us the 
required element a. 

We next prove the case n = 3. For a form q = qi + aZ^, a e , 

n(qi) = n(q) - I, d(qi) = a ■ d(q), S^iqi) = (a, d(q))v ■ Sy(q). 

We seek an a for which the invariants {2,a-dv,{a, dv)v-Sy) are realizable for all v, i.e., such 
th.a.tiy(a)dv = — 1 =^ {a,dv)v-Sv = 1- Let T = {u | ^ 1} — by hypothesis, it is a finite 
set. By the weak approximation theorem (ANT 7.20), there exists an a e such that, for 
all V e T, iv(a)dy ^ —1. Now, for v e T, d(qi) ^ —1, and so {2,dv,Sv) is realizable. 
For V ^ T, (a, dy) ■ Sy = (a, dy), and iy(a)dy = —1 implies (a, dy)y = (—dy,dy)y = 1. 
Hence, for such an a, there exists a quadratic form ^1 of rank 2 such that qi + aZ-^ has the 
required invariants. 

We prove the case n ^ 4 by induction. If ty < n for all n, we can find a quadratic form 
with shape qi{X) + with the correct local invariants. If no ty = 0, then we can find a 
quadratic form with shape qi {X) — Z^ with the correct invariants. In the general case, we 
use the weak approximation theorem (ANT 7.20) to find an element a that is positive at the 
real primes where ty < n and negative at the real primes where ty = 0. Then the induction 
hypothesis allows us to find a ^i(^) such that qi{X) + aZ^ has the correct invariants. 
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Applications 

Proposition 6.14 (Gauss) A positive integer n is a sum of three squares if and only if 
it is not of the form 4" {Sb - I) with a,b 6 Z. 

Proof. Apply the above theory to the quadratic form + X| + X| — aZ^ — see Serre 
1970, Chap. IV. □ 

7 Density Theorems 

Throughout this section, K is a. number field. 

Theorem 7.1 For any modulus m of K and any nontrivial Dirichlet character x '■ C^. 

c^L(l,/)^o. 

Proof. As we noted at the end of Chapter VI, this follows from the proof of Theorem VI 
4.9 once one has the Reciprocity Law. □ 



Theorem 7.2 Let m be a modulus for K, and let H be a congruence subgroup for xn: 
I"^ D H Z) i{Km^i). For any class t £ I"^/H, the set of prime ideals in i has Dirichlet 
density 1/(1"" : H). 



Proof. Combine Theorem 7.1 with Theorem VI 4.8. 



Corollary 7.3 Let L/K be a finite abelian extension with Galois group G, and let a e 
G. Then the set of prime ideals p in K that are unramified in L and for which (p, L/ K) = a 
has Dirichlet density jj}^ ■ 

Proof. The Reciprocity Law V.3.5 says that the Artin map defines an isomorphism I^/H - 
Gal(L / K) for some modulus m and some H D / (Km,i), and we can apply the theorem to 
the inverse image of a in 7"^///. □ 

Theorem 7.4 (Chebotarev) Let L be a finite Galois extension of the number field K 
with Galois group G, and let C be a subset of G stable under conjugation, i.e., such that 

X € C, T e G =^ Txr~^ e C. 

Let 

T = {p \p unramified in L, (p, L/K) C C}. 
Then T has Dirichlet density 

number of elements in C 

S{T) 



number of elements in G 



Proof. It suffices to prove this in the case that C is the conjugacy class of a single element 

C — {tot^^ I T e G}. 



256 



CHAPTER VIII. COMPLEMENTS 



Let a have order /, and let M = L'^"^ . Then L is a cyclic extension of M of degree /, 
and therefore the Artin map gives an isomorphism 

Crn/H ^<a> . 

for some modulus ra of M and for H = ■ Nm^/jv/ CL,m- We use the notations 

for primes of Ol, q of Om, and p of Ok- Let d = [L: K] = (G: 1), and let c be the 
order of C . We have to show that 

S(r, = 

In the proof, we ignore the (finitely many) prime ideals that are not prime to m. 
Let 

Tm,o = {q C Om I (q, L/M) = a, /(q/p) = 1}. 

The Chebotarev density theorem for abelian extensions (7.3 shows that the set of primes 
satisfying the first condition in the definition of TM,a has density j, and it follows (see 

4.5) that Tm ct itself has density j. 
Let 

TL,a = {'^cOL I (^,L/K) = a}. 

We shall show: 

(a) the map ^} (\ = ''^p D O m defines a bijection T^ ^j TM,a\ 

(b) the map ^ p = *p n Ok '■ TL,a ^ T sends exactly ^ primes of Tj^ ^j to each 
prime of T . 

On combining these statements, we find that the map q i-^ p = q fl Ok defines a -4^ : 1 
map 7m,(7 T. For such a q, 'Nbim/k q = P and so Nq = Np; hence 

1 cf ^ I cf \ 1 c 1 

> = — > ~ log = — log 

^ Np^ d ^ Nq^ d f ^ s-\ d ^ s-l 

per q€TM,o^ 

as required. It remains to prove (a) and (b). 

Let e rL,a> and let q = <p n Cm and p = ^ n Ok- Then the Galois group of 
L<:p I Kp is generated by a, but a fixes Mq, and so Mq = . Therefore /(q/p) = 1 , which 
shows that q e 7m,ct, and so we have a map 

*P ^ q =rf/ n Om-- TL,a Tm,o. 

This is injective because /(*^3/q) = /(q/p)^^/(*p/p) = 1 x /, and so *p is the only prime 
of L lying over q. It is surjective because, for any prime *p lying over q e TM,a, 

(q3,L//:) = («p,L/i:)^(i/p> = (q},L/M) = a 

(first condition for q to lie in TM,a)^ and so *p 6 Ti^ ^j. This proves (a). 
Fix a po e r, and let ^ Tj^^^ lie over p. Then, for r e G, 



{t^o, L/K) = t(^o,L/K)t-' 
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and so 

(centralizer of a in G). Therefore the map t t*Po is a bijection 

CG(a)/G(q3o) ^ e 7^L,a I *P n = po} 

The decomposition group G(*Po) equals (a), which has order /, and CgCct) has order 
because there is a bijection 

T TCTT~^: G/ CgCct) C. 

Therefore {Cg{o) : G(q3o)) = ^, and we have shown that, for each p e T, there are 

exactly ^ primes ^ ^ Tl^^ lying over p. This proves (b) and completes the proof of the 
theorem. □ 

Remark 7.5 For effective forms of the Chebotarev density theorem, see Lagarias and 
Odlysko (Algebraic Number Fields, Ed. Frohlich, 1977). Let L be a finite Galois extension 
of K, and let 

nc(x) = \{p\(p,L/K) = C, Np<x}|. 

Then 

c X 

nc {x) = h specific error term. 

a logx 

8 Function Fields 

We should also include the class field theory of function fields (finite extensions of ¥ p (T) 
for some p). For this, one can either mimic proofs in the number field case (see Artin and 
Tate 1961) or (better) one can base the proofs on Tsen's theorem (see Milne 1986, Appendix 
to Chapter I). 

9 Cohomology of Number Fields 

We should also include proofs of the theorems of Nakayama and Tate (e.g., J. Tate, The 
cohomology groups of tori in finite Galois extensions of number fields, Nagoya Math. J., 
27, 1966, 709-719) and Poitou and Tate (e.g., Milne 1986, Chapter I). 

10 More on L -series 

Let / be a Dirichlet L-series. Then there exist constants A{x) > 0, a{x), b(x) e C, such 
that 

satisfies the functional equation 

0(s,x) = W(xmi-s,x) \W(j)\ = L 

See Narkiewicz 1990. 
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Artin L-series 

Let L be a finite Galois extension of K with Galois group G. Let F be a finite dimensional 
vector space over C and let 

p:G^ Autc(K) 

be a homomorphism of G into the group of linear automorphisms of V. We refer to p as a 
(finite-dimensional) representation of G over C. The trace of p is the map 

a ^ /(a) = Tr(p(a)). 

(Recall that the trace ofanmxm matrix ) is ^ an , and the trace of an endomorphism 
is the trace of its matrix relative to any basis.) For a e G, let 

dim V 

PaiT) = det(l - p{a)T \V)= f] " ^'^)' ^ 

be the characteristic polynomial of p(ct). Note that Pa(T) depends only on the conjugacy 
class of a, and so for any prime p of K unramified in L, we can define 

Pv(T) = Pa(T), a = (qj, L/K) some 

For such a p, let 
and let 

L(s,p) = ]~[Lp(5,p). 
For example, if L/ K h abelian, then the representation is diagonalizable^ 

P ~ Xl © ■ ■ ■ © Xm-> 

where each Xi is a homomorphism G ^ C^. When composed with the Artin map 

Cm G, 

Xi becomes a Dirichlet character, and so the Artin L-series becomes identified with a prod- 
uct of Dirichlet L-series. This was the original reason Artin defined his map. 
One can show that if (V, p) = Indj^ (Fq, po), then 

L(s,p) = L(s,po). 

To handle more general Artin L-series, Artin proved that every character of a finite group 
G is a linear combination (over Q) of induced characters from cyclic subgroups. Hence 



L{s, p) = j^( Dirichlet L -series)'^' , r, 



"By this we mean that, relative to suitable basis for V, 



Pig) = 



( I\(S) ••• \ 
/2(g) ••• 

V •■• Xm(.g) J 



gsG. 
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Later Brauer proved a stronger theorem that allows one to show that 



L(s, p) = Y[( Dirichlet L -series)'"' , r/ € Z. 



Artin conjectured that, provided p does not contain the trivial representation, L{s, p) ex- 
tends to a holomorphic function on the whole complex plane. The last formula implies that 
this is true if the r, are all positive integers. Little progress was made in this conjecture 
until Langlands succeeded in proving it in many cases where V has dimension 2 (see R. 
Langlands, Base Change for GL(2), Princeton, 1980). 

Hecke L-series 

A Hecke (or Grossen) character is a continuous homomorphism from I into the unit circle 
in such that ■^(K^) = 1 and, for some finite set 5, i/'" is 1 on a set {(flu) \ = \ for 
V ^ S,av =unit for all v) 

Example 10.1 Let Z) e Z, cube-free, and let ^ be primitive cube root of 1. If = 2 
mod 3, then p remains prime in Q[^], and we set ^l/{p) — \. \f p = \ mod 3, then 
p = jiTi in Q[^], and we choose :;r to be s 1 mod 3. Then n = -|- 3b\/—3) and 
4p = Ann = + 21b^. Now there exists a Hecke character such that if{p) = 1 for all 



where n^ is an idele having a prime element in the v position and 1 elsewhere. The basic 
analytic properties of Hecke L-series (meromorphic continuation, functional equation etc.) 
are well understood (e.g., J. Tate, Fourier analysis in number fields and Hecke's zeta func- 
tion, thesis, 1950; reprinted in Cassels and Frohlich 1967 or Ramakrishnan and Valenza 
1999). 

Weil groups and Artin-Hecke L-series 

For this topic, see Tate 1979 
A THEOREM OF GAUSS 

Having begun the course with theorem first proved by Gauss, namely, the quadratic reci- 
procity law, it seems appropriate to end it with another theorem of his. 

Consider the elliptic curve E : X'^ + + Z'^ = 0. Let Np be the number of points 
on E with coordinates in F^. Gauss showed: 

(a) if j9 ^ 1 mod 3, then Np = p + \; 

(b) if p = \ mod 3, then Np = A, where A is the unique integer = 1 mod 3 for 




For such a character, we define 



1 



1 - if{n^m-^ 



which Ap = A^ + 278^. 
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See Silverman and Tate 1992, IV.2. 

Gauss's theorem implies that the Weil conjecture holds for E/¥p, namely, that 

\Np- p-l\< l^p. 

It also implies the Taniyama conjecture for ^/Q, because it shows that the L-series L{s, E) 
equals L(s — |, V'") where x// is the Hecke character in the above example associated with 
D = -1. 



He wrote to me that algebraic number theory was the most beautiful topic he had ever 
come across and that the sole consolation in his misery was his lecturing on class field 
theory.... This was indeed the kind of mathematics he had admired most: the main results 
are of great scope, of great aesthetic beauty, but the proofs are technically extremely hard. 

A. Borel, in: Current Trends in Mathematics and Physics: A Tribute to Harish-Chandra, 
Editor S.D. Adhikari, Narosa Publishing House, New Dehli, Madras, 1995, p213. 



Appendix A 

Exercises 



These were the exercises the students were required to hand in. 

A- 1 (a) Let ^ be a finite Galois extension of Q. Show that Gal(/r/Q) is generated by the 
inertia groups of the prime ideals in Ok- (Hint: show that the fixed field of the subgroup 
generated by the inertia groups is unramified over Q at all prime ideals of Z. The inertia 
group of a prime ideal *p is the subgroup of the decomposition group D(^) of elements 
fixing the residue field. Its order is the ramification index of ^i.) 

Pj-i 

(b) Let pi, . . . , pt be distinct odd prime numbers, and let p- = (— 1) 2 p^ (so only 
Pi ramifies in Q[y^])- Let K = Q[V^], d = Y\ p* . 

Let C+ be the narrow-class group of K, and let L be the class field of (so L is 
unramified over K at all prime ideals of Ok and Ga\{L/ K) is an elementary abelian 2- 
group; moreover, L is the largest field for which these statements are true). 

Show that L is Galois over Q and that the inertia group in Gal(L/Q) of every prime 
ideal of Ol is of order 1 or 2. Deduce that Gal(L/Q) is an elementary abelian 2-group, 
and that L = QivTf, • • • , yfpf]- Deduce that (C+ : C^) = 2^~^ (cf. Example 0.6). 

A- 2 (a) Let d > 3 be a square-free integer with d = 3 mod 8. Show that there exists a 
field L of degree 3 over Q with discriminant —d or —Ad. 

(b) Find the cubic extension L of Q with smallest 

(You may assume the main statements of class field theory.) 

Hints: Let K = Q[\/—d]. For the case that 3 divides the class number of K, ponder 
the example of the Hilbert class field of Q[v'— 31] worked out in class. For the contrary 
case, show that 20k is a prime ideal p and that 3 divides the order of the ray class group 

A-3 Do Exercise 3.15, pl56, in the notes. Note that, in the statement of the Exercise, / is 
used ambiguously for the (obvious) homomorphisms from Km.,i to /"^(""^ and to /•^^•^('"). 

A-4 Prove, or disprove, that every subgroup of finite index in the idele class group C^^ = 
Ik/ of a number field K is open. (This is Exercise 5.11, pl77, of the notes. You may 
assume the similar statement for — see I 1.7 of the notes.) 
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A- 5 Let G be a group and A a group (not necessarily commutative) endowed with an 
action of G, i.e., a homomorphism G Aut(^). As in the commutative case, a crossed 
homomorphism ^ : G ^ ^ is defined by the condition ^(or) = (p(cy) ■ a(p(r). Two 
such homomorphism cp and f' are said to be equivalent if there exists an a e A such that 
(p'((r) — ■ (p(a) ■ a a for all a e G, and the set of equivalence classes is denoted 
H^(G,A) (it is a set with a distinguished element). A proof similar to that of Hilbert's 
Theorem 90 shows that H^(G, GL„(L)) = when L/K is a finite Galois extension with 
Galois group G. 

Let ^ be a field of characteristic ^ 2. A quadratic space over K is a pair (V, <P) con- 
sisting of a finite-dimensional vector space V over K and a nondegenerate quadratic form 
<P on V, i.e., the map x (p(x,x) associated with a nondegenerate symmetric bilinear 
form (p on V. An isometry a : (V, 0) (V , 0') is an isomorphism of vector spaces 
a :V such that 0'(a(v)) = 0(v) for all v eV. 

Exercise: Let L/K be a finite Galois extension of fields of characteristic ^ 2, and 
let G = Gal(L/K). Fix a quadratic space (V, 0) over K, and let 0(0) be the group of 
automorphisms of (V, 0) <Sik L — it has an obvious G -action. If (V',0') is a quadratic 
space over K and a : (V, 0) (8>^ L (V, 0') ®k L is an isomorphism of quadratic 
spaces over L, show that a i-^ o aa is a crossed homomorphism (p : G ^ 0(0) 
whose equivalence class is independent of the choice of a. Deduce that H^(G, 0(0)) 
classifies the set of isomorphism classes of quadratic spaces over K that become isomorphic 
to (V, 0) over L (i.e., there is a one-to-one correspondence between H^(G, 0(0)) and the 
set). Deduce that H^(G, 0(0)) ^ when = M and L = C (assuming dim V ^ 0). 
(You may assume that H^(G, GL„(L)) = 0.) 

A- 6 Let Hbea subgroup of finite index in the group G, and choose a map s : H\G ^ G 
such that Hs(x) = x, i.e., a representative in G for each right coset of ^ in G — thus 
G = UxeH\GHs(x). 

(a) For g e G, show that s(x) • g • s(xg)~^ e H. 
For g e G, define 

V(g)= n ■ g ■ s(xg)-' mod if ^ 

xeH\G 

where H'^ is the commutator subgroup of H. (Note that, because H/H'^ is commutative, 
V(g) is independent of the choice of the ordering of H\G implicit in the product). 

(b) Show that V(g) is independent of the choice of s, and that it is a homomorphism 
G H/H^. 

Hence, V induces a homomorphism Ver: G/ G'^ H/H^ — the Verlagerung or trans- 
fer map. 

(c) For any G-module M , show that the map m J\f(m) = ^xeH\G '^(■^) ' induces 
a well-defined homomorphism Res: Hq(G, M) Ho(H, M). 
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(d) Show that the diagram 



Ver 



H/H' 



Ig/IhIg 



Ih/I 



commutes (the horizontal isomorphisms are those of Lemma II 2.6; the upward map is 
induced by inclusion). 

[Assuming that the maps Res : Hr(G,M) Hr(H,M) exist, are compatible with 
the boundary maps, and have the description in (c) for r = 0, this shows that they agree 
with the Verlagerung on Hi{G,T,). More precisely, the above diagram can be identified 
with 

//i(G,Z) Ho(G,Ig) 



Res 



Res 



Hi(H, Z) 



id 



Hi (H, Z) 



Ho{H, Ig) 



Ho(H, Ih). 



The boundary maps arise from the augmentation exact sequences for G and H . The top 
and bottom boundary maps are isomorphisms. The middle boundary map is injective, 
and becomes an isomorphism in the case that G is finite when Ho(H, Iq) is replaced by 
H-\H. Ig).] 

A- 7 This exercise will show that cohomology doesn't commute with inverse limits — in 
fact, the map H^(G, lim M„) limH^{G, Mn) needn't be injective. 
Let G be a profinite~group, anJlet 



> M„ Mn-l 

be a projective system of G-modules. Assume 

(a) each map nn-i,n '■ Mn Mn-i is surjective; 

(b) there is a commutative diagram 



Ml 



G 



Yn 



Yn-l 



z 



in which each vertical map is surjective. 

For any Cn e Z, ^ p"^^Cn will converge in Zp — choose a sequence c«, « > 1, such 
that ^ p"~^Cn converges to an element c of Z^ not in Z. For each n, choose elements 
x„^i, . . . , Xn,n such that 
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(a) for !</<«-!, 7t„-i^„(x„j) = x„-ij; 

(b) Xn^n e and Yn(Xn,n) = Cn- 

Define 

Xn — Xfi ^1 + • • • + Xn 

(p„{a) = ax„ - x„, foraeG. 
Thus, (fn is a principal crossed homomorphism G Mn- Note that 7r„_i^„((p„(a)) = 

def 

^„_i(a) for all n, and so there is an element (p{a) in M = limM„ whose image in each 
M„ is (pn((y). Clearly, a (p(ci) is a crossed homomorphism G M . 

Show that (p is not a principal crossed homomorphism, i.e., show that there doesn't 
exist an element y = (jn) of M such that (pn{o) = ayn — yn- 

Hint: write yn = Xn + Zn and show that zi is fixed by G but y(zi) = c ^ Z. 

Can you construct a system (M„, :7r„_i^„, y„) satisfying the conditions? 

A-8 Do parts (a)-(d) of Exercise 5.1, pl40, of the notes (or the whole exercise, if you are 
feeling energetic). You may use the noncohomological results of Chapter IV, if necessary. 

A-9 Let Ln = 'Q.p{i,p"\ where is a primitive p^th root of 1. Show that is a norm 
from Lfi- Deduce that Loo = U ^« is the subfield of Q^'' fixed by recQ^ {p) (union inside 
some fixed algebraic closure of Qp). 

A- 10 Let L/ Khe. n finite cyclic extension of number fields of degree n. Show that, for 
each d\n, the set of primes p of AT such that e(*p/p) = 1 and /(^/p) = d for one (hence 
all) *p lying over p has polar density (p(d)/n. (Hint: Try induction ond.) 

The energetic may find a similarly elementary proof of the Frobenius density theorem 
(weaker, much earlier form, of the Chebotarev density theorem): Let L/K he a. Galois 
extension with Galois group G, and let a be an element of G of order n. Show that 

{p I p unramified and (p, L/K) = a'^ for some k relatively prime to «} 

has polar density C(p(n)/[L : K], where c is the number of conjugates of {a) in G. Show 
also, that c(p(n) is the number of conjugates of a, and so this is consistent with the Cheb- 
otarev density theorem. For hints, see Marcus 1977, pp. 207-208. 

A- 1 1 Show that 16 is an 8th power in M and for all odd p (but not in Q). 

[Hint: Show that Q[^s] = Q[i, V2] is unramified for all odd p, and deduce that, for p 
odd, Qp contains at least one of 1 + / , \/2, or V^.] 

Note: This violates Grunwald's theorem, which was widely used for 15 years. 
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Solution to Exercise A-1. 

(a) Let p be a prime ideal in Ok, and let /(p) be its inertia group. Then M = K^^'^^ 
has the property that p fl Om is um-amified over p PI Z (ANT 8.11). Hence any field fixed 
by all the inertia groups is unramified over Q, and so equals Q (ANT 4.9). 

(b) The field L is Galois over Q because it is stable under any automorphism of its 
Galois closure. 

It's clear the inertia groups have order 1 or 2, and so Gal(L / Q) is generated by elements 
of order 2. This doesn't imply it is abelian (every dihedral group is generated by two 
elements of order 2), but there is an extension 

Gal{L/K) Gal(L/Q) Gal(i:/Q) 0, 

Gal(L/ii:) ^ {Z/lZy some s, GsliK/q) ~ Z/2Z. 

and the generators of the nontrivial inertia groups have image 7^ 1 in Gal(^/Q) (otherwise 
the argument in (a) would show that the ramification occurred in L/ K rather than K/Q). 
Let a and r generate inertia groups of order 2. Then a\K ^ 1 and r\K ^ 1, and so 
ar\K — 1. Thus at e Gal(L/K) and so has order 1 or 2. Hence a and r commute, and 
so Gal(L/Q) is generated by commuting elements of order 2, which implies that it is an 
elementary abelian 2-group. 

Only the primes pi, . . . , pt ramify in L, and corresponding to each there is only one 
inertia group (there may be many prime ideals in L lying over a , but each has the same 
inertia group because Gal(L/Q) is abelian). Hence Gal(L/Q) {'LjTLY some s < t. 
Since L contains '^yj~p\, ■ ■ •], which has degree 2' over Q, we see that L = Q[^/pf, ■ ■ ■]■ 
The rest is easy. 

[Alternative proof that L = Q[^/pl, ■ ■ ■]'■ Because Gal(L/Q) is an elementary abelian 
2-group, L — Q[y/mi, ^fnvi, . . .] for some m,- € Z (easy Kummer theory), but it's easy to 
see that '^yfp\, . . .] is the largest field of this type whose composite with K is unramified 
over K?\ 

Solution to Exercise A-2, 

As = 3 mod 8, —d = 1 mod 4, and so A^/q = —d. I write "prime" to mean 
"finite prime". 

If 3 divides the class number of K, then there exists an unramified extension L of 
K of degree 3 (by class field theory). As in the case d = 31, L is Galois over Q and 
L = M ■ K with M of degree 3 over Q and non Galois over Q. By Galois theory, the 
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unique quadratic extension of Q contained in the Galois closure of M is Q[^/~^m/q], and 
so Am/q = —d X square (easy Kummer theory). If p doesn't divide d, it doesn't ramify 
in L (nor in M) and so p doesn't divide A^/x. If p\d, then pOu = Pip2> which implies 
(theory of differents) that p divides A^/j^ but not p-^. Hence A^/q = —d. 

Suppose 3 doesn't divide the class number. Because —d = 5 mod 8, (2) stays prime' 
in Ok, say 20k = p, and 3 divides the order of the ray class group Cp (the ray class group 
contains (Ok/P)^ =1^4 — see V 1.5; here we use that d > 3 to see that the only units in 
K are ±1). We apply the same argument as before with L an extension of K of degree 3 
ramified only at p. Again L = M ■ K with M as before except that 2 totally ramifies in M, 
and the argument shows that A^/q = —Ad. 

From the table on pl56 of the notes, we see that Am/q = —23 is possible. From 
the Minkowski bound, we see that |^m/qI — 13 (complex primes) or ^ 21 (no 

complex prime). Stickelberger eliminates all but —15, —16, —19, —20, 21. If M has 
discriminant d = —15, —19, 21, its Galois closure L = M ■ Q[\fd] is unramified over 
Q[-s/^] (otherwise some prime of Q ramifies totally in L but not in M), but the class 
numbers of Q[V^] are 2, 1, and 1 respectively. For d = -16,-20, the same argument 
shows that only primes lying over 2 could ramify in L = M • Q[V^], but here the class 
number is 1 or 2 and the relevant ray class numbers are not divisible by 3 (2 ramifies in 
Q[V^] and Q[ V=5]). 

Note: 

(a) Instead of using differents, one can use the formula in 3.39(a) of ANT (but the proof 
of that uses differents). 

(b) It is not too hard to compute the above class numbers by hand, but the easy way is 
to use PARI. 

Solution to Exercise A-3. 

In the notes (and this solution), / is used ambiguously for the (obvious) homomorphisms 
from Km.,1 to /"^(""^ and to /•^^•^('"). These maps make the diagram 




commute — here Z5 is the free abelian group generated by S. The kemel-cokemel 
exact sequence of the triangle gives 

and so 

Thus, the subgroups of /-^u^Cm) containing i(/^m,i) are in natural one-to-one correspon- 
dence H H' with the subgroups of I^^^^ containing (5') • i(Km,i)- For such a pair H , 
H', let L be the class field of H'. We get isomorphisms 

j5U5(m)/^ ^ ^ Gal{L/K). 

'if —d = 1 mod 8, it would split. 
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The second map is the Artin map, induced by p {p, L/ K). Certainly L/ K is abeUan, 
and the primes in 5* split because they he in H' (and hence have (p, L/K) = 1). Moreover, 
primes not in S(m) don't ramify. Finally, the composite of the two maps is also the Artin 
map, and so the primes not in 5* U S(xn) that split are precisely those in H. This shows that 
L/K is an 5-class field of H . We have shown that it has Galois group /■^^■^O")///^ and it 
is unique because we know which primes split in it (except possibly for a finite number). 

Conversely, any L satisfying (a) is the class field for some modulus m such that S(m) fl 
5 = and some subgroup H' of /'^('") containing (S) ■ i{Km,i), from which it follows that 
it is the 5-class group of the subgroup H of /'^^'^("^) corresponding to H'. 

Solution to Exercise A-4. 

Alas, it is not true that every subgroup of finite index in the idele class group is open, 
even for a number field. As in I 1.5, let F be a product of a countably infinite number of 
copies of ¥p (or any other finite field), and letWcV consist of the elements of V all but 
a finite number of whose entries are zero (so is a direct sum of copies of F^). With the 
product topology, V is compact (and uncountable). The subspace W is countable, but dense 
in F — in fact, it maps onto any finite quotient of F. The quotient F/ IF is a vector space 
over ¥p, and so has a basis B (this requires the axiom of choice — see Jacobson, Lectures 
in Abstract Algebra, Vol II, Chap. IX; to say that S is a basis means that every finite subset 
of B is linearly independent and every element of F/ IF is a finite linear combination of 
elements in B). Let 5 be a nonempty finite subset of B, and let W be the inverse image in 
F of the span of S \ 5. Then V D W D W , and W' is a proper subgroup of finite index 
in F whose closure is F. It can't be open because otherwise it would be closed. 

Recall (notes 5.9) that Cq ~ ]R>o x (topological isomorphism). Each has 

an open subgroup of index 2. On taking the product of the corresponding quotient maps, 
we get a continuous homomorphism Yip '^p^^ where F is a product of copies of F2 
indexed by the prime numbers. Let W be a nonclosed (hence nonopen) subgroup of finite 
index in F. Its inverse image in ]~[ is again nonclosed and of finite index, as is its inverse 
image in Cq. 

A similar argument shows that Gal(Q'^VQ) has nonopen subgroups of finite index — 
consider its quotient group Gal(^/Q) where K = Q[V2, ^/3,^/5,.. .] (FT 7.25). 

Note that in every case we have used the axiom of choice to construct the nonopen sub- 
group of finite index. Is it possible to avoid the axiom of choice and find explicit examples? 

Solution to Exercise A-5. 

For a map a between objects on which G acts on the left, aa = a o a o (this is 
standard). Clearly, o{a o fi) = oa o afi. 

Let F be a vector space over K. If a linear map a:V^L—>-V^L has matrix (a ,7) 
relative to some basis of F, then aa has basis (aaij). Therefore, a is "defined over K", 
i.e., of the form ao <8> 1, if and only if aa = a for all a € G. A similar remark applies to 
quadratic forms. 

In 0(0), ■ is defined to be o. 

Now let a : {y,0) ^ L {V' , 0') (8> L be an isomorphism of quadratic spaces, as in 
the exercise. Let (p{a) = a"^ o aa. Then 

(p{a) ■ acpir) = a~^ o aa o a{a~^ o ta) = a~^ o aa o aa~^ o ara = (p{ar). 

Thus ^ is a crossed homomorphism. Any other isomorphism a' : (V,0)<SiL iV',0')iSi 
L differs from a by an automorphism of (F, 0) ^ L: a' = a o fi, fi s 0(0). The crossed 
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homomorphism defined by a' is f' with 



(p'(o) = o a"! o a{a o ^) = ^"^ o <p(a) o a^. 



which shows that (p' is equivalent to (p. 

Thus every {V , 0') defines an element y(V', 0') e H^(G, O{0)), and it is straight- 
forward to verify that if (V, 0') ^ (V", 0") then y(K', 0') = y(V", 0"). Conversely, if 
y(K', 0') = y(V", 0"), then it is possible to choose the isomorphisms a : (V, 0) iSi L ^ 
(V', 0') (g) L and fi : {V,0) ® L ^ {V" , 0") (g) L so that they give the same crossed 
homomorphism — hence o oa = fi~^ o afi for all a e G. Now o : (V, 0') —>■ 
iy" , 0") is an isomorphism such that a{fi o a~^) = fi o for all o, and so is defined 
over K. 

It remains to show that every element of H^(G, 0(0)) arises from a (V', 0'). Let cp 
be a crossed homomorphism G 0(0). Because H^(G, GLn) = 0, (p(cr) = o aa 
for some automorphism a of K (8> ^. Let 0' be the quadratic form on K (8> L such that 
0' o a — 0. I claim that 0' is defined over K: in fact, 

a0' = o(0 o a~^) = o aa^^ = o (p(o)~^ o = o = 0' . 

The quadratic form 0' was chosen so that a is an isomorphism (V, 0) (V, 0'), and it 
follows that y(V, 0') is represented by (p. 

For the final statement, note that the quadratic space (M^, + y'^) is not isomorphic 
to the quadratic space (M^,x'^ — y^) (the former takes only values > 0), but becomes 
isomorphic to it over C. 

Solution to Exercise A-6. 

(a) By definition, x = H ■s(x) and xg = H ■s(xg). On multiplying the first equality by 
g, we find that xg = H-s(x)g. Hence H ■s(x)g = H ■s(xg), andso s(x)-g-s(xg)''^ e H. 

(b) Let (s'(x)) be a second family of right coset representatives, say, s'(x) = h(x)s(x). 
Then 



As x runs through the right cosets of H in G, so also does xg, and so Hx^C-^) ~ 



For g,g' e G, 

]~[ 5(x) ■ gg' ■ s(xgg')~'^ = Y\^M-g- s(xg)^^ ■ n s(xg) ■ g' ■ s(xgg')-^ mod 



n s'(x) ■ g ■ s'(xg)-' = Ylh(x) ■ s(x) ■ g ■ s(xg)-' ■ h(xg) 



-1 



X X 




Uxh(xg). 



X 



X 



X 



Y\s(x) ■ g ■ s(xg)-' ■ Yl s(x) ■ g' ■ s(xg') 



-1 



X X 



— we again used that, as x runs through the right cosets of //, so also does xg. Read mod 
H'^ , this equation becomes 

V(gg') = V(g) ■ V(g'). 
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(c) Let (s'(x))x be a second family of right coset representatives, say, s'(x) = h(x)s(x). 
For m e M, 

^^'(x) • m = ^s(x) • m + — 1) • s(x) ■ m = ^^(x) ■ m mod IhM. 

Thus, 

m ^ s{x) -m : M M/IrM (*) 

is independent of the choice of s. 

If (s(x))x is a family of right coset representatives, then so also is x s(xg~^)g for 
any fixed g e G, and so 

^ ^(x) • m = mod IhM. 

X X 

Hence J2x ' (S ~ 1)"^ ^ mod IhM, which shows that the map (*) factors through 
M/IgM. 

It is obviously a homomorphism of abelian groups. 

(d) As Serre (1962, pl29) says: "II n'y a plus maintenant qu'a calculer". 
Let g € G. Its image in Ig / IhIg the short way is 

mod IhIg< 

X 

and its image the long way is 

^(.(x)-g-5(xgri-i) mod IhIg 

X 

For each x, there exists anhx ^ H such that 

s(x) ■ g = hx- s(xg) 
(see the first paragraph of the solution). Now, 

^s{x)ig- 1) = ^hx ■ sixg) -J2^<^S) 

= J2(hx - l)s(xg) 

X 

= ^(hx - 1) mod IhIg 

X 

= J2('{x)-g-s(xg)-'-l). 

X 

Alternatively, note that^ 

^.(x)(g-l) = ^5(xg)(g-l), 

X X 

^Better (Darij Grinberg), note that 

s(x)(g -i) = J2x '''^-^^^ ~ J2x = ^(^^^ - J2x 

and that 

s{x) ■ g ■ s{xg)~^ - 1 - s(x) ■ g + sixg) = (s(x) ■ g ■ s(xg)~^ - 1 ) (1 - sixg)) . 
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and that 

s{x) ■ g ■ s{xg)~^ - 1 - s(xg)g + s(xg) = (s(x) ■ g ■ s(xgy^ - 1)(1 - s{xg)), 
which visibly lies in Iff ■ Iq. 

Solution to Exercise A-7. 

Suppose there exists such a j = (yn)- Following the hint, we write _v« = x„ + z„. 
Since ayn — Jn = oxn — x„, az„ = z„ for all a and n. By assumption, Ttn-i,n maps 
yn onto yn-i and, by calculation, it maps Xn onto Xn-\ + T^n-\,n{xn,n)- Therefore, on 
applying the jt's successively to the equation defining y„, we find that (with an obvious 
notation for the :;r's) 

) + 



yi = Xi+ 7li^n{Xn,n) H h 7li^2{X2,2) + ^lA^n)- 

On comparing this with equation defining zi, we find that^ 

Zl = + 711^X2,2) H \- ^l,n(Xn,n) + ^l,n(Zn)- 

On applying yi to this, we find that 

yi(zi) = d + pc2-\ h p"~^c„ + Yli^lA^n))- 

Now, Yi(^i,n{zn)) = /'"~^yn(z„), and SO, on letting « 00, wefindthat yi(zi) = c ^ Z, 
which is a contradiction. 

We can construct a system (M„ , nn-i,n , Yn) satisfying the conditions as follows. Let G 
be a profinite group having quotients G„ Gn-i with G„ of order and G„ ^ G„_i 
onto (e.g., G = Zp and G„ = Z/ p'^'L), and let M„ = Ij[Gn]- The map nn-i,n is induced 
by G„ ^ G„-i. As — ^(X!a€G„ '^)' '^^'^ define y„ to be the map sending 
Ea€Gf^ to 1. 

Solution to Exercise A-8. 

(a) Let ^ be a central simple algebra over F . If ^ is a matrix algebra, then A H{\, 1) 
(see (c) below). Otherwise (Wedderbum) it is a division algebra, which we now assume. 
Let / s A,i ^ F . The F{i\ is quadratic field extension of F . After completing the square, 
we may suppose that i-^ = a € F. According to Noether-Skolem, there exists j ^ A such 
that = —i. Now 7^ centralizes F[i], and so 7^ 6 F[i]. Because it commutes with 

j , it lies in F, say = b s F . It remains to check that 1, /, j, ij are linearly independent. 
Suppose 

c + di + ej + f ij = 0, c, d,e, f e F. 
On conjugating by /, we find that 

c + di — ej — f ij = 0, 

so 

c + di = 0, 

^Darij Grinberg suggests deleting xi j and cy from the next two equations. 
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which implies that c = ~ d . Now = ej + fij = (e + fi)j , and so e = = /. This 
proves that A H(a,b). 

(b) Let A = H(a, b). If if ^ — ax^ — by'^ + abz'^ = for some w, x, y,z e F, not all 

def 

zero, then a = w + xi + yj + zk is a nonzero zero-divisor, and A is not a division algebra. 
Conversely, suppose that, for all nonzero a e A, aa ^ 0. Because aa e F \ {0}, it has an 
inverse, and so a is invertible, with inverse a(aa)~^. 

(c) Let a = ^ ^ and P = ^1 ) checks directly that /, a, p, afi — 



(? o) 



is a basis for M2(F), = I , fi-^ = I , and = -pa. Therefore M2{F) 



H(\, 1). Alternatively, this follows from (b) (using Wedderburn's theorem). 

(d) The map / xi, j 'r-^ yj , defines an isomorphism of F-algebras H(a,b) — ^ 
H(ax^, by'^). (DG suggests the map should be / i/x, j <<->■ j/y.) 

(e) Tensoring with L doesn't change the multiplication table of a basis for H{a, b). 

(f) Let A = H(a,b). Let / be a proper two-sided ideal in A. Because F Ci I = {0}, 
l + I,i + I,j + I, and ij + I have the same multiplication table as the original elements, 
and so ^// is a quaternion algebra ^ H{a,b). In particular, it has degree 4 over F , which 
implies that I is zero. Thus, A is simple. It is easy to see that F is the centre of A. 

(g) The quadratic form 

if^ — ax^ — (1 — a)y'^ + a{l — a)z'^ 

has / , Z, 0) as a nontrivial zero, any nonzero t m F . Thus, we can apply (b). 

(h) The quadratic form 

- x'^ - by^ + bz^ 

has {t,t,s,s) sls& nontrivial zero, any sj e F not both zero. The quadratic form 

2 2 I 2 2 2 

w —ax + ay — a z 

has (at, s, s, t) as a nontrivial zero, any s,t e F not both zero. Thus, we can apply (b). (Of 
course, it is more interesting to do both (g) and (h) directly, without assuming Wedderburn's 
theorem.) 

(i) The map 1 i-^ 1 , z i-> / , y j ,k —k is an isomorphism H(a,b) — > H(a , b)°^^. 
(j) If bis a square in F, then H(a,b) M2(F) by (d) and (h), and a e Nm(F[V^]). 

Thus, assume that it isn't. Let (w,x, y, z) be a nontrivial zero of w'^ — ax^ — by^ + abz^. 
If x^ — bz^ = 0, then — — 0, and all of w,x, y,z are zero, which is a contradiction. 
Therefore, x^ — bz^ ^ 0, and 

if^ — by-^ 
x"^ — bz"^ ' 

which is a norm from F[v7)] (being a quotient of two norms). Conversely, if a = w^—by'^, 
then — al'^ — by'^ + abO — 0, and so (w, 1, y, 0) is a nontrivial zero of the quadratic 
form. 

(k) Use IV, Lemma 3.15, to prove that H(a, b) <Sik H(a, c) H(a, be). 

Solution to Exercise A-9. 

The p" cyclotomic polynomial is 

^.(x) = Z!lzL = + ... + xp"-' + 1. 

xp"-' - 1 
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Its roots are the primitive p"th roots of 1. 

Let F(X) = 0(X + 1). Then F(0) = 0(1) = p and 

(X + l)P" - 1 XP" 
FiX) = \ , = ^ = XP mod p. 

Hence, F{X) is an Eisenstein polynomial, and so is irreducible over Qp. Its splitting field 
is L„. Clearly L„ = Qj7[^ — 1] and F{X) is the minimum polynomial of ^ — 1. Therefore 
Nm^^/(Q^(^ — 1) = (— l)'^''s^F(0) = p (provided p"~^(p — 1) is even, which it except 
in the trivial case n = I, p = 2). 
The second statement is obvious. 

Solution to Exercise A- 10. 

We have to show that, for each d\n, the set of primes p of ^ unramified in L and with 
{p, L/ K) of order d has polar density (p{d)/n. We use induction on d . 

Ifd = 1 , the set consists of the primes that split completely, which we know has density 
\/n = (p(\)/n. 

Let H be the subgroup of elements of order dividing d — it is a cyclic subgroup of 
order d. An element a of G = Gal(L/ K) has order dividing d if and only if a|L^ = id. 
Therefore, {p,L/K) has order dividing d (p,L/K)\L^ = 1. But {p,L/K)\L^ = 

(p, / K), and so (p, L/ K) has order dividing d if and only if p splits in — the set of 
such p has density d/n. By induction, those of order d'\d, d' ^ d, have density (p{d')/n. 
Thus, the set of p such that (p, L/ K) has order exactly d is 

d vid') d — ^(p{d') 

n ^ n n 

d'\d4'+d 

But ^(^0 = ^i' (if ^ is a primitive (ith root of 1, then is a primitive J'th root of 1 

for exactly one divisor d' of d), which completes the proof. 



Note that ^8 = and so Q[t8] C Q[/, \/2]. Since they have the same degree, they 



Solution to Exercise A- 11 

Note that I 
must be equal. 

The discriminants of X"^ — 1, X'^ + 2, X'^ — 2 are divisible only by 2. 

Let p be an odd prime. At least one of — 1 , 2, —2 is a square in because, for example, 
if — 1 and 2 are not squares, their product will be (the squares have index 2 in Fp. Hence at 
least one of the polynomials splits in Fj,[X], and also in Qp[X] by Hensel's lemma. This 
shows that at least one of —1, 2, —2 is a square in Q^. Since 16 = (1 + z)^ = (V2)^ = 
( V^)^, it follows that 16 is an eighth power in Q^. 

It is also an eighth power in M. 
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